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PREFACE 


The idea of applicabibty of surfaces is introduced m Chapter III 
as a particular case of conformal representation, and throughout the 
book attention is called to examples of applicable surfaces However, 
the general problems concerned with the applicabihty of surfaces are 
discussed in Chapters IX and X, the latter of ^hich deals entirely 
with the recent method of Wemgarten and its developments The 
remammg four chapters are devoted to a discussion of infinitesimal 
deformation of surfaces, congruences of straight lines and of circles, 
and tnply orthogonal systems of surfaces 

It will be noticed that the book contains many examples, and the 
student will find that whereas certain of them are merely direct 
applications of the formulas, others constitute extensions of the 
theory which might properly be included as portions of a more ex- 
tensive treatise At first I felt constrained to give such references as 
would enable the reader to consult the journals and treatises from 
which some of these problems were taken, but finally it seemed best 
to furnish no such key, only to remark that the Encyklopadu der 
mathanatischen Wtssenschaften may be of assistance And the same 
may be said about references to the sources of the subject-matter of 
the book Many imuortant citations ha^e been made, but there has 
not been an attempt to give every reference How ever, I desire to 
acknowledge my mdebtedness to the treatises of Darboux, Bianchi, 
and Scheffers. But the difficulty is that for many years I have con 
suited these authors so freely that now it is impossible for me to say, 
except m certam cases, what specific debts I owe to each 

In its present form, the material of the first eight chapters has 
been given to begmnmg classes m each of the last two years, and 
the remamder of the book, with certam enlargements, has constituted 
an advanced course which has been followed several times It is im 
possible for me to give suitable credit for the suggestions made and 
the assistance rendered by my students durmg these years, but I am 
conscious of helpful suggestions made by mj colleagues. Professors 
Veblen, Macinnes, and Swift, and by my former colleague, Professor 
BUss of Chicago I wish also to thank Mr A K Krause for making 
the drawings for the figures 

It remams for me to express my appreciation of the courtesy 
shown by Ginn and Company, and of the assistance given by them 
durmg the prmtmg of this booL 


LUTHER PFAHLER EISENHART 
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NOTES AND CORRECTIONS 

Page 18, ]ine 6. After vanish ” insert or p.= 0/' 

Page 30, Ex. 3. The curve C is plane and F is a point of the plane. 

Page 49, Ex. 3. Point of a plane” should read ” point of a non-isotropic 
plane.” 

Page 95, line 7. After "that” insert " a real function.” 

Page 104. In the statement of the first property at the foot of the page, after 

straight line ” insert " not through the (nigin," 

Page 117, § 49. In displayed equation preceding (16) after 

dx d^u dx dH 
\(Zs/ ^ du ds^ dv ds^ 

Page 123. The last paragraph is incorrect. The position of the surface relative 
to the tangent plane depends upon the character of the terms of third and higher 
orders. 

Page 131, line 1. In place of " that is, . . . positive ” read " which may be the 
case or not, when the curvature of is negative.” 

Page 177, Ex. 4. After "system” insert "which is parametric.” 

Page 188, Ex. 23. In place of " a single parameter ” read ” either ii or v alone.” 

Page 195, Ex. 1. The following should be substituted for the printed form : 
” 1. If an asymptotic line is a plane curve, not a straight line, each point of the 
curve is a parabolic point of the surface.” 

Page 197, § 81. If the curves 

= ITj , t/j = Un , — fTg J 1 2^2 ” ^2 1 2^2 — ^^8 

do not lie on the surface (32), the surface may be generated by curves congruent 
to them after the manner described in this section. 

Page 198, § 82. If a surface of positive curvature is referred to real parametric 
curves, it follows from (IV, 40) that the parameters of the asymptotic lines are 
conjugate-imaginary. The second quadratic form is real, as follows from (IV, 4). 
Consequently X is real. 

Page 201, illustrative example. It is not possible to change the parameter v so 
that 0{u) may be made equal to unity. However, if Vf? is replaced by in 
the last equation of page 201 and the first equation of page 202, the resulting equa- 
tions are correct, and likewise the theorem. 

Page 217, line 25. After " integral ” insert " with an arbitrary constant.” 

Page 219, Ex. 6, It is understood that a is an arbitrary constant. Replace 

and the curves . , . trajectories ” by " and = const, are geodesic parallels.” 

Page 257, line 7 ; also page 259, lines 3 and 26. Replace ” congruent ” by " super- 
posable by a translation. 

Page 269, Ex. 18 (g). The section of the surface by each of the planes x = 0, 
V^O consists of a line of curvature and a double cubic ; the double cubics are 
the locus of the double points of the lines of curvature. 


xiii 
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NOTES AND C0EEECTI0N8 


Page 2&2, line 9 In Older to prcne that the patametric curves ou S, are UnM 
of ciuvature, It is seceesar^ and eufflcieot to show that the tangents to the para> 
metnc currea on 8i and on ita spherical representation at corresponding points 
are paroltet {ct § 61) The expreaaiooa on this page for the dlaplacements of Jlf^ 
and of Ita spherical representation satiafy thla condition 

Page 284 In displayed type (34) at end of first line add + cosffdX” and at 
end of aecond line add " + sin 9 d\ ’’ 

Page 341, Ex 3 Before "surface of rerolatlon'' Inaert "non-derelopable " 
Page S60, line 22 This theorem cannot be stated as true for any ipirface u a 
consequence of (29), since it haa not been shoirn that (20) bold for any surface 
If X, V, a are the cartesian coSrdlnatea of any surface, and we write 
i = u, v + fa = T, y-te = 2if-, 
then the linear element is 

dj* = dn> + 2 dwil^ = da* + i^dudv + 2 ^dv\ 
gu ge 

which IS of the form (41) nence the linear eletneut of any surface can be given 
this form Eurtbcnnore, the steps of § 148 are reversible, and aa a consequence 
equaciona ^29) hold for any surface Thus the method of $ 148 can be applied to 
the determination of surfaces having a given linear element when one such surface 
is known 


Page 490, line 9 Replace ” u,, Uj” 1*7 " "i + ^ ' 

Pago 412, Ex 9 When this condition is satisfied, there exists a unique con 
gruence with the given sphencai representation of ita developables , it is deter 


But every congruence with tbia rtpreaentation does not have degenerate focal 
surfaces 


Page 436, lines 18-20 This condition is sufficient except when the surf aces Si are 
spheres or minimal surfaces (| 61) However, from the expressions (34) and those 
preceding (32) it follows that the tangents to the parametric curves on <?, and on 
ita epheneai representation at corresponding pointa are parallel Consequently 
the parametric curves on the surfacea S, are their linea of curvature (§ 61) 

Pago 441, line 27 After ” xero ” insert " (in fact, L vanishes Identically) ■" 
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CHAPTER I 

CURVES IN SPACE 

1 . Parametric equations of a curve* Consider space referred to 
fixed rectangular axes, and let {x^ z) denote as usual the coordi- 
nates of a point with respect to these axes. In the plane s = 0 
draw a circle of radius r and center (a, h). The coordinates of a 
point P on the circle can be expressed in the form 

( 1 ) a; = a 4 - r cos u, y z^h sin 2 = 0 , 

where u denotes the angle which the radius to P makes with the 
positive a:-axis. As u varies from 0° to 360°, the point P describes 
the circle. The quantities a, 6 , r determine the position and size 
of the circle, whereas u determines the position of a point upon it. 
In this sense it is a variable or parameter for the 
circle. And equations (1) are called parametric 
equations of the circle. 

A straight line in space is determined by a 
point on it, j^(a, c), and its direction-cosines 

a, yS, 7 . The latter fix also the sense of the line. 

Let P be another point on the line, and let the 
distance iJP be denoted by which is positive 
or negative. The rectangular coordinates of P 
are then expressible in the form 

(2) ic = a 4- nor, y = 5 4 - 2 = c 4- 'wy. 

To each value of u there corresponds a point 
on the line, and the coordinates of any point on the line are 
expressible as in (2). These equations are consequently parametric 
equations of the straight line. 

When, as in fig. 1, a line segment PP, of constant length a, per- 
pendicular to a line OZ at P, revolves uniformly about OZ as axis, 

1 
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and at the same time D moves dong it with uniform velocity, the 
locus of P IS called a circular helix If the Ime OZ be taken for the 
2 axis, the imtial position of PJ) for the positive :r-axis, and the angle 
between the latter and a subsequent position of PP be denoted by 
M, the equations of the helix can be wntten in the parametnc form 

(3) ar = c cos «, y = a sin «, a = 

where the constant 5 is determined by the velocity of rotation of 
PX> and of translation of P Thus, as the line PP desonbes a 
radian, P moves the distance J along OZ 

In all of the above equations u is the variable or parameter 
Hence, with reference to the locus under consideration, the coordi 
nates are functions of u alone We indicate this by writing these 
equations 

(4) =/,(«). y =/,(“). 2 =/.(«) 

The functions /, /, have definite forms when the locus is a 

circle, straight line or circular helix But we proceed to the gen- 
eral case and consider equations (4), when /, are any func 

tioas whatever, analytic for all values of «, or at least for a certain 
domain • The locus of the point whose coordinates are given by (4), 
as u takes all values in the domain considered, is a curve Equa 
tions (4) are said to be the eqiiatione of the curve in the parametric 
form When all the points of the curve do not lie m the same plane 
it IS called a tpace curie or a ticisted curie , otherwise, a plane curve 
It 13 evident that a necessarj and sufficient condition that a 
curve, defined by equations (4), be plane, is that there exist a 
linear relation between the functions, such as 

(5) af^+ hf^+ rf = 0, 

where «, h, e, d denote constants not all equal to zero This con- 
dition is satisfied by equations (1 ) and (2), but not by (3) 

If It in (4) be replaced by any function of v, say 

(6) 

equations (4) assume a new form, 

(7) x = Ffv), y = P,H * = P.(r) 

• E g in enw « is aopposed to b« real It lies on a segment between two fixed valaes 
wUen it Is complex it lies witbin a closed tcgioo Sa tbe place ol the complex variable 



EQUATIONS OF A CUEVE 


a 


It is evident that the values of y, 2 , given by (7) for a value 
of V, are equal to those given by (4) for the corresponding value 
of u obtained from (6). Consequently equations (4) and (7) define 
the same curve, u and v being the respective parameters. Since 
there is no restriction upon the function <f>^ except that it be ana- 
lytic, it follows that a curve can be given parametric representation 
in an infinity of ways. 

2. Other forms of the equations of a curve. If the first of equa- 
tions (4) be solved for w, giving = then, in terms of a; as 
parameter, equations (7) are 

(8) x^x, z = F^(x), 

In this form the curve is really defined by the last two equations,, 
or, if it be a plane curve in the a:y-plane, its equation is in the 
customary form 

( 9 ) y=f{^)- 

The points in space whose coordinates satisfy the equation 
y — F^(x) lie on the cylinder whose elements are parallel to the 
2-axi8 and whose cross section by the a:^-plane is the curve y 
In like manner, the equation z = F^{x) defines a cylinder whose 
elements are parallel to the ^-axis. Hence the curve with the 
equations (8) is the locus of points common to two cylinders 
with perpendicular axes. Conversely, if lines are drawn through 
the points of a space curve normal to two planes perpendicular 
to one another, we obtain two such cylinders whose intersection 
is the given curve. Hence equations (8) furnish a perfectly gen- 
eral definition of a space curve. 

In general, the parameter u can be eliminated from equations (4) 
in such a way that there result two equations, each of which in- 
volves all three rectangular coordinates. Thus, 

(1®) 2 ^, z) = 0, ^>2(x, y, z) = 0. 

Moreover, if two equations of this kind be solved for y and z as 
functions of x^ we get equations of the form (8), and, in turn, of 
the form (4), by replacing x by an arbitiury function of w. Hence 
equations (10) also are the general equations of a curve. It will 
^ seen later that each of these equations defines a surface* 
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It sliouH be remarked, borrever, that ■when a curve is defined 
as the intersection of two cylinders (8), or of two surfaces (10), it 
may happen that these curves of intersection consist of several 
parts, 80 that the new equations define more than the original ones 

For example Hi e curve defloed by the parametric equations 

(I) * = M, y 55 a = tt>, 

la a twisted cubic, for every plane meets the curve in three points. Thus the plane 
ax + 6y + cz + d = 0 

meets the curve In the three points whose parametric valuea are the roots of the 
equation cu« + + c« + d = 0 

TWs cnbio lies upon the three cjlindEis 

p = a:* zs:z* ps = z* 

The Intersection of the first and second cylinders is a curve of the sixth degree 
of the first and third H i» of the sixth degree whereas the last two intersort in a 
curve of the ninth degree Ifence in every case the given cubic la only a part of 
the curve of Intersection — that part which lies on all three cylinders 
Again, we may eliminate u from equations (i) thus 

( II ) XV = z y*~xz 

of which the first defines & hyxierbolic paraboloid and the second a hyperbolic 
parabolic cone The straight line v = 0 z^O lies on both of these surfaces 
hut not on the cylinder y = i* Hence the inteiseciion of the surfaces (ii) consists 
of this line and the cubic The generators of the paraboloid are defined by 

z = a 8 = «y, y=.b, z = 6z 

for all values of the conaiante a and h From (i) we sec that tlie cubic meets each 
generator of the first family in one point and of the second family in two points 

3. Linear element By definition the lenffth of an arc of a coite 
IS the limit, when it exists, toward which the perimeter of an 
mscnbed polygon tends as the number of sides increases and their 
lengths uniformly approach zero Curves for which such a limit 
does not exist ■will bo excluded from the subsequent discussion 
Consider the arc of a cune uhose end points «i,, w,, are deter 
TS.'.’wt'i b?, thA, •yasv.wvtVm *a, a, Wi'i Vv w,,, ■wi,, , \>e 

intermediate points with parametne values u,, u,, The length 
of the chord »n^7+i *9 

(y*+t'-y7)*+ (^7+1-0* 


t«l, 2,3 
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By the mean value theorem of the differential calculus this is 
equal to 

where = w* + ~ '^h )7 0 < < 1 

and the primes indicate differentiation. 

As defined, the length of the arc is the limit of '21^.^ as the 
lengths tend to zero. From the definition of a definite 

integral this limit is equal to 


V//“(«) +/f (w) +/8'“(«) du. 


Hence, if s denotes the length of the arc from a fixed point (u^) 
to a variable point (w), we have 


( 11 ) 




This equation gives s as a function of 5^. We write it 

( 12 ) 8=<f>(u), 

and from (11) it follows that 
ds 


(13) 


du 




which we may write in the form 

(14) ds^ = dor 4- d^ + dz\ 

As thus expressed ds is called the element of lengthy or linear 
element^ of the curve. 

In the preceding discussion we have tacitly assumed that u ia 
real. When it is complex we take equation (11) as the definition 
of the length of the arc. 

If equation (12) be solved for u in terms of 5, and the result 
be substituted in (4), the resulting equations also define the curve, 
and s is the parameter. From (11) follows the theorem : 

A necessary and sufficient condition that the parameter u be the 
arc measured from the point u = is 

( 15 ) Vx'^+/3'*+/3'==l. 

An exceptional case should be noted here, namely, 

(16) /;'+/3'“+/3'==o. 
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Unless /,'♦// be zero and the curve reduce to a point, at least one 
of the coordinates must be maginary For this case » is zero Hence 
these imaginary curves are called cunei of length zero^ or minimal 
cunes For the present they will be excluded from the discussion 
Let the arc be the parameter of a given curve and « and « + e 
its values for two points M{x, y, z) and y,, Zj) By Taylor’s 
theorem we have , 

x^ = x +3/0 • » 

(17) ^ yi=g + g'e + y"~+ •, 

z, = z +2'e + , 

where an accent indicates differentiation with respect to * 

Unless x', y’, 2 ' are all zero, that is, unless the locus is a point 
and not a curve, one at least of the lengths x^—x, y^~y, 2,-2 13 
of the order of magnitude of e If these lengths be denoted by 
Sx, 5y, Sz, and « by then we have 

VSi:* 4 - Sy*+ + fj, 

where f, denotes the aggregate of terms of the second and higher 
orders in 5* Hence^ as approaches M the ratio of the lengths 
of the chord and the arc 20/'^ approaches unity , and in the limit 
we have ds*= dr*+ tiy*+ di?. 

4. Tangent to a curve The tangent to a curve at a point 2/ is 
the limiting position of the secant through M and a point 2/, of 
the curve as the latter approaches M as a limit 

In order to find the equation of the tangent we take $ for par* 
ameter and write the expressions for the coordinates of 2/^ m the 
form (17) The equations of the secant through M and 2fj are 
X-jy-y Z^z 
y-y^Xi-z 

H each member oS tnese equations bo multiplied by e and £he 
denominators be replaced by their values from (17), we have in 
the limit aa 2fj approaches M 

X—x _ T— g Z—z 
z! y' “ z' * 


( 18 ) 
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If a, 7 denote the direction-cosines of the tangent in conse- 
quence of (15), we may take 
(19) a = x\ 7 = 3'. 

When the parameter u is any whatever, these equations are * 



They may also be written thus : 

as as 


dz 

ds 


From these equations it follows that, if the convention be made 
that the positive direction on the curve is that in which the par- 
ameter increases, the positive direction upon the tangent is the 
same as upon the curve. 

A fundamental property of the tangent is discovered by con- 
sidering the expression for the distance from the point il/j, with 
the coordinates (17), to any line through 3L We write the equa- 
tion of such a line in the form 


( 22 ) 


X~x T-y _ Z~z 
a h c 


where a, 6, c are the direction-cosines. 

The distance from to this line is equal to 

(23) {[(5a/- ay^)e + . . . ]- 

+ [{^2/'^ ^ d ]” + cx')e’\ ]-}^- 


Hence, if be considered an infinitesimal of the first order, 
this distance also is of the first order unless 


a h c 
a/ y' 

in which case it is of the second order at least. But when these 
equations are satisfied, equations (22) define the tangent at IL 
Therefore, of all the lines through a point of a curve the tangent 
is nearest to the curve. 


•Whenever the functions x', z' appear in a formula it is understood that the arc 5 is 
the parameter ; otherwise we use /{, /o , /a , indicating by accents derivatives with respect 
to the argument u. 
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— = — , 
it' y' z' ’ 


5. Order of contact. Normal plane. When the curve is fluch 
that there ate points for which 

(24) 

the distance from to the tangent is of the third order at least 
In this case the tangent is said to have contact of the tecond order, 
whereas, ordmanly, the contact ts of the frst order And, in gen 
era], the tangent to a curve has contact of the nth order at a point, 
if the following conditions are satisfied for n »= 2, , « — 1, and n 


(25) 


^ ^ zw 

yln-11 


When the parameter of the curve is any whatever, equations 
(24), (25) are reducible to the respective equations 

im fC 


The plane normal to the tangent to a curve at the point of 
contact is called the noma? plane at the point Its equation is 
(26) (X^x)a + {Y~y)fi + {Z~~e)y = 0, 

where a, y have the values (20) 


EXAMPIES 

1 Pat the equations of the circular heltx (3) In the form (8) 

2 FxpresS the equations of the circular helix in terms of the arc measured from 
a point of the curve, and show that the tangents to the curve meet the elements of 
the circular cylinder under constant angle 

a Show that if at every point of a curve the Ungeney Is o! the second order, 
the curve Ls a straight line 

A Prove that a necessary and sufficient condition that at the point (x#, po) of 
the plane curve y j=/(z) the tangent has contact of the nth order is / (*o) ~J (xe) 
~ =/<"^(xo) = 0 > olsO| that according as n is even or odd the tangent crosses the 

carve at the point or does not. 

6 Prove the follovilng properties of the twisted cahic 

(a) Of all the planes through a point of the cubic one and only one meets the 
cubic In three coincident points its equation is 3 u’x — 3 + a — «• s= 0 

(() There are bp double points, but the orthogonal projection on a plane has a 
double point 

(«) Four planes determined by a variable chord of the cubic and by each of 
four fixed points of the cune are in constant cross-ratio 
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6 . Curvature. Radius of first curvature. Let JT, be two 
])oints of a curve, As the length of the arc between these points, 
and A0 the angle between the tangents. The limiting value of 
A0/As as approaches J/, namely dO/dSy measures the rate of 
change of the direction of the tangent at M as the point of con- 
tact moves along the curve. This limiting value is called the 
jini curvature of the curve at jl/, and its reciprocal the radius of 
first curvature ; the latter will be denoted by p. 

In order to find an expression for p in terms of the quantities 
defining the curve, we introduce the idea of spherical representa- 
tion as follows. We take the sphere^ of unit radius with center 
at the origin and draw radii parallel to the positive directions of 
the tangents to the curve, or such a portion of it that no two 
tangents are parallel. The locus of the extremities is a curve 
upon the sphere, which is in one-to-one correspondence with the 
given curve. In this sense we have a spherical representation^ or 
spherical iadicatrix^ of the curve. 

The angle A0 between the tangents to the curve at the points 
ilf, is measured by the arc of the great circle between their 
representative points 7 w, on the sphere. If Ao- denotes the 
length of the arc of the spherical indicatrix between m and 
then by the result at the close of § 3 , 


Hence we have 
(27) 


d(T 



= 1 . 


1 _ do- 


where da- is the linear element of the spherical indicatrix. 

The coordinates of m are the direction-cosines er, y 8 , 7 of the 
tangent at If; consequently 


When the arc « is the parameter, this formula becomes 


♦Hereafter -tre refer to this as the tmif fphere. 


( 28 ) 
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However, when the parameter i3 any whatever, «, we have 
from (12), (13), (20), 


(29) 


d» tpf du\^'j 




and 4>’4>"=^fl fi +/s /a +/* /*'• 


Hence we find by substitution 


(30) 


1 

/)» 


which sometimea is written thus 


(31) 


^ (d*xY+ (d^i/Y+(d%^— (d*ay 


The sign ol p is not determined by these formulas We make 
the convention that it is always positive and thus fix the sense of 
a displacement on the spherical indicatrix 
7. Osculating plane Consider the plane through the tangent to 
a curve at a point M and through a point of the curve The 
limiting position of this plane as approaches M is called the 
osculating ^lane at JIT In deriving its equation and thus establish 
ing Its existence we assume that the arc > is the parameter, and 
take the coordinates of in the form (17) 

The equation of a plane through M (r, y, z) is of the form 

(32) (A''-a;)a + (F-y)6 + (^-e)c = 0, 

X, Y, Z being the current coordinates When the plane passes 
through the tangent at Mt the coefficients a, S, c are such that 

(33) y h z’c = 0 


If the values (17) for y,, Zj be substituted in (32) for X, F, 2, 
and the resulting equation be divided b} ^ , we get 

where y represents the aggregate of the terms of first and higher 
orders me As approaches ij approaches zero, and m the 
limit we have 
(M) 


= 0 . 
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Pilimingif.ing o, 5, c froiii equations (32), (33), (34) we obtain, as 
the equation of the osculating plane. 


(35) 


A' — a: Y—y Z—z 

a:' y' z' 

x" y" z" 


= 0 . 


From this we find that when the curve is defined hy equations (4) 
in terms of a general parameter u, the equation of the osculating 
plane is ^-x Y—y Z—z 

( 36 ) // n fl = 0 . 

//' fl' fl 


The plane defined by either of these equations is unique except 
when the tangent at the point has contact of an order higher than 
the first. In the latter case equations (33), (34) are not independent, 
as follows from (24) ; and if the contact of the tangent is of the nth 
order, the equations ^ ^ 0 ^ 


for all values of r up to and including n are not independent of 
one another. But for r = ?i + l, this equation and (33) are inde- 
pendent, and we have as the equation of the osculating plane at this 
singular point, 




•X 


.(n+l) 


y' 

+1) 


^-2 

+ 1 ) 


- 0 . 


When a curve is plane, and its plane is taken for the a^-plane, 
the equation (35) reduces to = 0. Hence the osculating plane 
of a plane curve is the plane of the latter, and consequently is the 
same for all points of the curve. Conversely, when the osculating 
plane of a curve is the same for all its points, the curve is plane, 
for all the points of the curve lie in the fixed osculating plane. 


Tho equation of the osculating plane of the twisted cubic (§2) is readily 
reducible to 

(i) 3«2X - 3 ur + Z “ = 0, 

^Yhe^e X, 5" Z are current coordinates. From tlie definition of the osculating plane 
and the fact that the curve is a cubic, it follows that the osculating plane meets 
the curve only at the point of osculation. As equation (i) is a cubic in it follows 
that through a point (xq, 2/o, ^o) not on the curve tliere pass three planes wliich 
osculate the cubic. Let ifj, ust “Ws denote the parameter values of these points. 
Then from (i) we have 

Ui -f 112 + Uj = 3xoj Uiti2 + u>>uz + UsWi z= 3yo, = 2o.* 
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By meaiM of these relations the equation of the plane through the coirespondlsg 
three points on the cubic is reducible to 

(X — *i))3pa — (F — y#)S*fl + (Z — 2o) = 0 
This plane passes through the point (Xo Vo 2i>} hence we hare the theorems 
Tfte points of eordaxi of tht three osculating planes of « tieisted « 6ic through a 
point not on the curre lie tn U plane throug/i the point 

The oKulaiing planes at three points of a twisted cuhio meet in a point which lies 
jn the plane qf the three points 

By means of these theorenja ■we can establish a dual relation in space by mak 
ng a point correspond to the plane through the points of osculation of the three 
osculating planes through the point, and a plane to the point of intersection of the 
three planes rrhich osculate the cubic at the points where it is met by the plane 
In particular to a point on the cubic corresponds the osculating plane at the point 
and ince ■versa 


8 Principal normal and binormal Evidently there are an in 
fimty of norajT.ls to a cnrve at a pomt. Two of these are of par 
tictilar interest the normal, which lies in the osculating plane at 
the point, called the pritictpal normal, and the normal, which is 
perpendicular to this plane, called the htnormal 

If the direction-cosmes of the bmormal be denoted by X, /i, p, 
we have from (35) 

In consequence of the identity 

2(/z zy')*= Sx*® (Sa/y )*, 
the value of the common ratio is reducible by means of (19) and 
(28) to ±p • We tate the positive direction of the bmormal to 
be such that this ratio shall be ^p, then 

(37) X = p(y'z'-zV% p = p{z'x''~xV), v *=p(xy'— ic”y') 
When the parameter u is general, these formulas are 

(38) ). —f-Mi/.'-fi/,"), 

or in other form 

(38*) \-~f ^^^ dzd^x— <frtPz ^ Axc^y—dy^x 

• For ZxV' s 0 M is i««a by differenUating Sa *=: 1 with respect to s 
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By definition the principal normal is perpendicular to both the 
tangent and binormal. We make the convention that its positive 
direction is such that the positive directions of the tangent, prin- 
cipal normal and binormal at a point have the same mutual ori- 
entation as the positive directions 1 ^ 

of the a:-, y -5 2 -axes respectively. 

These directions are represented in 
fig. 2 by the lines JJfT, MC^ MB. 

Hence, if Z, w, n, denote the direc- 
tion-cosines of the principal normal, 
we have* 

a ^ ry 

(39) I m 71 =4-1, 

\ fl V 

from which it follows that 

'a — mv — TifXj yS = ~ 

(40) - fiy — z;y 8 , m^va — \ 7 , 

\ = ^71 — fyniy /A — 7 Z “ a7iy 

Substituting the values of a, ) 8 , 7 ; X, v from (19) and (37) in the 
expressions for Z, n, the resulting equations are reducible to 

(41) m=^py^\ n^pz^'. 

Hence, when the parameter u is general, we have 

(42) ; = = n = 

or in other form, 

dsd*x — dx<p8 



Kig. 2 


ry Vl\, 

n = X/3 — 
am — /9Z. 


(42') Z 


7n = 


dsd^y — dydh 


n ?=■ 


dsd^z — dzdrs 


ds^ ' ds^ ' d8^ 

In consequence of (29) equations (42) may be written: 


(43) 

or by means of (27), 

, da 




VI : 


dp 

da 


n- 


71 = 


d'i 

d^ 

da 


Hence the tangent to the spherical indicatrix of a curve is parallel 
to the principal normal to the curve and has the same sense, 

• C. Smith, Solid Geometry ^ 11th ed., p. 31. 
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9. Osculating circle Center of first curvature IVe hive defined 
the osculating plane to a curve at a point Ji/ to be the limiting 
position of the plane determined by the tangent at M and by a 
point Jlfi of the curve, as the latter approaches Jif along the curve 
We consider now the circle m this plane which has the same tan 
gent at Mas the curve, and passes through The limiting posi- 
tion of this circle, as JH, approaches M, is called the oteulahn^ eirch 
to the curve at M It is evident that its center is on the prin- 
cipal normal at M Hence, with reference to any fixed axes in space, 
the coordinates of Cc denoted by A,, Vj, are of the form 

X^^x + rl, y\^y-Vrm, ^o=z-t-m, 

where the absolute value of r is the radius of the osculating circle 
In order to find the value of r, we return to the consideration 
of the circle, when does not have its limiting position, and we 
let A', F, Z, m,, n^, denote respectively coordinates of the cen 
ter of the circle, the direction cosines of the diameter through M 
and the radius If a:,, y,, z, be the coordinates of Ar,, they have the 
values (17), and since Af, is on the circle, we have 

r * = 2 (AT - r,)* « 2 eV' f 

If we notice that 2a:7j = 0, and after reducing the above equation 
divide through by e\ we have 


l-rj2fy'+,j^0, 

where 17 involves terms of the first and higher orders in e In the 
limit r, becomes r, becomes 2x7, that is and this equation 
reduces to 


1 -^ 0 , 


so that r is equal to the radius of curvature On this account the 
osculating circle is called the ctrcfe of curvature and its center the 
center of fret curvature for the point Since r is positive the center 
of curvature is on the positive half of the pnocipal normal, and 
consequently its coordinates are 

(44) = x + F(,= y-hp»i, + 
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The line normal to the osculating plane at the center of curva- 
ture is called the polar line or polar of the curve for the corre- 
sponding point. Its equations are 


(45) 


X—x — pl _ Y'-y^pm _ Z^z--pn 

\ “ /X V 


In fig. 2 C represents the center of curvature and CF the polar 
line for 3L 

A curve may be looked upon as the path of a point moving under the action of 
a system of forces. From this point of view it is convenient to take for parameter 
the time which has elapsed since the point passed a given position. Let t denote this 
parameter. As t is a function of s, we have 

dx _dx ds _ ^ ^ 

dt ^ ds dt'^ ^ dt' dt dt' dt dt 


Hence the rate of change of the position of the point with the time, or its velocity, 

ds • 

may be represented by the lengtli — laid ofi on the tangent to the curve. In like 

dt 

manner, by means of (41), we have 


dt^ ■“ ^dV^ P W ’ dt^ p \dt) ’ dts “ ^ dt^ P \dt) * 


From this it is seen that the rate of change of the velocity at a point, or the 
acceleration, may be represented by a vector in the osculating plane at the point, 
through the latter and whose components on the tangent and principal normal 
d 2 s _ , 1 /^\2 
P W/ * 

EXAMPLES 


are — and 
dt^ 


1, prove that the curvature of a plaue cu^^’e defined by the equation M[x, y)dx 


+ N{x, y)dyrzOls 


1 

P 


\dy 


OX j hx 


dy 


( 3/2 + 3 ^ 2)3 


2. Show that the normal planes to the curve, 

a:=:asm2w, y = asinucosu, 2 = acosu, 
pass through the origin, and find the spherical indicatrix of the curve. 


3. The straight line is the only real cur\^e of zero curvature at every point. 

4. Derive the following properties of the twisted cubic : 

(а) In any plane there is one line, and only one, through which two osculating 
planes can he drawn. 

(б) Four fixed osculating planes are cut by the line of intersection of any two 
osculating planes in four points whose cross-ratio is constant. 

(c) Four planes through a variable tangent and four fixed points of the curve 
are in constant cross-ratio. 

(d) What is the dual of (c) by the results of § 7 ? 
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5 Determine the form of the function ^ so that the principal normals to the 
curve x = u y = sin u r = ^ (u) are parallel to the yz plane 

6 Fiml the osculating plane ai cl radi is of first cunature of 

* = ocosit + 66in« y = asmu + fccoau, s = c8in2« 

10. Torsjon Prcnet-Serret formulas It has heen seen that, tm- 
less a curve be plane, the osculating plane vanes as the point 
moves along the curve The change in the direction depends 
evidently upon the form of the curve The ratio of the angle 
between the binormals at two points of the curve and their curvi- 
linear distance As expresses our idea of the mean change m the 
direction of the osculating plane And so we take the limit of 
this ratio, as one point appioaches the other, as the measure of 
the rate of this change at the latter point This limit is called 
the second cunature, or torsion, of the curve, and its inverse the 
radiit* of second curvature, or the radius of forsion The latter 
will be denoted by t 

In order to establish the existence of this liniit and to find an 
expression for it in terms of the functions defining the curve, 
we draw radii of the unit sphere parallel to the positive binormals 
of the curve and take the locus of the end points of these radii as 
a second spherical representation of the curve The coordinates of 
points of this representative curve on the sphere are ft, v Pro- 
ceeding in a manner similar to that m § 6, we obtain the equation 

where da■^ is the linear element of the sphencal mdicatnx of the 
binormals 

In order that a real curve have zero torsion at every point, the cosines X, m, >' 
most be constant Bj a change of the fixed axes which evidently has no effect 
upon the form of the curve the cosines can be given the values pis=»s=0 

It follows from (40) that « s 0, and consequently * = const Hence a necessary 
and sufficient condition that the torsion of a real curve be zero at every point is 
that tbe curve be plane 

In tbe subsequent discussion we shall need the derivatives wnth 
respect to « of the direction-cosmes a, 7, l,tn,n, ft, v We 
deduce them now From (41) we have 

( 47 ) a'^l, 

P P P 
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In order to find the values of X', /t', v\ we differentiate with 
respect to s the identities, 

X^+ jr^ly a\ + / 9 /x -f 72^ = 0, 
and, in consequence of (47), obtain 

XX' + vv^— 0, (rX'+ yS/x'+ 71 /'= 0. 


From these, by (40), follows the proportion 

X': /i': 

and the factor of proportionality is il/r, as is seen from (46). 
The algebraic sign of r is not determined by the latter equation. 
We fix its sign by writing the above proportion thus : 


(48) 


v=i, .'=^. 

T T T 


If the identity Z = /-ty — ryS be differentiated with respect to 8 
the result is reducible by (40), (47), and (48) to 


(49) 


T 


Similar expressions can be found for tti' and n\ Gathering to- 
gether these results, we have the following formulas fundamental in 
the theory of twisted curves, and called the Frenet-Serret formulas : 



As an example, we derive another expression for the tomion. 
If the equation X = p (y'g"— 

be differentiated with respect to s, the result may be written 


r p 

If tins equation and similar ones for m/r, m/t be multiplied by I, m, 
n respectively and added, we have, in consequence of (50) and (41), 


1 

T 


^ y - 

x” y" z" 
x'" if z'" 


( 51 ) 
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The last three of equations (50) give the rate of change of the 
direction cosines of the osculating plane of a curve as the point of 
osculation moves along the curve From these equations it follows 
that a necessary and sufficient condition that this rate of change 
at a point be zero is that the values of t for the point make the 
determinant m equation (51) vanish At such a point the osculat- 
ing plane is said to be ttatxonary 

11 Form of curve In the neighborhood of a point The sign of 
torsion We have made the convention that the positive directions 
of the tangent, principal normal, and bmormal shall have the same 
relative onentation as the fixed ay,y z axes respectively When we 
take these lines at a point for axes, the equations of the curve 
can be put m a very convenient form If the coordinates be ex- 
pressed in terms of the arc measured from ifg we have from (19) 
and (41) that for « = 0 

a^-1, y'=«'=0. ar"= 0, y"=^. z"=0 

When the values of I and \ from (41) and (37) are substituted in 
the fourth of equations (50), we obtain 

(52) ^ 1 (^t" - z!y'^) - 1 a/' 

p T p 


From this and similar expressions for j/" and s?" we find that 

= ® -i, = m^_i 

^ * pr 




Hence, by Maclaunn's theorem, the coordinates x, y, z can be c 
pressed m the form r ^ 

(53) ' 


where f and. t axe the radu. of. first v?A seowwi warfaVcna at tW 
point a = 0, and the unwritten terms are of the fourth and higher 
powers in * 

From the last of these equations it is seen that for sufficiently 
small values of * the sign of z changes with the sign of t unless 
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1/t= 0 at Hence, unless the osculating plane is stationary at 
a point, the curve crosses the plane at the point.* Furthermore, 
when a point moves along a curve in the positive direction, it 
passes from the positive to the negative side of the osculating 
plane at a point, or vice versa, according as the torsion at the 
latter is positive or negative. In the former case the curve is 
said to be smistrorsuvi^ in the latter dextrorsum. 

As another consequence of this equation, we remark that as a 
variable point M on the curve approaches the distance from 3f 
to the osculating plane at 31^ is of the third order of magnitude in 
comparison with JO/q. By means of the other equations (53) we 
find that the distance to any other plane through 31^ is of the 
second order at most. Hence we have the theorem : 

The osculating plane to a txvisted curve at an ordinary point u 
crossed hy the curve^ and of all the planes through the poiyit it lies 
nearest to the curve. 

From the second of (53) it is seen that y is positive for suffi- 
ciently small values of s, positive or negative. Hence, in the 
neighborhood of an ordinary point, the curve lies entirely on one 
side of the plane determined by the tangent and binormal — on 
the side of the positive direction of the principal normal. 

These properties of a twisted curve are discovered, likewise, 
from a consideration of the projections upon the coordinate planes 
of the approximate curve, whose equations consist of the first 
terms in (53). The projection on the osculating plane is the 
parabola a: = a, y = />, whose axis is the principal normal 

to the curv^e. On the plane of the tangent and binormal it is 
the cubic x = s = — ^VGpr, which has the tangent to the 
curv^e for an inflectional tangent. And the curve projects upon 
the plane of the binormal and principal normal into the semi- 
cubical parabola y = 2 = — eVflpT, with the latter for 

cuspidal tangent. 

Tljese results are represented by the following figures, which picture the pro- 
jection of the curve upon the osculating plane, normal plane, and the plane of the 
tangent and hinonnal. In the third figure the heavy line corresponds to the case 
where r is positive and the dotted line to the case where t is negative. 


* This result can be derived readily by geometrical considerations. 
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The preceding results serve also to give a means of determining the variation In 
the osculating plane as the point moves along the curve B7 means of (60) the 
direction-cosines X, r can be given the form 


X=Xo + — 8 -I- 



where the subscript null Indicates the value of a function for a = 0 and the tin- 
wnttcn terms are of the second and higher terms In s If the coordinate axes are 
those which lead to (53), the values of X, /v, v for the point of parameter !a are 


x = o. 


r#’ 


to within terms of higher order, and consequently the equation of this osculating 
plane at this point 3fi is 

T— -h Z = 0 


If we put F= /m, we get the s-co8rdinate of the point in which this plane is cut by 
the polar tine for the point s = 0 , it Is ~ Uence, according as tq is positive 

or negative at 3f, the osculating plane at the near by point 3Ti cuts the polar line for 
If on the negative or positive side of the osculating plane at If 


12. (Cylindrical helices. 

As another example of the use of formulas (60) we derive several properties of 
cylindrical helices By definition, a cylindrical helix Is a curve which lies upon a 
cylinder and cuts the elements of the cylinder under constant angle If the axis of 
2 be taken parallel to the elements of the .cylinder, we have y = const. Hence, 
from {601, .. "y » ... 

n = 0, i -f - = 0, »' = 0, 


from which it follows that the cylindrical helices have the following properties 
The prtnetpal normal is perpendicular to the element of the cylinder at the point, 
and consequently coincides loith the normal to the cylinder at the point (§ 22). 

The radii o/Jirst and second eunjature are in constant ratio 


Bertrand has established the converse theorem Every curve whose radix of first 
and second curvature are ta constant ratio is a cylindrical helix In order to prove 


U, we put T = 

Kp, and remark from 

(50) that 




dor _ dX 

dn 


dr 


ds ~ *ds* 

ds ~ ds^ 

ds ' 

’’ds' 

from which w« 

! get rt = «x -1- 0, 

fi = KM + b, 

ysK 

r + e, 


where «, 6, c are constants From these equations we find 

a» -i- 1>* + IX l-f K* oa + bfi 4- CTf = 1. 
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Hence the tangents to the curve mate the constant angle co3* 


■ with the 


, Vl + 

lines whose direction-cosines are ^ - Consequently the curve is a cylindrical 

”n/ 1 “i" 

helix, and the elements of the helix have the above direction. 


EXAMPLES 


1. Find the length of the curve x = a (u — sin u), y = a cosu, between the points 
for which u lias the values — tt and tt ; show that the locus of the center of curva- 
ture is of the same form as the given curve. 

2. Find the coordinates of the center of curvature of 

x = acosu, y = asinu, 2 = acos2u. 

3. Find the radii of curvature and torsion of 

aj = a (u — sinu), y = a (1 — cosw), z = bu. 

4. If the principal normals of a cur%'e are parallel to a fixed plane, the curve 
is a cylindrical helix. 

5. Show that the curve x = e“, y = e“ z =V2 w is a cylindrical helix and that 

the right section t>l the is a eatenaiy *, also that the eat ve lies apoa a eylia- 

der whose right section is an equilateral hyperbola. Express the coordinates in terms 
of the arc and find the radii of first and second cun^ature. 


6. Show that if 6 and <p denote the angles which the tangent and binormal to a 

cur\*e make with a fixed line in space, then ^ = - . 

sin fpd(p p 

7. When two curves are symmetric with respect to the origin, their radii of 
first cun’ature are equal and their radii of torsion difier only in sign. 

8. The osculating circle at an ordinary point of a curve has contact of the sec- 
ond order with the latter ; and all other circles which lie in the osculating plane 
and are tangent to the curve at the point have contact of the first order. 


9. A necessary and sufficient condition that the osculating circle at a point have 
contact of the third order is that / = 0 and I/r = 0 at the point ; at such a point 
the circle is said to superoscif?ate the curve. 

10, Show that any twisted curve may be defined by equations of the form 
1 ^ Ip'. 

j, = £ _ 1 + ir/iv'- i _ j_]3. + . . . 

2p 6p= ^24LW pr"-] ^ ' 
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S< + . 


where p and t are the radii of first and second curvature at the point s = 0. 

11, When the equations of a curve are in the form (4), the torsion is given by 

1 p’z S\ fi fi 
fi' fi' fi' 
fi" fi" fi" 

where ^ has the significance of equation (12). 
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IS The locus oJ the centers of currature of a twisted cwre of constaot flnt 
curvature is a curve of the eaice kind 

18 When all the escalating planes of a curve pass through a fixed point, the 
curve 13 plane 

1 4 Determine /(u) eo that the curve b = a cos u, p » o sin u, * =/(«) shall he 
plane What is the lonn of the curve f 

13. Intrinsic equations Fundamental theorem. Let f?, and C*, be 
two curves defined m terms of tbeir respectit e area », and let points 
upon each with the same values of « correspond We assume, 
fuTthermoTe, that at corresponding points the radii of first curva- 
ture have the same value, and also the radii of second, curvature 
We shall show that and are congruent 

By a motion in space the points of the two curves for which 
3 = 0 can be made to comcide in such a way that the tangents, 
principal normals, and bicormals to them at the point coincide 
also Hence if we use the notation of the preceding sections and 
indicate by subscripts 1 and 2 the functions of C, and C,, we have, 
when 3 = 0, 

(54) = = 

and other similar equations 

The Frenet-Serret formulas for the two curves are 



h 

dL 

(^x W 


dg 

~ p' 

dg * 

(/> t )’ 

dg ~ r 



dl, , 

fa^ XA 

rfx, f. 

ds 

~ p' 



dg ~r‘ 


the functions without subscripts being the same for both curves 
If the equations of the first row be multiplied by n., f,, Xj lespec 
tively, and of the second row by 1,, Xj, and oil added, we have 

(55) ^ X,X,) = 0, 

and consequen tly -f- 1,?. + XjX^ = const 

This constant is equal to unity for « = 0, as is seen from (64), and 
hence for all values of « we have 
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Combining this equation with the identities 

a|+?| + X|=l, 

we obtain (oc^ — + ih ~ hY + (^i ~ \T ~ 

Hence a^= l^=L, \ = \. Moreover, since in like manner 

71 = 72 * have 

|(j,,-y,)=0, l(».-«.) = 0. 

Consequently the differences constant. 

But for = 0 they are zero, and so we have the theorem : 

Ttvo curves whose radii of first and second curvature are the same 
functions of the arc are congruent 

From this it follows that a curve is determined, to within its 
position in space, by the expressions for the radii of first and second 
curvature in terms of the arc. And so the equations of a curve 
may be written in the form 

(56) p=fi{s), T=/j(s)- 

They are called its intrinsic eqxLations. 

We inquire, conversely, whether two equations (56), in which 
and/j are any functions whatever of a parameter s, are intrinsic 
equations of a curve for which s is the length of arc. 

In answering this question we show, in the first place, that the 
equations 

die V dv /u w\ dzo v 

T.~y 5'~(,7 + 7 | T,~t 

admit of three sets of solutions, namely : 

(58) u v = Z, = X ; v = ???, w = fi; tt=:zry^ w = v; 

which are such that for each value of s the quantities a, /3^ y; 
Z, 7??, 71 ; \ V are the direction-cosines of three mutually perpen- 
dicular lines. In fact, we know* that a system (57) admits of a 
unique set of solutions whose values for s = 0 are given arbitra- 
rily. Consequently these equations admit of three sets of solutions 

•PicaH, rr«i7r <rvlnfl?y5e,Vol,n,p.313; Gonrsat, Co«r? tVAmthna Mathematique, 
Vol. 11, p, ;w;. 
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•wboae values for * = 0 are 1, 0, 0 , 0, 1, 0 , 0, 0,1 respectively 
By au argument sumlar to that applied to equation (55) we prove 
that for all values of i the solutions (58) satisfy the conditions 

(59) ( 1/9 + (ct + \/t =s 0, /Sy + win + = 0, yet + nf + I'X = 0 

In like manner, since it follows from (57) that 


du dv . (fw _ 

v,^+v~ + w-~ = Ki, 
da da da 


we prove that these solutions satisfy the conditions 

(60) a*+f’+X* = l, /9'+ni* + /i* = l, y*+n"+K’ = l 

But the conditions (59), (60) are equivalent to (40), and conse- 
quently the three sets of functions (r, ;9, y , f, in, n , X, (i, v are 
the direction-cosines of three mutually perpendicular lines for all 
values of a 

Suppose we have such a set of solutions For the curve 

(61) x~Jada, y=J^da, 2 =J'yda, 

the functions a, y ate the direction-cosines of the tangent, and 
smee <?»*= d3^+dy*+ d^, a measures the arc of the curve From 
(61) and the first of (57) we get 

p d«* p d«‘ p \da^j \di^} \da*} p* 

Hence if p be positive for all values of g, it is the radius of curva- 
ture of the curve (61), and Z, wi, n are the direotion-cosines of the 
principal normal m the positive sense In consequence of (40) the 
functions \ fi, v are the directron-cosmes of the hmormal , hence 
from (50) and the third of (57) it follows that t is the radius of 
torsion of the curve Therefore we have the following theorem 
fundamental in the theoiy of curves 

ffjren any two analytic funchona, f^(a),ff{a)f of toheh the former 
upoattivefor all valuea of a mthn a certain domain, there exiata a 
curve for which p t “^(#), and a *g the are, for valuea of a %n 

the given domain The determination of the curve reducea to the find- 
ing of three aeta ofaolutiona of equationa (57), aatiafymg the conditmia 
(59), (60), and to guadraturea 
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We proceed now to the integration of equations (57). Since each 
set of integrals of the desired kind must satisfy the relation 

(62) = 

we introduce with Darboux * two functions c and to, defined by 


(63) 


' u + iv 

l + w 

1 — w 

u — iv 

u — iv 

l + w 

1— tc 

u 4- iv 


It is evident that the functions o- and — — are conjugate imaginaries. 

Cf) 

Solving for v, we get 


(64) 


1 — CTO . 1 + cro) <r 

^=-r , V = t ? W = 

tr — o) c ' — ct) tr o) 


If these values be substituted in eq[uations (67), it is found that 
the functions a and o) are solutions of the equation 


(65) 


ds 2t P 2 T 


And conversely, any two different solutions of (65), when substi- 
tuted in (64), lead to a set of solutions of equations (57) satisfying 
the relation (62), Our problem reduces then to the integration of 
equation (65). 

14. Riccati equations. Equation (65) may be written 
(66) ^ = i + 2 ilfd + 


where j 5, i\r are functions of s. This equation is a generalized 
form of an equation first studied by Riccati, f and consequently 
is named for him. As Riccati equations occur frequently in the 
theory of curves and surfaces, we shall establish several of their 
properties. 

Theorem. When a particular integral of a Riccati equation is 
hnown^ the general integral can he obtained by two quadratures. 


• U(;om sur la TheoHe GUnerale des Surfaces, Vol. 1, p, 22. We shall refer to this 
treatise frequently, and for brevity pive our references the form Darboux, I, 22. 

t Cf. Forsyth, Differential DquationSf chap, v; also Cohen, Differential Equations, 
pp. 173-177. 



CUR^ Eh IK SPACE 


2G 

Let 01 be a particular integral oi (66) If we put 
tbe equation for the determinatioa of la 

(67) ^ + 2 {M-+ m^)4>+2f^0 


As tbis equation i3 linear and of the first order, it can be solved by 
two quadratures Since tbe general integral of (6T) is of tbe form 
=/,(«) + where a denotes the constant of integration, the 
general integral of equation (66) is of the form 


( 68 ) 


i_ aP+Q 
^aA + S’ 


where P, Q, R, S are functions of 8 

Theorem TF^en two particular zntgffrals of a Itiecah eguatton are 
Renown, the general miegral can be found by one quadrature 

Let 0j and 0, be two solutions of equation (86) If we effect the 
substitution ^ fb® equation m is 

df 


ds 


+ 2(JJr+A0,)i^ + iV=0 


If this equation and (67) be multiplied by l/i^ and 1/^ respec 
tiiely, and subtracted, the resulting equation is reducible to 
Consequently the general integral of 

(66) 13 given by 


(69) 


0 — 0 r vtf -ands 


where a is tbe constant of integration 

Since equation (68) may be looked upon as a linear fractional 
substitution upon a, four particular solutions 0^, 0,, 0,, 0^, corre- 
sponding to four values a^, a^, a,, a^ of a, are m the same cross ratio 
as these constants Hence we have the theorem 

The eroit-raho of any four particular integraU of a Riccati 
equation t$ conttant 

From this it follows that if three particular integrals are known, 
the general integral can be obtained uithout quadrature 
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15. The determination of the coordinates of a curve defined by 
its intrinsic equations. We return to the consideration of equation 
(65) and indicate by 

,rrr\\ "¥ Q 5(7’ + $ f- 1 <) 

= “'= 5 ;^’ (*=1,2,3) 


six particular integrals of this equation. From these we obtain 
three sets of solutions of equations (57), namely 




l+O-lWj 


. 0 - 1 + 

\ = — 1 

O-,— 0 ), 


and similar expressions in co^ respectively for m, ft; 

7 , 71 , V, These expressions satisfy the conditions (60). In order 
that (59) also may be satisfied we must have 


which is reducible to 
( 12 ) 


Hence each two of the three pairs of constants 6 g, 

form a harmonic range. 

When the values (7 0) for <r., ay. are substituted in the expressions 
for or, / 8 , 7 , it is found that 


fV 


COj-O-jt 

— 1 

F 




f!: 


1 

►o* 




1 

1 

X. 


' a = - gA y+{ l+^A pr^£i±|j jp; 

“l— ^ ^ 

/3 = i . ~^A p-+t-L ±^A tf. 




ai-5j 


(73) J /3 = ^ »■+ 1 - - r+ TF, 

y = l . -^.A pr^fdl|5TF 

V « 3 — Oj Uj— aj— 63 

where, for the sake of brevity, we have put 

f^_ (P*-.R*)-($*-,g°) 

2 (P,S-<3P) 

ai) It^-,- (-P°-P^)+($"--^^) 

I 2(PS-QB) 

jjr_ RS~FQ 

, ps-qb' 
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The coefficients of U, K a“d TT m (78) are of the same form as 
the expressions (71) for a,U\, 7 , n, v Moreover, the 

equations of condition (59) are equivalent to (72) Hence these 
coefficients are the direction-cosmes of three fixed directions m 
space mutually perpendicular to one another If lines through the 
ongm of coordinates parallel to these three lines he taken for a new- 
set of axes, the expressions for <r, ^9, 7 with reference to these axes 
reduce to t7, T, irrespectively * These results may be stated thus 
Jf the general iolution cf equation (65) he 


( 68 ) 


the curve whote radii of jirtt and tecond curvature are p and r 
respectivelg ii given hy 


J 2{PS~Q}i) ^ J ii(FS-QIt) 

rJtS-FQ. 


-f 


PS-QR 


ds f 


It must be remarked that the new axes of coordinates are not 
necessanly real, so that when it is important to know whether the 
curves are real it will be advisable to consider the general formulas 
(73) An. example of this -will be given later 


"We ahaU apply the precediag reaulta to eereial problems 
When the cnjve fa plane the torsion is *ero, and conversely For thiacaae eqna. 
tion (66) rednces to ^ ^ S of which the general integral ia 

t = ae ■f P = ae-", 

where a la an arhltrary constant and by (21) ir ia the measure of the arc ol the 
aphencel indicatrix of the tangent. This aolnuon la of the form (68), with 
Psse-'' C=riJ = 0, 5 = 1 
Therefore the coSrdmates are given by 

(76) xssj'coard* y=!j*sineda x = 0 

Hence the coOrdInatea of any plane carve can be put in this form 

* This fa the same thing aa taking 

Ot = ~ 61 = 1 ai» — t «gs=o6 

t Scheffers jJnwendvny der DiferetUial und Inte^al BeAwrtff aiff Geometne 
Vol I p 219 Lefpeic 1902 
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We have seen that cylindrical hdiccs are characterized by the property that the- 
radii of first and second curvature are in constant ratio. If we put t = pc, equation 
(06) may he written 


ds 




Two particular integrals are the roots of the equation ^ 2 c 0 — 1 = 0. These- 
roots are real and unequal if c is real ; we consider only this case, and put 

(76) 0 L=-c-VcS + l, es = -c+Vc= + l, 6162 = - 1. 


Trom (09) it follows that the general solution of the above equation is 


(77) 

where we have put 

(78) 

1 . 


5 = - 


— 1 


ez — 6\ r ds _ Vc^ + 1 r ^ 
J T C J 0 


Since a and in (63) are conjugate imaginary, if we take 

UJ 

ae<% - $1 he*02 - 0i 

ff = - — , w = — ■ ■ ■ f 

ae* — 1 6e»* — 1 

then a and b must be such that 

a&Ws ~~ 01 _ ftpe- — 1 
ae** — 1 6oe“ “^2 — * 

where bo denotes the conjugate imaginary of 6 . This reduces, in consequence of 
(76), to 

(70) a 6 o^ + 


(1 + m 


= - 6 =. 


One solution of this is given by taking 00 and 0 for a and b ; we put Us = 00 , 
65 1 = 0. If these values be substituted in (72), we get a,- -f bj = 0, where i = 1, 2. So* 
that equation (79) becomes b,-b,*o = , where i = 1, 2, The solutions of this equation 

are bi = Pj, bj = — t 0 i. From (77) P = e** 02 » Q = — ^ 1 , E = c*S 5 = — 1, so that 

U =: — (fl-eft - flie-’i), r = — (g-e-' + 6ie-'‘), 77=— i=- 

2 Vc’ + l 2 VcM-l Vc 2 + 1 


When the foregoing values are substituted in (78), and the resulting values of 
a, /5, 7 in (61), we get 

(80) X = - ^ r costds, y = ^ f sintds, z = ^ • 

From the last of these expressions we find that the tangent to the curve makes, 
a constant angle with the 2 *axis — the direction of the elements of the cylinder. 
And the cross-section of the cylinder is defined by 

a;i=y* costdsi, sintdsi, 

where Sj denotes the arc of this section measured from a point of it If pi denotes- 
the radius of curvature of the right .section, we find that pc^ = pi{c^ 4 . 1 ). 
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EXAMPLES 

1 Find the coStdinatea of the cylindrical helix whose Intriasio equations are 

P = r^s 

2 Show that the helix whose intrinsic equations are /> = r ss (s* + 4)/V2 lies 
upoft a cylinder whose croai-sectiou is a catenary 

3 Fstablish the following properties for the carve with the intrinsic equations 
f=sa3 r 5= hs where a and b are constants 

(а) the Cartesian coordinates are ledticlble to z=Ae* cost, y=Ae’''6inf, z=Be**, 
where A, U h are functlona of a and 6 , 

(б) the cune lies upon a circular cone whose axis coincides with the z-axxs and 
cuts the elements of the cone under constant angle 

16. Moving trihedral. In § 11 we took for fixed axes of refer- 
ence the tangent, principal normal, and hinormal to a curve at a 
point iV, of it, and expressed the coordinates of any other point of 
the curve with respect to these axes as power senes in the arc * 
of the enrve between the two points Since is any point of the 
curve, there is a set of such axes for each of its points Hence, 
instead of considenng only the points whose locus is the curve, 
we may look upon the moving point as the intersection of three 
mutually perpendicular lines which move along with the point, 
the whole figure rotating so that in each position the lines coin- 
cide with the tangent, principal normal, and bmormal at the point 
We shall refer to such a configuration as the •moving trihedral 
In, the solution of certain problems it is of advantage to refer the 
curve to this moving tnhedral as axes We proceed to the con- 
sideration of this idea 

With reference to the tnhedral at a point M, the direction- 
cosines of the tangent, principal normal, and bmormal at M 
have the values 

af«l, /9=:y=0, f = 0, m=l, n=0, X==/*=0, v=!l 

Ab the tnhedral begms to move, the rates of change of these 
functions with » are found from the Prenet formulas (50) to 
have the values 

^ = Q 0 1 

dt ' d» p ds * dt p' ds ^ * 

— =*.—1, — =0 — — ^ ~ 
ds T ’ ds ’ d« T * dg 


0 
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Let I, 7 ;, f denote coordinates referring to the axes at and 
those witli reference to the axes at M\ and let As 

(see fig. 4). Since the rate of change of a is zero and a =1 at il/, 
the cosine of the angle between the and |^-axes is 1 to within 
terms of -higher than the first order in As. Likewise the cosine of 
the angle between the and 7/'-axes is — As/p. We calculate the 



Let P be a point whose coordinates with respect to the trihedral 
at M are ??, f. Suppose that as M describes the given curve G, 
P describes a path F. It may happen that in this motion P is fixed 
relatively to the moving trihedral, but in general the change in the 
position of P will be due not only to the motion of the trihedral 
but also to a motion relative to it. In the latter general case, if P^ 
denotes the point on F corresponding to ilP on <7, the coordinates 
of P' relative to the axes at M and jlf ' be written 

^ + A,?, 7 ? + A, 7 ?, r+Ai?; ? + A,?, 77+A,7;, ^+A,?. 

Thus Ao^ indicates the variation of a function 6 relative to the 
moving trihedral, and A^^ the variation due to the latter and to 
the motion of the trihedral. 

To within terms of higher order the coordinates of 3P are 
(As, 0, 0) with respect to the axes at JI, and with the aid of (81) 
the equations of the transformation of coordinates with respect 
to the two axes are expressible thus: 

I + AjI = As + (f + A,|) - (77 + A,v) — , 

/\ o P A <5 

7 ; + A,77 = + A„?) — + (r? + A„v) + {?-}- A„?) — , 

P ‘ T 
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Tbeae reduce to 

M 1 1 V + ^t^ A,f_A,C + 
A* ^ At f ’ At A* T 

^ ^ ^ j. £ 1 ^!£. 

A# “ At p T 


In the limit aa M’ approaches Af these ec^uations become 


(82) 


M = ^ = ^ + l + ^, ££=^-2; 

dt~^ dt p ds dt p T d» dt T 


thus denotes the absolute rate of change of f>, and that 


relative to the trihedral • 

If t denotes the distance betiveen P and a point /{ fj), 

that IS find by means of the 

formulas (82) that 

dt d$ 


If < 1 , 4, c denote the direction'cosines of PJl with respect to 
the axes at Jd, then 

f\= f + V\— ^ C+ ct 


When we express the condition that f,, ?, as well as f, 17 , ? 

satisfy equations (82), we ate brought to the following fundamental 
relations between the variations of a, 4, e 


(83) 


4a ^ d ^ tf 5c dc 4 

dt dt p d» dt p T dt dt T 


If the point P remains fixed in space as AT moves alon^ the 
curve, the left-hand members of equations (82) ate aero and 
the equations reduce to 


(84) 


— = -—1 ^=s~/£ + £V ^a= 2 . 

dt p ' dt \p t) dt t 


Moreover, the direction'Coaines of a Imc fixed in space satisfy 
t’he equations 
(85, |5=.i 


— — — dc__5 
dt \p T/ dt'~T 


• Ct Cesaro Lexiontdi Qtomina Intnnteca pp 123-128 Kaples 189C 
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These are the Frenet^erret formulas, as might have been 
expected. 

We shall show that the solution of these equations carries with 
it the solution of (84). Suppose we have three sets of solutions 
of (85), cr, Z, \ ; /3 , tw, ; 7, n, whose values f or s = 0 are 

( 86 ) 1 , 0 , 0 ; 0 , 1 , 0 ; 0 , 0 , 1 . 

They are the direction-cosines, with respect to the moving trihedral 
with vertex Af, of three fixed directions in space mutually perpen- 
dicular to one another. Let 0 be a fixed point, and through it 
draw the lines with the directions just found. Take these lines 
for coordinate axes and let a;, y, z denote the coordinates of M 
with respect to them. If f, 77, f denote the coordinates of 0 
with respect to the moving trihedral, then — — 77, — ^ are the 

coordinates of M with respect to the trihedral with vertex at 
0 and edges parallel to the corresponding edges of the trihedral 
at M. Consequently we have 

f = — (ora: -f ySy + 72), 

(87) 77 = — (Za; + Twy -f nz), 

— (Aa: -F + vz). 

If these values be substituted in (84) and we take account of 
(50) and (85), we find that the equations are identically satisfied, 
K ?o denote the values of 77, f for a = 0, it follows from 

(86) and (87) that they differ only in sign from the initial values 
of y, z. Hence if we write, in conformity with (21), 

(88) r flrds — lo, f — ?= T 

Jo Jo Jo 

and substitute these values in (87), they become the general solu- 
tion of equations (84). We have seen that the solution of equa- 
tions (85) reduces to the integration of the Riccati equation (65). 

17. niastxative examples. As an example of the foregoing method we consider 
the cur\*e which is the locus of a point on the tangent to a twisted curve C at a 
constant distance a from the point of contact 

The coordinates of tlie point Jfi of the curve with reference to the axes at M 
are a, 0, 0, In tliis case equations (82) reduce to 

w ^= 1 , ^= 2 . ^= 0 . 

ds ds p ds 
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Hence It Sj denotea the length of arc of Cx from the point corresponding to i = 0 
on C, we hare • 

(ii) 

and the direction^osLeea of the tangent to C| with rcfcrcnco to the moflng axes 
are giren by 




Pl= 




71 = 0 


Hence the tangent to Ci la parallel to the oeculaUng plane at the corrcapoudlng 
point of C 

By means of (83) we find 

Joj _ jf / p \ a ^ aV^ ° 

da "(faWoiT^/ pVa« + p* pVa' + p* 

Proceeding In like manner with Pi and >1, and making iw of (11), we hare 
iat _ aVp g iPi _ - np*p ^ P 

jsT “ (a* + ffl)* ~ a* + /P' iri (a» + p*)* a* + p** 

*2} _ _ ap 

J*i Tin* + p») 

From these expressions and (27 ) we obtain the following expn salon for the *<jtiare 
of the first curv-iture of Cj 


1— -iV+ 

Pi* a’ + p* Va’ + P* / 


T*(a’ + P")’ 

The dlrectlon-coalnes of the principal normal of Ci are 


By means of (tO) we derive the following exprcsslotui for the directlon-coelnes of 
the blnormal 


X, = - 


•(tt* + p»)l’ 


T (a* + p“)* ' “* + P*/ Va* + p* 


In order to find the expression for rj tlio radius of torsion of Cj, we have only to 
substitute the above values in tlio ciiuation 

fi _ iVi . p M 

’■1 **i VaTirr*'®'* ” />/ 


We leave this calculation to the reader and proceed to an application of the 
preceding results- 

We inquire whether there is a curve C such that Ci I* a straight line The 
necessary and sufficient condition Is that l/Pi I* *ero (Cx. 3, p 15) From (hi) It 
follows that we must have 


- = 0 
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From the second of these equations it follows that C must be plane, and from 
the former we get, by integration, 

log (a^ p-) = 1 - c, 

a 

where c is a constant of integration. If the point s = 0 be chosen so that we may 
take c = log this equation reduces to 


If $ denotes the angle which the line Ci makes with the l-axis, we have, from (i). 


^ r. a 

tan 0 = = - = - 




Differentiating this equation with respect to s, we can put the result in the form 


consequently (§ 6 ), 
(89) 


ds p * 



When these values are substituted in equations (75), we obtain the coordinates of C 
in the form 


'—J ' Vl — e " ds, 


y = ae 

/ 

or, in terms of 

(90) X = — a j^log tan ^ -f cos y = a sin $, 


The curve, with these equations, is called the tractrix. As just seen, it possesses 
the property that there is associated with it a straight line such that the segments 
of the tangents between the points of tangency and points of intersection with the 
given line are of constant length. 


Theorem. The orthogonal trajectories of the osculating plane of a twisted curve can 
he /ound by quadratures. 

IVith reference to the moving axes the coordinates of a point in the osculating 
plane are (^, i;, 0). The necessary and sufficient condition that this point describe 
an orthogonal trajectory of the osculating plane as M moves along the given curv'e 

is that ^ and ~ in (82) he zero. Hence we have for the determination of £ and v 
dsds 

the equations d^ d^ 


da- 




where a- is given by (89). Eliminating we have 

d^ 


dc^ 


+ = p. 


Hence 17 can be found by quadratures as a function of cr, and consequently of s, 
and then | is given directly. 
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Problem Find o ntcesiary and si^efeni coTwJthon that a curve lie upon a sphere 
’ll f denote the coordinates of the center, and R the radius of the sphere, 
we have {* + »j* + f * = Since the center is fixed, the derivatives of f, n* f aw 

^ven by (84) Consequently, when we differenUate the above equation, the result 
mg equation reduces to f = 0, which shows that the normal plane to the curve 
at each point passes through the center of the sphere If this equation bo difieren 
tiated, we getv — P, hence the center of the sphere is on the polar lino for each 
point Another differentiation gives, together with the preceding, the following 
coordinates of the center of the sphere 

(91) t = 0, v-P, t = -rp' 

When the last of these equations is differentiated we obtain the desired condition 

(92) ^ + (T/>') = 0 

Conversely, when this condition is satisfied, the point with the coordinates (91) is 
fixed in space and at constant distance from points of the curve A curve which 
lies upon a sphere Is called a spherical curve Hence equation (92) is a necessary 
and sufficient condition that a curve be spherical 


EXAMPLES 

1 Let C be a plane curve and Ci an orthogonal trajectory of the normals to C 
Show that the segments of these normals between C and Ci are of the same length 

2 Let C and Ci be two curves in the same plane, and say that the points corre 
spond in which the curves are met by a Ime through a fixed point P Show that 
if tlie tangents at corresponding points are parallel, tlie two curves are similar 
and P IS the center of similitude 

3 The tocos of the point of projection of a fixed point P upon the tangent to 

a curve C la called the pedal curve of C with respect to P Show that if r is the 
distance from P to a point M on C, and 6 the angle which the lihc PV maVes 
with the tangent to C at JI, the arc «i and radius of curvature />i| of the pedal 
curve are given by ^ 

Si = r ds, PI = !! ) 

Jp 2r-psm8 

where s and p are the arc and the radius of curvature of C 

4 Find the intrinsic and parametric equations of a plane curve w*hlch is such 
that the segment on any tangent between the point of contact and th«s projection 
of a fixed point Is of constant length 

5 Find the intrinsic equation of the plane curve which meets nndei' constant 
angle all the lines passing through a fixed point 

6 The plane curve which is such tliat the locus of the mid point of ) 
ment of the normal between a point of the curve and the center of cutv 
a straight line is the cycloid wliose intrinsic equation is />* + *’ = a* 

T Investigate the curve which is the locus of the point on the principal 
of a given curve and at constant distance from the latter 


Itbe seg 
lature is 
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18. Osculatiag sphere. Consider any curve whatever referred 
to its moving trihedral. The point whose coordinates have the 
values (91) lies on the normal to the osculating plane at the 
center of curvature, that is, on the polar line. Consequently 
the moving sphere whose center is at this point, and whose 
radius is V p- -f- T*p“, cuts the osculating plane in the osculating 
circle. This sphere is called the osculating sphere to the curve at 
the point. We shall derive the property of this sphere which 
accoimts for its name. 

When the tangent to a curve at a point 31 is tangent likewise 
to a sphere at this point, the center of the sphere lies in the normal 
plane to the curve at 3L If R denotes its radius and the curve is 
referred to.the trihedral at Jf, the coordinates of the center C of the 
sphere are of the form (0, and + 2 “ = R’. Let P {x, y, z) 
be a point of the curve near J/, and Q the point in which the line 
CP cuts the sphere. If FQ be denoted by S, we have, from (53), 



which reduces to 

Hence 8 is of the second order, in comparison with 3£P, unless 
that is, unless the center is on the polar line; then it is 
of the third order unless — p'r, in which case the sphere is 
the osculating sphere. Hence we have the theorem : 

j[7ie oscnlating sphere to a curve at a point has contact with the 
curve of the third order ; other spheres xoith their centers on the 
polar lincy and tangerit to the curve^ have contact with the curve of 
the second order; all other spheres tangent to the curve at a point 
have co7itact of the first order. 

The radius of the osculating sphere is given by 

(93) B- z=z pr 

and the coordinates of the center, referred to fixed axes in space, are 

(94) ajj = z 4- p? pVX, y, = y -h prn — p V/x, 2^ = z + p7i — frv. 
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Hence wten p is constant the centers of the osculating sphere 
and the osculating circle coincide Then the radius of the sphere is 
necessarily constant Conversely, it follows from the equation (93) 
that a necessary and suHlcient condition that It be con- 
stant IS To T 

that IS, either the curvature is constant, or the curve 
IS Bphencal 

If equations (94) be differentiated with respect to *, 
we get 

a-,' = _x[j + (Tpr]. 

yi'=-/"['+(V)']* 

2; = _i,[? + (r/>r] 

From these expres 
sions It IS seen that 
the center of the 
osculating sphere i$ 
fixed only m case 
of spherical curves 
Also, the tangent to 
the locus of the cen 
ter w parallel to the 
hinormah Combm- 
ing this result with 
a previous one, ne 
have the theorem 



TTie polar fine for a point on a curce « tangent to the loeut of the 
center of the oteulaUng uphere to the curve at the corretponding point 
This result is represented m fig 5, m which the curve is the 
locus of the points AT; the points C, (7,, C^, are the correspond- 
ing centers of curvature , the planes 2ICN, AfjCiiV,, are normal 
to the curve , the lines CP, C,P,. are the polar lines , and the 
points P, Pp P„ • • are the centers of the osculatmg spheres 
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19. Bertraad curves. Bertrand proposed the following problem : 
To determine the curves whose principal normals are the principal 
normals of another curve. In solving this problem we make use of 
the moving trihedral. We must find the necessary and sufficient 
condition that the point generate a curve 

whose principal normal coincides with the 7?-axis of the moving 
trihedral. Since the point remains on the moving 77-axis, we 
have 0. And since tends to move at right angles to 

this axis, 877 = 0. Now equations (82) reduce to 


(96) 


^ — — 0 — 
ds^ p ds ^ ds T 


From the second we see that A: is a constant. Moreover, if q> denotes 
the angle which the tangent at j\f makes with the tangent at ilf, 
we have, from the first and third of these equations, 


or 


tan ft) = 


kp 

r{h-p)' 


(97) 


sin fit) cos 6) 
T 


sin 6) 


We have seen (§ 11) that according as r is positive or negative, 
the osculating plane to a curve at a point ill' near ill cuts the 
polar line for M below or above the osculating plane at M. From 
these considerations it follows that when t>0, 6) is in the third, 
fourth, or first quadrants according as 7; > />, 0 < A < p, or < 0 ; 
and when t < 0, o) is in the second, fii'st, or fourth quadrant, 
accordingly. It is readily found that these results are consistent 
with equation (97). 

By means of (97) it is found from (96) that 


(98) 



k 

— 

T sm CO 


the negative sign being taken so that the left-hand member may 
be positive. 

Thus far we have expressed onlj- the condition that the locus 
of il/j cut the moving 77-axis orthogonally, but not that this axis 
shall be the principal normal to the curve also. For this we 
consider the moving trihedral for Cj and let denote the 
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direction-cosines with respect to xt of a fixed direction m apace, 
as in fig 6 Thej satisfy equations similar to (85), namely 

7~1 


H «, 4, c are the diiectxon-cosineB of the 
/ same direction, with respect to the mov 

ing trihedral at It; we must have a, = a cos«a+esm<», 
4j = 5, Cj = — a Bin 0 + a cos 0 , for all possible cases 
as enumerated above When these values are sub- 
stituted in the above equations, we get, by means 
of (98), 


t cos o> , sin CO fc 1 1 , / 

1 1 6 + (c c( 

p T p,T sm wj 

t TSmcu , cosctf siucal rsinos 

IT “J 


Tsina 

> smai 




[ sm fi> cos 0 A 1 1 . , . V dca . 

p -t- (c sm 0 + a cos wi — != 0 

p T T,T sm cbJ rfj 

Since these equations must be true for every fixed Ime, the coeffi 
cients of a, 5, c in each of these equations must he zero The 
resulting equations of condition reduce to 


1 w = const, 

VT, = T— 1 

Sin^w 

ism 0 costa 

8^_ 


^ k 


Since 6> 13 a constant, equation (97) is a linear relation between 
the first and second curvatures of the curve C And the last of 
equations (100) shows that a similar relation holds for the curve C?j 
Conversely, given a curve C whose first and second curvatures 
satisfy the relation ^ ^ 

(101) 7 ■*■ 7 “'^' 

where A, K, <7 are constants different from zero , if we take 
, A , S 
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and for and the values given by (100), equations (99) are sat- 
isfied identicall}'', and the point (0, k, 0) on the principal normal 
generates the curve conjugate to C. We gather these results 
about the curves of Bertrand into the following theorem: 

A necessarg and sufficient condition that the piincipal normals 
of one curve be the principal normals of a second is that a linear 
relation exist heUveen the first and second curvatures; the distance 
between corresponding points of the ttvo curves is constaiiU the osc^l- 
luting planes at these pomts cut xmder constant angle^ and the torsions 
of the two curves have the same sign. 

We consider, finally, several particular cases, which we have 
excluded in the consideration of equation (101). 

When (7=0 and ^ = 5 ^= 0, the mtio of p and t is constant. Hence 
the curv’^e is a helix and its conjugate is at infinity. When ^ = 0, 
that is, when the curve has constant torsion, the conjugate curve 
coincides with the original. When ^ = (7=0, ^ is indeterminate ; 
hence plane curves admit of an infinity of conjugates, — they are 
the curves parallel to the given curve. The only other curve 
which has more than one conjugate is a circular helix, for since 
p and T are constant, AjC can be given any value whatever; both 
the given helix and the circular helices conjugate to it are traced 
on circular cylinders with the same axis. 

20, Tangent surface of a curve. For the further discussion of 
the properties of curves it is necessary to introduce certain curves 
and surfaces wliich can be associated with them. However, in con- 
sidering these surfaces we limit our discussion to those properties 
which have to do with the associated curves, and leave other con- 
siderations to their proper places in later chapters. 

The totality of all the points on the tangents to a twisted curve C 
constitute the tangent surface of the curve. As thus defined, the sur- 
face consists of an infinity of straight lines, which are called the 
generators of the surface. Any point P on this surface lies on one 
of these lines, and is determined by this line and the distance t from 
P to the point M w’here the line touches the curve, as is shown in 
fig. 7. If the coordinates a*, g, z of Mure expressed in terms of the 
arc s, the coordinates of P are given by 

(102) f = z+ar'<, = ^=z + z't, 
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plane curve m its plane The latter is only a particular case of the 
former, so that the problem of hndmg the involutes of a curve is 
that of finding the curves upon the tangent surface which cut the 
generators orthogonally 

We write the equations of the tangent surface in the form 

Assuming that t is the parameter of the curve, the problem reduces 
to the determination of a relation between t and « such that 
ad^ + ^dff -t- 7dif“ 0. 

By means of (50) this reduces to dt + dsssO, so that t=*c — », 
where e is an arbitrary constant Hence the coordinates x,, y„ 
of an involute are expressible in the form 
(106) Xj=x + ar(e — «), yt = y + ;S(c — s), z^=z + y{e~$) 

Coi responding to each value of c there la an involute , consequently 
a curve has an infinity of involutes If two involutes correspond 
to values c^ and e, of c, the segment of each tangent between the 
curves 13 of length e, — Hence the involutes are said to form a 

system of parallel curves on the 
tangent surface 
When s is hnown the involutes 
are given directly by equations 
(106) Hence the complete de- 
termination of the involutes of a 
given curve requires one quad- 
rature at most 

From the definition of t and 
its above value, an involute can 
be generated mechanically in the following manner, as represented 
m fig 9 Take a string of length c and bring it into coincidence 
with the curve, with one end at the point 8 = 0, call the other 
end A If the former point be fixed and the string be unwound 
feom. tha cuevu heiguin.i.ajg at. A, thui will trane out 
an involute on the tangent surface. 

By differentiating equations (106), we get 

fy^jLzSld,. 

^ p p p 
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Hence the tangent to an involute is parallel to the principal nor- 
mal of the curve at the corresponding point, and consequently the 
tangents at these points are perpendicular to one another. 


As an example of the foregoing theory, \ve determine the involutes of the cir- 
cular helix, whose equations are 

x=acosu, y = asinu, z=aucot0, 

where a is the radius of the cylinder and e the constant angle which the tangent to 

the curve makes with axis of the cylinder. Now 

— sin u, cosu, cot0 

s = a cosec 6 •u. or, fi, 7 — • 

cosec ^ 

Hence tlie equations of the involutes are 


Xi a cosu -f (au — c sin e)sm u, yi^a sin xc — {au — c sin 6) cos it, Zi = c cos 6. 

From the last of these equations it follows that the involutes are plane curves 
whose planes are normal to the axis of the cylinder, and from the expressions for 
xi and it is seen that these curves are tlie involutes of the circular sections of 
the cylinder. 


We proceed to the inverse problem: 

Given a curve C, to find its evolntes. 

The problem reduces to the determination of a succession of 
normals to C which are tangent to a curve If he the point 
on (7 q corresponding to 31 on (7, it lies in the normal plane to C at 
Af, and consequently its coox'dinates are of the form 

X + pi qX, + z pn + qv, 

where p and q are the distances from Jlio to the binormal and prin- 
cipal normal respectively. These quantities and y must he such 
that the line is tangent to the locus of il/o at this point, that 
is, we must have 


ds 


= k{x~x^), ^=^K{y~y^), 


dz^ 

ds 


Q 




where k denotes a factor of proportionality. When the above 
values are substituted in these equations, we get 

and two other equations obtained by replacing or, Z, X by yS, wt, /* 
and 7 , n, v. Hence the expressions in parentheses vanish. From 
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the first it follows that j} is equal to p , consequently lies on 
the polar line of C a,t M The other equations of condition can be 
written , , 

a9 - 


Eliminating we get 

r p^ + q^ p 

For the sake of convenience we put w =s T — > and obtain by 
integration J "r 

" = tan<<ii-f c), 

P 

•where c vs the constant of integration As c is arbitrary, there is 
an infinity of evolutes of the curve C, they are defined by the 
following equations, in which c is constant for an evolute hut 
changes with it 

itg = x+ Ip + Xp tan{a> + c), ^ 9 = y + wp + pp tan(w + c), 

z + np + vp tanfci) + c) 

From the definition of q it follows that q/p is equal to the tangent 
of the angle which makes with the principal normal to C at 31 
Calling this angle we have ^ + c The foregoing results give 

the following theorem 

A curve G admits of an infinity of evolutes, tshen each of the 
normals to C, which are tangent to one of its evolutes, ts turned 
through the same angle tn the corresponding normal plane to C, these 
new normals are tangent to another evolute of C 

In fig 6 the locus of the pomts E is an evolute of the giVen 
curve 

Each system of normals to C which are tangent to an evolute C, 
constitute a tangent surface of which is the edge of regression 
Hence the evolutes of G are the edges of regression of an infinity 
of tangent surfaces, all of which piss through C 

From the definition of « it follows that w is constant only when the curve C 
IS plane In this case we may take « equal to zero Then when c * 0 we have 
the evolute Co in the plane of the curve The other evolutes lie upon the right 
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cylinder formed of the normals to the plane at points of Co, and cut the elements 
of the cylinder under the constant angle 90® — c, and consequently are helices. 
Hence we have the theorem ; 

The evoluies of a plane curve are the helices traced on the right cylinder whose 
hose IS the plane evolute. Conversely, every cylindrical heliz is the evolute of an 
irfinity of plane curves. 


EXAMPLES 

1. Find the coordinates of the center of the osculating sphere of the twisted 
cubic. 

/2» The angle between the radius of the osculating sphere for any curve and the 
locus of the center of the sphere is equal to the angle between the radius of the 
osculating circle and the locus of the center of curvature. 

3. The locus of the center of curvature of a curve is an evolute only when the 
curve is plane. 

4. Find the radii of first and second curvature of the curve x = asinu cos ti, 
y = a cos^u, 2 = a sin u. Show that the curve is spherical, and give a geometrical 
construction. Find its evolutes. 

6. Derive the properties of Bertrand curves (§ 19) without the use of the moving 
trihedral. 

6. Find the involutes and evolutes of the twisted cubic. 

^7. Determine whether there is a curve whose binormals are the binormals of a 
second curve. 

8. Derive the results of §21 by means of the moving trihedral. 


22. Minimal curves. In the preceding discussion we have made 
exception of the curves, defined by 

2/ =/. (w). z =/, («), 

when these functions satisfy the condition 

(107) /f +/f +/'=== 0. 


As these imaginary curves are of interest in certain parts of the 
theory of surfaces, we devote this closing section to their discussion. 
The equation of condition may be written in the form 


fi+in _ fi 
~fi fi-ifr'"' 


where v is a constant or a function of m. These equations are 
equivalent to the following: 


(108) 


.(l + f-) 
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At most, the common ratio is a function of tt, say/(«) And so 
if we disregard additive constants of integration, as they can be 
removed by a translation of the curve in space, we can replace 
the above equations by 

(109) x^J^^f(u)du, z=^Jt/(u)du 

We consider first the case when v is constant and call it « If 
we change the parameter of the curve by Teplaoing^y/(u)d« by a 
new parameter which we call «, we have, without loss of generality, 

o 1 — 0* 1+0* 

(110) x = -~^u y = 2 = aw 

For each value of a these are the equations of an imagmaiy 
straight line through the ongin Eliminating o, we find that the 
envelope of these lines is the imaginary cone, rvith vertex at the 
origin, whose equation is 

(111) a:* + y*+z*==0 

Every point on the cone is at zero distance from the vertex, and 
from the equations of the lines it is seen that the distance between 
any two points on a line is zero IV e call these generators of the 
cone winimol itraiffht lines Through any point m space there are 
an infinity of them , their direction-cosines are proportional to 
1— g* l+g* 

2 ’ * 2 ’ ’ 

where a is arbitrary The locus of these lines is the cone whose 
vertex is at the point and whose generators piss through the circle 
at infinity For, the equation in homogeneous coordinates of the 
sphere of unit radius and center at the ongin is ir*+y*+^ = K^, 
BO that the equations of the circle at infinity are 

z® + ^+2* = 0, tti = 0 

Hence the cone (111) passes through the circle at infinity 
*?? e tamwfiwt ■ntf« tan® where -t yn eqsaAisreft 

of « If we take this function of u for a new parameter, and for 
convenience call it «, equations (109) may be wntten in the form 

( 112 ) x^J^^F(u)du, y^xJ^^F{v)du z^j'uF{u)dUy 
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"where, as is seen from (108), F(u) can be any function of u different 
from zero. 

If we replace F{u) by the third derivative of a function f{u), 
thus F{'u)=f"'(u), equations (112) can be integrated by parts and put 


in the form 
(113) 


x = i (1 - u^)f"{u) + vf{u) 

2/ = I (1 + 'H^)f"(u) — *■“/'(«) + ifi^h 


Since F must be different from zero, /(«) can have any form other 
than c^+ c.u + where c^, c„, are arbitrary constants. 


EXAMPLES 

1. Show that the tangents to a minimal curve are minimal lines, and that a 
curve whose tangents are minimal lines is minimal. 

2. Show that the osculating plane of a minimal curve can be written (X ^z) A 

+ y) J5 + (Z - 2 ) (7 = 0, where + — A plane whose equation is 

of this sort is called an isotropic plane. 

8, Show that through each point of a plane two minimal straight lines pass 
which lie in the latter. 

4. Determine the order of the minimal curves for which the function /in (113) 
satisfies tlie condition — 6/^^^ — o. 

6. Show that the equations of a minimal curve, for which /in (118) satisfies the 

condition 4 where a is a constant, can be put in the form 

8 , 8 . , 8i, 

3c = -cosf, y = -sm«, z = — L 
o ’ a ’ a 


GETORAL EXAMPLES 

1. Show that the equations of any plane curve can be put in the form 

a = J'cos ^/(<p) d4>, v=f sin ^/(0) d<f>, 

and determine the geometrical significance of 

2, Prove that tlic necessary and sufficient condition that the parameter u in the 
equations x =:/i(u), y =:/ 2 (u) have the significance of ^ in Er. 1 is 

3. Provo that the general projective transformation transforms an osculating 
plane of a curve into an osculating plane of the transform. 

4, The principal normal to a cur^^e is normal to the locus of the centers of 
curv’ature at the points where is a maximum or minimum. 
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fl A cemin plane curve possesses the property that U C he lU center of cnivv 
tare for a point P, Q the projection of P on the z*axis, and T the point ■where the 
tangent at P meets this axis, the area of the triangle CQT is constant Find the 
equations of the curve in terms of the angle -which the tangent forma wlthtlie a^axw 
6 The binormal at a point Jtfof a curve is the limiting position of the common 
perpendicular to the tangents at 2{ and Jlf', as J!f ' approaclies M 

? The tangents to the spherical Indleatnces of the tangent and binormal of a 
twisted curve at corresponding points are parallel 

* Any curve upon the unit sphere serves for the spherical indicatnx of the 
binormal of a curve of constant torsion Find the codrdinates of the curve 


9 The equations 

T - f, r ~ , V - r - Sdh _ rkdh-kdk ^ 

J + ^ k-t + kt + p' * Vfp + k^+p' 

where a Is constant and k, k, I are functions of a single parameter, define a curve 
whose radius of torsion is a. 

JO It, in Ex 0, we have 




COS AS, A =: + 1 — 2 




“( 0 '' 


where X and pi ure constants whose ratio is commensurable, the integrands are 
expressible as linear homogeneous functions of sines and cosines of multiples of 0, 
and consequently tlie curve is algebraic 


1 1 Equations (1) define a family of circles if a, 6, r are functions of a parameter 
{ Show that the determination of their orthogonal trajectories requires the solution 
of the Rwcatt equation. 


where tf =tan«/2 

12 Find the vector representing the rate of change of the acceleration of a 


13 When a curve is ephencal, the center of curvature for the point is the foot 
of the perpendicular upon the osculating plane at the pomt from the center of the 
sphere 

14 The radii of first and second curvature of a curve -which Hea upon a sphere 

and cuts the meridians under constant angle are in the relation 1 + or + = 0, 

where o and b are constants 


16 An epitrochoidal curve is generated by a point in the plane of a circle -which 
tolls, without slipping, on another circle, whose plane meets the plane of the first 
circle under constant angle Find its equations and sliow that It Is a spherical curve 

16 If two curves are in a one-to-one correspondence with tlie tangents at 
corresponding points parsUci, the principal normala at these points ate parallel 
and likewise tlie binormals, two curves so related are sai<l to be deducible from 
one another by a transformation of Combesettre 

17 If two curves are in a one to-one correspondence and the osculating planes 
ai corresponding points are parallel, either curve can be obtained from the other 
by a transfoiToation of Combescure 
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1 8 . Show that the radius of the osculating sphere of a cun’e is given by 

jli _ + y"'- + z'"®] — r^, where the prime denotes differentiation with 

respect to the arc. 

19. At corresponding points of a twisted curve and the locus of the center of 
its osculating sphere tlie principal normals are parallel, and the tangent to one 
curve is parallel to the binormal to the other; also the product of the radii of 
torsion of the two curves is equal to the product of the radii of first curvature, 
or to within the sign, according as the positive directions of the principal normals 
are different or the same. 

20. Determine the twisted curves which are such that tlie centers of the spheres 
osculating the curve of centers of the osculating spheres of the given curve are points 
of the latter. 

21. Show that the hinormals to a curve do not constitute the tangent surface 
of another curve. 

22. Determine the directions of the principal normal and hinonnal to an involute 
of a given curve. 

23. Show tliat tlie equations 

a J(f> (if) sin u du, y = aj* rp (u) cos it dw, z = aj'<p{u)\f' (u) du, 

where (it) = ( 1 4 - ^ ( 1 4 . and ^ (u) is any function whatever, define a 

curve of constant curvature. 

24. Find the purve for which f{u) = tanu, in example 23. 

25. Prove that in order that the principal normals of a curve be the binor- 

mals of another, the relation a ^ ^ must hold, where a and h are con~ 

stants. Show that such curves are defined by equations of example 23 when 
^ ^ (1 4- ^2 + ^-2)3 + (1 ^ 

( 14 - + 

26. Let Xj, ^ 1 , be the coordinates of a point on the unit ^here expressed as 
functions of the arccri of the curve. Show that the equations 

XjdfTj — k cot w J* (/iivj — diTr, 

V = ^ cotcj y* (rjXj — i'JXi)d<ri, 

r r= ei J' Vi(Z<ri - k cot uj (Xi>4 - dtri, 

Whore fc and u are constant, c = ± 1, and the primes indicate differentiation with 
respect to a-i, define a Bertrand curve lor which p and t satisfy the relation (07); 
show also that Xj, pi, n are the direction-cosines of the binormal to the coniueate 
curve. 
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23. Parametric equations of a surface. In the preceding chapter 
vre have seen that the coordinates of a point on the tangent surface 
of a curve are expressible in the form 

(1) x^f^{v)+vfl{u), y=Mu)+vfl{u), at =/,(«)+ 
where ?=/i(«). V =/,(«)> t =/,(«). 

are the equations of the curve, and v is proportional to the distance 
between the points (f, 7 , f), (x, y, at) on the same generator Since 
the cobrdmates of the surface are expressed hy ( 1 ) as functions of 
two independent parameters «, v, 
the equations of the surface may 
be written 

fx=f(u, v), 

(2) t). 

'/afw. 0 



1 


l ' 0 






vj 



Consider also a sphere of ladtus 
a whose center is at the ongm O 
(fig 10) If V denotes the angle, 
measured in the positive sense, 
which the plane through the z axis 
and a point M of the sphere males 
with the az plane, and u denotes tlie angle between the ladms 031 
and the positive z-axis, the coordinates of 31 may he written 

(3) af = a sm u cos v, y = a sm u sin v, z = a cos « 


Htre;, igava, ths. c.! an .7 'an. tl'A axe ex- 

pressible as functions of two parameters, and the equations of the 
sphere are of the form ( 2 ) * 


Nonce tint in this <nse/, is a function nf 11 -ilonfl 
DS 
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In the two preceding cases the functions /„ /j have par- 
ticular forms. We consider the general case where /j, /j are 
any functions of two independent parameters u, v, analytic for all 
values of u and v, or at least for values within a certain domain. 
The locus of the point whose coordinates are given by (2) for all 
values of u and v in the domain is called a surface. And equa- 
tions (2) are called •parametric eqiiations of the surface. 

It is to be understood that one or more of the functions f may 
involve a single parameter. For instance, any cylinder may be 
defined by equations of the form 

X =/i («)i y =/= («)i 2 =fz (w> '’)• 

If we replace and v in (2) by independent functions of two 
other parameters Mj, thus 

(4) u = i\), v = F„ 

the resulting equations may be written 

(5) x = <f>fu„v,), y = <f)„{u„v^), 2 = <^3(«j, Vj). 

If particular values of m, and be substituted in (4) and the result- 
ing values of u and v be substituted in (2), we obtain the values 
of a-, y, 2 given by (5), when and have been given the par- 
ticular values. Hence equations (2) and (5) define the same sur- 
face, provided that F^ and F„ are of such a form that <^j, 
satisfy the general conditions imposed upon the F’s. Hence the 
equations of a surface may be expressed in parametric foiui in 
the number of ways of the generality of two arbitrary functions. 

Suppose the first two of equations (2) solved for u and v in 
terms of x and y, and let u = Ffx,ij), v = Ffx, y) be a set of 
solutions. When these equations are taken as equations (4), 
equations (5) become 

x = x, y = y, z=/( 2 r, y), 
which may be replaced by the single relation, 

(®) 2 =f{x, y). 

If there is only one set of solutions of the fii-st two of equations (2), 
equation (6) defines the surface as completely as (2). If, however, 
there are n sets of solutions, the surface would be defined by n 
equations, 2 =^f.{x, y). 
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It may be said that equation (6) is obtained from equations (2) 
by elumnating « and v This is a particular form of ehmmation, 
the more general giving an implicit relation between r, y, g, as 
(7) 2)«0 

If we have a locus of points whose coordinates satisfy a relation 
of the form (6), it is a surface lu the above sense For, if we take 
X and y equal to any analytic functions of « and v, namely and 
/j, and substitute in (6), we obtain z =/, («, v) 

In like manner equation (7) may be solved for z, and one or more 
equations of the form (6) obtained, unless z does not appear in (7) 
In the latter case there is a relation between z and y alone, so that 
the surface is a cylinder whose elements are parallel to the z-axia, 
and its parametric equations are of the form 

^ =/i(«}. y =/4(M)t * v) 

Hence a surface can be defined analytically by equations (2), 
(6) or (7) Of these forms the last is the oldest It was used 
exclusively until the time of Monge, who proposed the form (6), 
the latter has the advantage that many of the equations, which 
define properties of the surface, are simpler m form than when 
equation (7) is used The parametnc method of definition is due 
to Gauss In many respects it is superior to both of the other 
methods It will be used almost entirely in the following 
treatment 

24. Parametric curves When the parameter u in equations (2) 
13 put equal to a constant, the resulting equations define i curve on 
the surface for which v is the parameter If we let u vary conlinu 
ously, we get a continuous array of curves whose totality consti 
ttttes the surface Hence a surface may he considered as generated 
by the motion of a curie Tims the tangent surface of a curve is 
desenbed by the tangent as the point of contact moves along the 
curve, and a sphere results from the revolution of a circle about 
a diameter 

We have just seen that upon a surface (2) there lie an infinity 
of curves nhose equations are given by equations (2), when u is 
constant, each constant value of « determining a cune We call 
them the curves u = eontt on the surface In a similar way, 
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there is an infinite family of cnrves const* The curves of 
these two families are called the parametric curves for the given 
equations of the surface, and tc and v are the curvilinear coordinates 
of a point upon the surface,! We say that the positive direction 
of a parametric curve is that in which the parameter increases. 

If we replace v in equations (2) by a function of say 

(8) v = 

the coordinates x, y, z are functions of a single parameter and 
consequently the locus of the point ( 2 ;, y, z) is a curve. Hence 
equation (8) defines a curve on the surface (2). For example, 
the equation v = au defines a helix on the cylinder 

2 ; = a cos w, ^ = a sin z = v. 

Frequently equation (8) is written in the implicit form, 

(9) F(?q v) “ 0. 

Conversely, any curve upon the surface is defined by an equation 
of this form. For, if t be the parameter of the curve, both u and v in 
equations (2) are functions of t\ thus «==^i(^), v = <f>„(t). Elimi- 
nating t beUveen these equations, we get a relation such as (9). 

We return to the consideration of the change of parameters, 
defined by equations (4). To a pair of values of and there 
correspond unique values of 71 and v. On the contrary, it may 
happen that another pair of values of 7(^ and give the same 
values of 71 and v. But the values of z, z given by (5) will be 
tlie same in both cases ; this follows from the manner in which 
these equations were derived. On this account when equations (4) 
are solved for and in terms of u and v, and there is more 
than one set of solutions, we must specify which solution will 
be used. We write the solution 

(10) t;), ^)- 

In terms of the original parameters, the parametric lines const, 
and Vj— const, have the equations, 

v)-l, 

•On the sphere defined hy equations (3) the curves v = const, are meridians and 
const, paraliels. 

When a plane is referred to rectangular coordinates, the parametric lines are tho 
two families of straight lines parallel to the coordinate axes. 
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where a and 6 denote conetante. Unless u or v is absent from 
either of these equations the curves are necessarily distinct from 
the parametric curves u » const, and v = const. Suppose, now, that 
V does not appear in then is constant when u is constant, 
and vice versa. Consequently a curve tij= const, is a member oi 
the family of curves « =* const. Hence, when a transformation of 
parameters is made by means of equations of the form 

ttj =s («), Vj = 4*, (n), 
or «j = 4>i (»), t>j = 4>, («), 

the two systems of parametric curves are the same, the difference 
being in the value of the parameter which is constant along a curve. 

EXAMPLES 

1 . A surface -wMch is the locus of a family of straight hues, which meet auolheT 
straight line orthogonally and are arranged according to a given law, is called a 
right conoid. Its equations are of the form z = v cos v, v = u sin e, 2 =; ^(v) Show 
that when ^(v) = a cotv + b the conoid la a hyperbolic paraboloid 

S Find the equations of the right conoid whose axis is the axis of z, and which 

mS 2* 

passes through the ellipse zs=a, — -j. — = 1 

S When a sphere of radius a is defined by ( 3 ), find the relation between v and 
» along the curve of intersection of the ephere and the surface jc* + v* + 2:* = 'i-u‘ 
Show that the curves of intersection are four great circles 

4 Dpon the surface * = Vw* ^ ^ cobv,V— "'^11* + ^ sin r, a = u, detemine the 
curves whose tangents make with the 2-axis the angle tan-r Show that two 
of these curves pass through every point, and find their radii of first and second 
curvature 

25. Tangent plane. A tangent line to a curve upon a surface 
is called a tangent line to the eui^ace at the point of contact. It la 
evident that there are an infinity of tangent lines to a surface at a 
point. We aball show that all of these lines lie in a plane, which 
IS called the tangent plane to the surface at the point. 

Ta tibia end. we consider a curve C upon, a surface and let 

M{x, y, z) be the point at which the tangent is drawn The 

equations of the tangent are (§ 4) 

_ r-g 

^ dg dz 

dt di ds 
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where 17, ? are the coordinates of a point on the line, depending 
for their values upon the parameter X. If the equation in curvi- 
linear coordinates of the curve C is v = <f> (u), the above equations 
may be written 

. /8y , j,dy\du 


,du dv/ ds 


” ds^ 
\dic dv/ ds 


where the prime indicates differentiation. In order to obtain the 
locus of these tangent lines, we eliminate and X from these 
equations. This gives 


( 11 ) 



v~y 

r-z 

dx 



du 

du 

du 

dx 


dz 

dv 

dv 

dv 


which evidently is the equation of a plane through the point Jlf. 
The normal to this plane at the point of contact is called the 
normal to the surface at the point. 


As an example, we find the equation of the tangent plane to the tangent surface 
of a cun’e at any point. Tf the values from (1) be substituted in equation (11), 
the resulting equation is reducible to 


( 12 ) 


«-/i 

n /a' 

n’ f,’ 


i-ft 

f'z 

fz 



Hence the equation of the tangent plane is independent of u, and depends only 
uponiz. In consequence of (I, 30)* we have the theorem: 


The tnngcnt jilanc to the tangent surface of a curce ts the same at all points of a 
generator; it is the osew/attnsr plane of the curve at the point where the generator 
touches the curve. 


When the surface is defined by an equation of the form F(Xt y, z) = 0, we 
imagine that 2 , y, z are functions of u and tJ, and differentiate with respect to 
the latter. This gives 

(18) 

iz tu tg du dz dll * cz cv eg cv dz dv ~ 


* In references of this sort the Roman numerals refer to the chapter. 
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B7 means of these equations the equation (11) of the tangent plane 
the fom 


be given 


When the Honge form of the equation of a surface, namely 2 =: /(x, p), is used 
it is customary to put 

yi>, Bz Bz 

(W) 


Consequently the equation of the tangent plane is 

(1&) U-*>p + (’j-vja-(r-2) = o 

In the first chapter tre found that a curre is defined by two equations of the form 
( 16 > Pi (xj V, z) 5= 0, P, (z, V, z> = 0 


Hence a curve is the locus of the points common to two surfaces The equa- 
tions of the tangent to the curve are 


6-z _ n- v _ f-z 

dx iy dz 


where dx, dy, dx satisfy the relations 
^dz + ^dy + ^dz = t>, 


-da ~dy 4-— dz = 0 


Consequently the equations of the tangent can he put in the form 

(H) 

!£i !£* BPi BFj gy, , 

iy Zx Zz Zy Zz Zx Zx Zt Zx Zy Zy Zx 


Comparing this result with (13), we see that the tangent line to a curve at a point 3/ 
is the intersection 0! the tangent planes at il to two surfaces which intersect along 
the curve 


examples 

1 Show that the volume ol the tetrahedron formed by the coordinate planes and 
the tangent plane at any point of the surface z ss u, v = U, x — ftVuv *» constant. 

S Show that the sum of the squares of the Intercepts of the axes by the tan 
gent plane to the surface 

z = «* ein»t, y = u» cos’p, 2 = (a* - u*)*, 
at any point Is conatant, 

9 Given tlie right conoid for which e>(t) = osinSe Show tliat any tangent 
plane to the surface cuts it In an ellipse, and that if perpendiculars bo drawn 
to the genmtOTa from any point the feet of the pcrpendlculaw lie in a plane 
ellipse 
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4. Show that tho ta ngont planes, at points of a generator, to the right conoid for 
which ^ (o) = a Vtan v, meet the plane z = 0 in parallel lines. 

6. Find the equations of the tangent to the curve whose equations are 
ox- + by^ 4- cz2 = 1, 6x2 + cy- + az^ = 1- 

6. Find the equations of the tangent to the curve whose equations are 

2 (x + 2 )(x - a) = a3, x(y + z) (y - a) — a\ 
and show that the curve is plane. 

7. The distance from a point hV of a surface to the tangent plane at a near-by 
point M is of the second order when MM' is of the first order ; and for other planes 
through M the distance from M' is ordinarily of the first order. 

26, One-parameter families of surf aces. Envelopes. An equation 
of the form 

(18) F{x, y, X, a) = 0 

defines an infinity of surfaces, each surface being determined by a 
value of the parameter a» Such a system is called a one-parametei* 
family of surf aces. For example, the tangent planes to the tangent 
surface of a twisted curve form such a family. 

The two surfaces corresponding to values a and a' of the param- 
eter meet in a curve whose equations may he written 

a ' — a 

As a' approaches a, this curve approaches a limiting form whose 
equations are 

(19) F(x, y, z, a) = 0, g £ (=r. a) ^ 

da 

The curve thus defined is called the characteristic of the surface of 
parameter a. As a varies we have a family of these characteristics, 
and their locus, called the envelope of the family of surfaces, is a 
surface whose equation is obtained by eliminating a from the two 
equations (19). This elimination may be accomplished by solving 
the second of (19) for a, thus : 

a = cfi{x, y, 2 ), 

and substituting in the first vrith the result 

F{x, y, s,4>)==0. 
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The equatjon of the tangent plane to this surface is 
/om /dF,bFd4>\,. . 




For a particular value of a, say equabons (19) define the curve 
in which the surface F(z, y, z, a^) =s 0 meets the envelope , and from 
the second of (19) it follows that at all points of this curve equa- 
tion (20) of the tangent plane to the envelope reduces to 




This, however, is the equation of the tangent plane to the surface 
F(ar, y, z, flj) = 0 If we say that two surfaces with the same tan 
gent plane at a common point are tangent to one another, we have 
The envelope of a family of surfaces of one parameter i» tangent 
to each surface along the characteristic of the latter 

The equations of the characteristic of thesurface of parameter a^are 
(21) F(a^y,z,a,)=0, 

This charactenstic meets the characteristic (19) in the point whose 
coordinates satisfy (1 9) and (21), or, what is the same thing, equa- 
tions (19) and 

F{x, y, z, a,)~ i^(a:, y, a) _ ^ == 0 

a^~a ' Bj— a 


As Bj approaches a, this point of intersection approaches a hmibng 
posibon whose coordinates satisfy the three equabons 


(22) 


F*=0, 


|£-o, 

da 


da^‘~ 


0 


If these eqnabons be solved for x, y, z, we have 
(23) x^f,{a), y=/,(o), z=./,(o) 

These are parametric equations of a curve, which is called the 
edge of rtgresnon of the envelope 
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The direction-cosmes of the tangent to the edge of regression 
are proportional to If we imagine that rr, 2 iii (19) 

are replaced by the values (23), and we differentiate these equa- 
tions with respect to a, we get, in consequence of (22), 

dF dx dF dy ^ dF dz 

dx da dy da dz da ' 

?i^F dx ^ d'^F dy ^ d'^F dz 
da dx da da dy da da dz da 

From these we obtain 

dx dy ^ dz 
da* da' da 


But from (17) it follows that the minors of the right-hand mem- 
ber are proportional to the direction-cosines of the tangent to the 
curve (19)» Hence we have the theorem: 

The cliaracterhticB of a family of surfaces of one parameter are 
tangent to the edge of regression. 

27. Developable surfaces. Rectifying developable, A simple ex- 
ample of a family of surfaces of one parameter is afforded by a 
family of planes of one parameter. Their envelope is called a 
developable surface \ the full significance of this term will be 
shown later (§ 43). The characteristics are straight lines which 
are tangent to a curve, the edge of regression. When the edge of 
regression is a point, the surface is a cone or cylinder, according 
as the point is at a finite or infinite distance. We exclude this 
case for the present and assume that the coordinates x, y^ z of a- 
point on the edge of regression are expressed in terms of the arc s. 
We may write the equation of the plane 

(24) (X- x)a^ {Y^ y)6 + (Z - 2 ) c = 0, 

where a, S, c also are functions of s. The characteristics are defined 
by this equation and its derivative with respect to namely : 

(25) (.V- x) (F^ y)6'+ (Z- z) d- oa/- Jy'-- 0- 


dF 


dF 

dx 

dy 

dz 

d'^F 

^F 

d'^F 

dadx 

dady 

da dz 
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SiDcd these equations de6ne the tangent to the curve, they must 
be equivalent to the equations 

a/ y’ z' 

Hence we must have 

(26) 02 / 4- 6y -f cs'=2 0, aV + ty 4- = 0 


If the first of these equations be differentiated with respect to » 
the resulting equation is reducible, in consequence of the second 
of (26), to „x»+{y/+„»»0 


From this equation and (26) we find 

a h r = (ya"--ay') (gV'— a/z") 

Hence by (§7) we have the theor<*in 

On the envelope of a one parameter family of planet the planet 
otcuXate the edge of regrettxon 

We leave it to the reader to prove that the edge of regres 
Sion of the osculating planes of a twisted curve is the curve 
Itself 

The envelope of the plane normal to the principal normal to 
a curve at a point of the curve is called the rectifying develop 
able of the latter We shall find the equations of its edge of 
regression 

The equation of this plane is 

(27) (X-x>l4-(r-y)m4-(^--z)n*=0 

If w© differentiate this equation with respect to the arc of the curve, 
and make use of the Frenet formulas (I, 50), we obtain 

(28) (x-.)0+i)+(l'-y)(^ + f) + (^-.)(l + ;)=O 

From these equations we denve the equations of the charactep* 
latic m the form 

r=.+(|-e),, .=.+(1-0., 
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t being the parameter of points on the characteristic. In order to 
find the value of t corresponding to the point where the character- 
istic touches the edge of regression, we combine these equations 
with the derivative of (28) with respect to s, namely : 


and obtain 



Hence the coordinates of the edge of regression of the rectifying 
developable are ^ 


(29) 




ap — \t 

i — 

rp — pr 




r'p — p't 


T, 


r=2 


yp — VT 

r'p-p'r ' 


Problem. Under 'what conditions does the equation 2 ^, 2 ) = 0 define a devel- 
opable surface ? 

Wo assume tliat x, y, z are functions of two parameters u, r, such that the curves 
u = const, are the generators, and v = const, are any otlier lines. The equation of 
the tangent plane is 

BF dF BF 

(l) (X-.)- + (r-y)- + {Z-e)|- = 0. 


This equation should involve u and he independent of 0 . Its characteristic is 
given by (i) and 

A^ + 2i^S + C^ = 0, 

Tilt 


(«) 


c)u CXI 5u 

whore wo have put, for the sake of brevity, 

A = {X-x)^+{Y-y)— + (Z-z)~-—, 
BxBj; ^ dzBz dz 

s = (.T - + (F - 2 + ,2 - 

cx c]/ dij’ cycz By 

cycz ^ ' dz- dz 

Since equation (i) is independent of u, w*e have * 

(>“) A — +B^ + C— = 0. 

CV cv CD 


Comparing equations (ii) and (iii) with (13). we«eo thar 
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where X denotes * fMtor of proportlonftllt;. If we eliminate X — *, F— y, Z — *, 
and K from Ulcsq equations and (1), we obtain the defied condLUon 

£!f i!£. 

tx* Szlv eaf* at 

Z*F ^ ^ 

ixty ?y* Py 

i!£L i!^. ^ £? 

f* P* Py Pe Pz* Pz 

— £^! 0 

Px Pi/ p* 

EXAMPtSS 

1 Find tbo envelope and edge ol regression of the family of planes normal to 
a given curve 

5 Find the rectifying developable of a cylindrical helix. 

3. Prove that the rectifying developable of a curve is the polar developable of 
its involutes, and convereely 

4 Find the edge of regression of the envelope of the planes 
X sin u ~ p cos u 4 - z — nu = 0. 

6 Determine the envelope of a one-parameter family of planes parallel to a 
given line 

6 Given a one-parameter family of planes winch cut the xy plane under con- 
stant angle, the Intersections of these planes with the latter plane envelop a 
curve C Show that the edge of regression of the envelope of tlie planes is an 
evolttte of C. 

7. When a plane curve lies on a developable surface its plane meets the tangent 
planes to the surface m the tangent tines to the curve Determine the developable 
surface which passes through a parabola and the circle, described in a perpendicular 
plane, on the latus rectum for diameter, and show that It Is a cone 

S. Determine the developable surface which passes through the two parabolas 
p* := 4 OX, z 0, X* =7 4 (zy, z = h, and show that its edge of regression lies on the 
surface p*z = i> (6 — z). 

S8. Applications of the moving trihedral. Problems concern- 
ing the envelope of a family of surfaces are sometimes more 
readily solved when the surfaces are referred to the moving 
trihedral of a curve, which is associated in some manner wth 
the family of surfaces, the parameter of points on the curve 
.being the parameter of the family. 

Let 
( 30 ) 


V, r, »)=o 
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define such a family of surfaces. Since 17 , f are functions of s, 
the equations of the characteristics are (30) and 

ds ds Bt) ds ds ds 


But the characteristics being fixed in space, we have (I, 84) 


(81) 


ds p ^ ds \p tJ ds T 


Hence the equations of the characteristics are 


(32) 


F= 0, 



dF 7) dF 


= 0 . 


If, for the sake of brevity, we let ^ (^, rj, s) = 0 denote the second 
of these equations, the edge of regression is defined by (32) and 


(33) 


8^\p ) 8 j}\p rj T ds 


Por example, the family of osculating planes of a curve is defined with refer- 
ence to the moving trihedral by 0. In this case the second of (»S2) is 77 = 0, and 

(38) is ^ -f ~ = 0. Hence the tangents are the characteristics, and the edge of regres- 
sion is the curv'e ; for, we have ^ = 1 ; = f = 0 . 

In like manner the family of normal planes is defined by f = 0. Now the second 
of (S2) is 7 ; — p= 0 ; consequently the polar lines are the characteristics. Equation (33) 
reduces to T-f p't = 0 ; hence the loctis of the centers of the osculating spheres is 
the edge of regression (cf. § 18). The envelope is called the polar developable. 


The osculating spheres of a ttvisted curve constitute a family 
of surfaces which is readily studied by the foregoing methods. 
From (§ 18) it follows that the equation of these spheres is 

V'+ ?*— 2 pT? + 2 p't^ = 0. 

The second of equations (32) for this case is 

?[?+(V/] = o, 

which, since spherical curves are not considered, reduces to 0 . 
And equation (33) is t? = 0 , so that the coordinates of the edge of 
regression are ^ = 17 = = 0. Hence : 

The osmdaimg circles of a curve are the characteristics of its oscu^ 
lating spheres; and the curve itself is the edge of regression of the 
envelope of the spheres. 
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29 Envelope of spheres. Canal surfaces We consider now any 
family of spheres of one parameter Referred to the moving tri- 
hedral of the curve of centers, the equation of the spheres is 

By means of (32) we find that a characteristic is the circle in 
which a sphere is cut by the plane 

f + rr'=s 0 

The radius of this circle is equal to rVl — r ^ Hence the char 
actenstic is imaginary when /*> 1 , reduces to a point when 
r = ±« + const, and is real for r'*<l 

By means of (33) we find that the coordinates of the edge of 
regression are given by 

(34) i=~rr', T 7 = [l-(rr'y]p, 

Hence the edge of regression consists of two parts with corre 
eponding points symmetncally placed with respect to the oscu 
lating plane of the curve of centers C, unless 
r>(l-O-p»[l~(rr')T-0 

When this condition is satisfied the edge is a single curve, and Us 
points he m the osculating planes of C We liave seen that this 
IS the case with the osculating spheres of a curve We shall show 
that when the above condition is satisfied the spheres oscuhte 
their edge of regression 

We write the above equation m the form 

(35) p[l - (rr )') = er VT^T^, 
where e 13 4*1 or — 1 , ao that p may be positive 

We have seen (§ 16) that the absolute and relative rates of change 
with s of the coordinates f, 57 , S' of a point on (7^ are in the relations 

Sa ds p ’ Ss da p T Ss da r 


When the values (34) are substituted in the right-hand members 
of these equations, we obtain, in consequence of (35), 


ha 


^ 

T 


0 , 
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Sa, 


erVT* 


‘rfs, 


and 

(36) 




Ssi “ 


Since these are the direction-cosines of the tangent to Cj, we see 
that this tangent is normal to the osculating plane to the curve of 
centers C. Moreover, these direction-cosines must satisfy (cf. I, 83) 
the equations 


^cc dcXf 

h 

Zh 

db a c 

Zc 

do 


> 

P 

Ss 

= 3“ d b -J 

da p r 

Zs 

da 

Hence we have 


0, 


1 

Zr^ 

= 0, 

Ssf" 

Ssf 

1 

> 

; ^ 

1 

Zg^ 


5^ 

T 


from which it follows that the radius of curvature of is 
(38) Pj = eeVVl-^r^, 

where e' is -f 1 or — 1 , so that may be positive. Since, now, the 
direction-cosines of the principal normal have the values 


(39) 




S-7} , 




it follows that the principal nonnals to C and are parallel. 
Furthermore, since these quantities must satisfy equations (37), 
we have 

~ PPi ’ K ~ Pi "" P? ’ 

where p[ denotes the derivative of p^ with respect to a^. By means 
of (I, 51) we find that the radius of torsion of is given by 




From (38) we find so that the radius of the oscu- 

PPi 

luting sphere of Cj is given by = p; + A and consequently 

the osculating spheres of are of the same radius as the given 
spheres. 
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The direction cosines of the tangent, principal nonnal. and hmor 
mal to Cj are found from (36) and (39) to be 

«i = A=^» 2j=s«jC=0, — e’, \, = — 

Hence the coordinates (I, 94) of the center of the osculating sphere 
of Cl are reducible, in consequence of (34), to 

f + ^iPi--Pi7‘A= 0, i} + 7n,pj-p;Tj;ij=0, f+Tiip,— 

Therefore we have the theorem 


7FXc« the edge of regretuon of a family of ipheree of one param- 
eter has only one hrancht the spheres osculate the edge 

Since T does not appear in equation (35), it follows that when 
r 13 given as a function of », the intrinsic equations of the curve of 

centers are ^ ^ 

erVl— 


where the function/(«) is arbitrary Moreover, any curve will serve 
for the curve of centeia of such an envelope of spheres The deter- 
mination of r requires the solution of equation (35) and consequently 
involves two arbitrary constants 

"When all the spheres of a family have the same radios, the 
cn\ elope is called a canal surface From (34) it is seen that in 
this case a characteristic is a great circle Moreover, equation (35) 
reduces to p = r Hence a necessary and sufficient condition that 
the edge of regression of a canal surface consist of a single curve 
13 that the curve of centers be of constant curvature and the radius 
of the sphere equal to the radius of first curvature of the curve 


GENERAL EXAMPLES 
1 Let Mif be a generator of the right conoid 

* = uco8», y=;wsiriv 2 = 2 1 eosec 2 r, 

Jlf being the point m which it meets the t axis bbow that the tangent plane at N 
meets the surface m a hyperbola which passes through M and that as U moves 
along ttie generator ttie tangeirt at to vtie ViypcAidla &esw^’oe» a 

S A point moves on an ellipsoid ^ ^ ^ = L e* that the direction of Its 

motion always passes through the perpendicular from the center on the tangent 
plane at the point Show that tlie path of the poi o t Is the curve fu which the elhpsoid 
IS cut by the surface I'y"**' = » where Z m = ^5“a* 
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3. If each of the generators of a developable surface be revolved through the 
same angle about the tangent to an orthogonal trajectory of the generators at the 
point of intersection, the locus of these lines is a developable surface whose edge 
of regression is an evolute of the given trajectory, 

4, Show that the edge of regression of the family of planes 

(1 - vr)x + + u2)y + 2 u 2 +/(u) = 0 

is a minimal curve. 


6. The developable surface which passes through the circles sc^ ^2 — ^ _ q. 

a;2 ^ ^2 = 62, y = 0 meets the plane x = 0 in an equilateral hyperbola. 

6. Find the edge of regression of the developable surface which envelopes the 
surface az = xy along the curve in which the latter is cut by the cylinder x^ = by. 


7. Find the envelope of the planes which pass through the center of an ellipsoid 
and cut it in sections of equal area. 


8. The first and second curvatures of the edge of regression of the family of 
planes ax + jSy + 72 =1?, where a, /S, 7, p are functions of a single parameter 
u and a2 -f j32 -f 72 = are given by 


where 


^ 



a 

o' 

a" 


A = 


/S' 

r 

, D = 


y 

Y 

Y' 



1 A2 

p' p" p'" 

o' a" ex'" 
^/// 

7 7 T 


9. Derive the equations of the edge of regression of the rectifying developable 
by the method of § 28. 

10. Derive the results of § 29 without the aid of the moving trihedral. 

11. Find the envelope of the spheres whose diameters are the chords of a circle 
through a point of the latter. 


12. Find the envelope and edge of regression of the spheres which pass through 
a fixed point and whose centers lie on a given curve. 

18. Find the envelope and edge of regression of the spheres which have for 
diametml planes one family of circular sections of an ellipsoid. 

14. Find the envelope and edge of regression of the family of ellipsoids 
/x2 2/2\ ^2 

^ ~ where a is the parameter. 


15. Find the envelope of tlie family of spheres whose diameters are parallel 
chords of an ellipse. 

16. Find the equations of the canal surface whose curve of centers is a circular 
helix and whose edge of regression has one branch. Determine the latter. 

17. Find the envelope of the family of cones 

(ox + X + y + z — 1) (ay + 2 ) — ox (x + y -h 2 — 1) — 0, 

'vhere a is the parameter. 
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IXmeAR ElEMEFT OP A STIRFACE DIFFERENTIAI. PARAMETERS. 
CONFORMAl. REPRESENTATION 


30» Linear element. Upon a surface S, defined by equations in 
the parflmetnc form 

(1) a: =/, («, v), y =/, («, v), z =/, (w, r), 

we select any carve and write its equations (u, v) — 0 From § 8 
we have that the linear element of the curve is given by 

(2) dg* = (ir* + rfy* -t- d^, 

where dx~^du-i-^dVi dv «=^du + ^dvy dz=^~du-h^dvy 
du dv ^ Su dv Bu ^ 


the differentials du, dv satisfying the condition 
If we put 


Su dv 


f3) 

' ^ Sudv du dv dudv 

or, in abbreviated form. 


=2(S)’ 


^du dv 




equation (2) becomes 

(4) (?i*= Edu^+ 2Fdudv + Gdv* 


The functions JT, /*, G thus defined were first used by Gauss * 
When Uie surface is real, and likewise the curvilinear coordinates 


• DUqititUlone* ptnfraln Hrea nrp^atu eurva* (Engllih tretulatloa by Uoivbewi 
•» I III>t«belt«1) p 18 rrioceloo I'XSi OnleM Mbtrwlie »ui«<I kII ref«rcae«i to OsoM 
are to tbli traoilatloo 
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w, V, the functions V^, Vff are real. We shall understand also that 
the latter are positive. There is, however, an important excep- 
tional case, namely when both E and G are zero (cf. § 35), 

For any other curve equation (4) will have the same form, but 
the relation between dxi and dv will depend upon the curve. 
Consequently the value of given by (4), is the element of arc 
of any curve upon the surface. It is called the linear element of 
the surface (cf. § 20). However, in order to avoid circumlocution, 
we shall frequently call the expression for ds^ the linear element, 
that is, the right-hand member of equation (4), which is also called 
the first fimdamental quadratic form. The coefficients of the lat- 
ter, namely E^ F, G<i are called the fundamental quantities of the 
first order. 

If, for the sake of brevity, w'e put 
dy dz 

(5) J g) - J 

9(tt, v) ^ ^ ’ d{ti, v) 9(m, t)) 

dv dv 

it follows from (3) and (6) that 

( 6 ) EG’^F^‘=A‘-{-B^-+ C\ 

Hence when the surface is real and likewise the parameters, 
the quantity EG^F^ is different from zero unless J, i?, and 0 
are zero. But if and C are zero, it follows from (5) that u 
and V are not independent, and consequently equations (1) define 
a curve and not a surface. However, it may happen that for 
certain values of xt and v all the quantities -4, B^ C vanish. 
The corresponding points are called singxdar points of the sur- 
face. These points may be isolated or constitute one or more 
curves upon the surface; such curves are called singxdar lines. 
In the following discussion only ordinary points will be con- 
sidered. 

From the preceding remarks it follows that for real surfaces, 
referred to real coordinate lines, the function S defined by 

0) n^y/~EG-F^ 

is real, and it is positive by hypothesis. 
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SI Isotropic deveJopsble The exceptional case, where the surface la imagtnar 7 
and B la zero, is affoWed by the tangent surface of a mmtnial curve The equa- 
tions of such a surface are (cf 1 22) 

/ i — 1 — . 

— J— f(u)li» + __»(u),, 

z = + v<fi{u)v, 

Trhere ^(u) is a function of tidlSerent from zero It lateadliy found that E=v*^v(u), 
J* = O =: 0 and consequently £0- ~ = 0 This equation Js likewise the sufScicnt 
condition that the surface be of the kind sought For, when it Is satisfied, the equa 
tion of the linear element can be written di* = {VFdu + Vodv)* If X denote an 
Integrating factor of V£du + Vodo, and a function ui be defined by the equation 
X^^/Edit + Vcds) = d«t, the above equation becomes da* ^ Hence if we 

take for parametnc curves = const and any other system for bi = const we 
have Fj = 0, 0i = 0 In other form these equations are 

+ + = f^Y+/^V+/iiY=o 

EBj 5«i 5 bi 5mi Svi \9oi/ \Svi/ \&0t/ 


In accordance with the last equation we put 

dvi 2 Sti 2 dvi 

where Jb is undetermined 
By mtegration we have 




•J’kd»i-|-X, V = + z=vij'hdvi + w, 


X, fi, V being functions of it \ alone When these values are substituted 
of the above equations of condition, we get 


to be satisfied by X, /t, and r 

The equation of the tangent plane to the surface (i) is reducible to 


(l-u»)(X-*)4-tU+Ui‘>(r-») + 2u,tZ-z) = 0 


the first 


Hence the surface is developable Since Its edge of regression is a minimal curve 
(Ex 4, p 69), the theorem is proved The surface is called an isotropic derdopaWe. 

32. TraBsfonnatioii of coordinates It is readily found t^at the 
functions A", F, G are unaltered in value by any change ^of the 
rectangular axes But now we shall show that these functions 
change their values when there is a change of the curviVncar 
coordinates 
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Let the transformation of coordinates be defined by the equations 

(8) (Wi, Vj), v = v (2^1, t \) ; 

then we have 


dx ___dx du ^ dx dv 
cii^ du dti^ dv dUj^ 


dx _ dx dtc dx dv 
dv^ d2i dVj^ dv dv^ 




we find the relations 


( 9 ) 


+ 2J'|i|l + c 

du^ dUj^ 


JE =!;(—') 

^ \dllj 

^ dtij^ cv^ \522j dv^ dv^ dii^J dii^^ SVi 

\dv^/ dVj^ dVj^ \dVj^ 


)■ 


dv — ^ ~ dv^, 

du^ dv^ ^ 


Hence the fundamental quantities of the first order assume new 
forms when there is a change of curvilinear coordinates. 

From (8) we have, by differentiation, 

, du j , die j 

att — — H dv.. 

du^ ^ dv^ 

Solving these equations for dti^^ dv^^ we get 
, 1 /dv j d 2 i 

‘'“■'sfe''" — 

where 

( 10 ) 

Hence we have 


i*), 


*>=i 


dv J , Sti J \ 

OWj Ottj / 


d(u, v) 


(11) 

so that 

(12) 


a(w„ u,) 
1 01* _ 


1 du 


r^__ _ 

d^i 8 dv^ dv 8 dv^ ' 

0i>j 1 dVj _1 du 

law 8 du^ ' dv 8 a«j ^ 

a(«„ t>,) .1 

s’ 


d(u, v) 

From (9) we find the relation 

JS, (?, ~ F* =r S* (JEG -F^. 
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By means of this equation and the relations (11), we can transform 
equations (9) into the following 


(13) 






g. 


^\dv) H Zv'^^Khi.) 

EG-~F* * 

/ ^u^dv^ Su^Bv^ 

dv Bv \du Bv Bv Bu)^ Bu ^ 

EG— I* * 

_/3m,V n 2m, ^/2wiV 
— il — 2F — ^ — t-l- g( — ^ 1 
\2t'/ 2 m Bv ^ \bu) 




33 Angles between curves The element of area Upon a para- 
luetnc line v = const we take for positive sense the direction 
in which the parameter « increases, and likewise upon a curve 
M = const the direction m which v increases If di^ and d\ denote 
the elements of arc of curves v = const and u = const respec 
tively, we find, from (4), 

(14) dig = '/e dll, d*, sa Vg dv 

Hence, if ir,, ^0,, y, and a,, /3,, y, denote the direction-cosinea of the 
tangents to these curves respectively, we ha\e 


^ 1 Bx^ 

js 

' Vf 2m 

1 Bz 

Vb 8u 

Ve 2m 

_ 1 dx 

Vo 8, 

1 Bz 

>/g2v* 

Vg 2v 


We have seen that through an ordinary point of a snrface 
there passes one curve of parameter u and one of parameter » 
If, as in fig 11, to denotes the angle, between 0® and 180®, 
formed by the positive directions of the tangents to these curves 
at the point, we have 


(15) 

and 

as) 


cos to = cr.or, + 4- y,7. = 


F 

Veg 


’^/EG-F'^ _ H 

'/eg 


fiino) 
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When two families of curves upon a surface are such that 
through any point a curve of each family, and but one, passes, 
and when, moreover, the tangents at a point to the two curves 
through it are perpendicular, the curves are said to form an 
orthogonal system. From (15) we have the theorem: 

A necessary and sufficient condition that the 'parametric lines upon 
a surface form an orthogonal system is that F = 0, 

Consider the small quadrilateral (fig. 11) whose vertices are 
the points with the curvilinear coordinates {n, v), (u + dw, t)), 
(w, v + dv), (w -h dw, V + dv). To within terms of higher order the 
opposite sides of the figure are equal. Consequently it is approxi- 
mately a parallelogram whose sides 
are of length du and Vg dv and 
the included angle is co. The area 
of this parallelogram is called the 
element of area of the surface. Its 
expression is 

(17) dS = sin co 'VfG dudv = JET dudv. 

If C is any curve on a surface, the direction-Kiosines cr, y of' 
its tangent at a point have the form 

^_dx fdx du ^ dx d^N dA 

ds ds dv ds) ds \3w ds dv ds) 

_dz __^fdz du ^ 02 dv\ 
ds \0u ds dv ds) 



If we put dv/du — X and replace ds by the positive square root of 
the right-hand member of (4), the above expressions can be written 
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From these results it is seen that the direction-cosines depend 
not upon the absolute values of dxt and du, but upon their 
ratio X The value of X is obtained by differentiation from the 
equation of C, namely 

( 19 ) e )=0 


Let (7, be a second curve meeting C at a point M, and let 
the direction-cosines of the tangent to Cj at Jlf he 
They are given by 

^ ^ ‘ ?w 58 ^ dv Sa 


and similar expressions for and 7 , where 5 indicates variation 
in the direction of C^ 

If 0 denotes the angle between the positive directions to (7 and 
<7j at we have, from (18) and ( 20 ), 

a , 00 . EdtiBu-i-F{duBv + dvZu) + Gdvhv 

(21) C08P = aai+/yjS, + 77j = i . 

and n . n jw . dt> Bv du\ 

sin P = ± vl — cos* p = — 

\£» dt 58 da/ 


This ambiguity of sign is due to the fact that 6 as defined, is one 
of two angles which together are equal to 360“ Wo take the 
upper sign, thus determining 0 This gives 


( 22 ) 


Bin 6 = h\ 


' Bu dv 
\Ba da 


Bv dn\ 
B^d^J 


The significance of the above choice will be pointed out shortly 
When in particular is the curve e = const through M we 
have 5» = 0 and Ba = 5w, so that 


(28) 




Bin^o 


R dv 
Vi da 


■?TUin tiqmJassrft vHscin 


( 24 ) 


tan^o = 


Sdv 

^du-^tFdv 


The angle u> between the positive half tangents to the para 
metnc curves has been uniquely defined Hence there is, in 
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general, only one sense in which the tangent to the curve v = const, 
can be brought into coincidence with the tangent to the curve 
B = const, by a rotation of amount co. W e say that rotations in 
(his direction are positive, in the opposite sense negative. From 
(23) it is seen that 6^ is the angle described in the positive sense 
when the positive half tangent to the curve v = const, is rotated 
into coincidence with the half tangent to C. And so in the general 
case 6, defined by ( 22 ), is the angle described in the positive rota- 
tion from the second curve to the first. 

From equations (15), (16)> and (23) we find 

(25) cos(o,- 0 „) = ^(^Fg-t-(?|^y sin(co-0„) = ^^- 

These equations follow also directly from ( 20 ) and ( 21 ) by consid- 
ering the curve — const, as the second line. 

As an immediate consequence of equation (21) we have the 
theorem : 

A necessary and sufficient condition that the tangents to tivo curves 
npon a surface at a point of meeting he perpendicular is 

(26) JE du Su + F {du Bv + dv Su) + GdvSv=^Q, 

EXAMPLES 

1. Show that when the equation of a surface is of the form z y), its linear 

element can be written 

= (1 + ^2 4 , 2pq dxdy + {1 + Q') 

^here p = iz/dx, and q = bz/dy. Under what conditions do the lines z — const.^ 

V = const, form an orthogonal system ? 

2. Show that the parametric curves on the sphere 

X = a sin u cos r, y ^ a sin u sin c, z ^ a cos u 

Jona an orthogonal system. Determine the two families of curves which meet the 
curves const, under the angles w/4 and Sn-/4. Find the linear element of the 
rurfacc when these new curves are parametric. 

Find the equation of a curve on the paraboloid of revolution x = « cos n, 

V = U6int, 2 = u 5/2 .(viiicii meets the curves o = const, under constant angle a 

»u<i pusses through two points (bo. vo), («i, ^)- Dute™"® « ^ of 

fj, «i, tj, 

*• Find the differential equation of the curves upon the tangent surface of a 
uurve which cnt the generators under constant angle a. 
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6 SltO'w that the equations ot a curve vihlch lies upon a tight coue and tuts all 
the generators under the same angle are of the fens £ = cosu ysce^'stnv 
jc = bef", v?here a h and c are constants. 'What is the projetllon of the curve upon 
a plane perpendicular to the axis of the cone ? Find the radius of curvature of 
the curve 

6 Find the equations of the curves which bisect the angles between the para- 
metric curves of the paraboloid in Ex. 8 

34 Families of cuires An equation of the form 
{27) ^ («, ti) = c, 

where c is an arhitraiy constanL defines an infinity of curves, or a 
family of curves^ upon the surface Through any point of the sur 
face there passes a curve of the family For, given the curvilinear 
coordinates of a pomt, when these values are substituted in (27) 
we obtain a value of c, say c,, then e'vidently the curve ^ = c, 
passes through the point We inquire whether this family of 
curves can be defined by another equation Suppose it is possible, 
and let the equation be 

(28) v) = jc 

Since c and k are constant along any curve and vary in passmg 
from one curve to another, each is necessarily a function of the 
other Hence is a function of Moreover, if is any 
function of equations (27) and (28) define the same family of 
curves 

From equation (24) it is seen that the direction at any point, of 
the curve of the family through the point is determined by the 
value of dv/du We obtain the latter from the equation 

ZA dA 

(29) + 

which is derived from (27) by differentiation 

Let (^(u, *))= c he an integral of an ordinary differential equation 
of the first order and first degree, such as 

(30) -5f(w, v) du -f- W(«, v)dp = 0 

The curves defined by the former equation are called tnUyral eunet 
of equation (SO) From the integral equation we get equation (29) 
by differentiation It must be possible then to obtam equation (SO) 
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from the integral equation and (29). But c does not appear in 
(29), consequently the latter equation differs from (30) by a factor 


at most. 


Hence J/— — iV^=0. Suppose, novr, that we have 

dy!r 

another integral of (30), as ->/r(w, v) = e. Then — N — 

The elimination of M and iV from these equations gives ^ ^ 5 

from which it follows that t/t is a function of Moreover, can 
by any function of But we have seen that if is a function 
of (^, the families of curves (f) — const, and = const, are the same. 
Hence all integrals of equation (30) of the form <f>^c or 
define the same family of curves. However, equation (30) may 
admit of an integral in which the constant of integration enters 
implicitly, as i^(?4, v, c) = 0. But if this be solved for e, we obtain 
one or more integrals of the form (27). Hence an equation of the 
form (30) defines one family of curves on a surface. Although 
the determination of the curves when thus defined requires the 
integration of the equation, the direction of any curve at a point 
is given directly by means of (24). 

If at each point of intersection of a curve with the curves 
of a family the tangents to the two curves are perpendicular to 
one another, is called an orthogonal trajectory of the ciirveB, Sup- 
pose that the family of curves is defined by equation (30). The 

relation between the ratios — and which determine the direc- 

axi on 

tions of the tangents to the two curves at the point of intersection, 

is given by equation (26). If we replace by — 4^, we obtain 

on 


(31) 


{EK~ FM) du + {FF~ GM) = 0. 


But any integral curs-e of this equation is an orthogonal trajectory 
of the given curves. Hence a family of curves admits of a family 
of orthogonal trajectories. They are defined by equation (31), 
when the differential equation of the curves is in the form (30). 
But when the family is defined by a finite equation, such as (27), 
the equation of the orthogonal trajectories is 



iv 



du) 


( 32 ) 
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As an exa)xip\e, we consider the familj o! circles tn the plane with centers 
on the X'axis whose equation is 

(1) z* + y*-2M = a», 

where u is the parameter of the family and a is a constant In order to find the 
orthogonal trajectories of these curves, we take the lines a: e const, p* const 
for parametnc curves, in which case 

£^=0=tl, J'jeO, 

and wnte the equation (i) in the form {27), thus 


Now equation (32) is 2 xy <2* — + oS) dy = 0, of which the integral la 


5i±fi! + 

V 


y = 20 , 


where V is the constant of integration Hence the orthogonal trajectories are circles 
whose centers are on the y-azis 


An ordinaiy differential equation of the second degree, such as 


(33) E(tt, Ti)ti«*+2 5{w, v)^udv + T(a, tj)^v*=0, 


is equivalent to two equations of the first degree, which are found 
by solving this equation as a quadratic in dv. Hence equation (33) 
defines two families of curves upon the surface- We seek the con- 
dition that the curves of one family be the orthogonal trajectones 
of the other, or, in other words, the condition that (33) be the equa 
tion of an orthogonal system, as previously defined. If and k, 
denote the two values of ~ obtained from (33), we have 




T ’ 


R 

T 


From (26) it follows that the condition that the two directions at 
a point corresponding to iCj and tc^ be perpendicular is 

£ + «,) -f Gk^k^ = 0. 

If the above values are substituted in this equation, we have 
the condition sought; it is 

(S4> 


Er+C?E-2J’N«0. 
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35, Miaimal curves ou a surface. An equation of the form (33) 
is obtained by equating to zero the first fundamental form of 
a surface. This gives 

EdxC’^^Fdudv + Gdv^^ 0 , 


and it defines the double family of imaginary curves of length 
zero which lie on the surface. In this case equation (34) reduces 
to — 0; hence the minimal lines on a surface form an 
orthogonal system only when the surface is an isotropic develop- 
able (§ 31). 

An important example of these lines is furnished by the system 

on the sphere. If we take a sphere of unit radius and center at 

the origin, its equation, ar-h + can be written in either of 

the forms , , ^ , 

x + iy ^ 1 - 1 - 2 ; _ 

• w, 


1 — 0 
x--iy 


X — ly 

1 + z 


1 — 0 x^iy 


~v. 


where u and v denote the respective ratios, and evidently are conju- 
gate iraaginaries. If these four equations are solved for y, 0 , we find 


(35) 


24 4- r 2 (v — 24) 24 V — 1 

2 ; = — , 

24V 4-1 24V 4-1 24V 4-1 


From these expressions we find that the linear element, in terms 
of the parameters 24 and v, is given by 


(36) 


, „ Aidu dv 

ds‘ = — -• 

(1 + uv)- 


Hence the curves w = const, and v — const, are the lines of length 
zero. 

Eliminating « from the first two and the last two of equations 
(36), we get 


t (r- + 1) a: + (1 - V*) y _ 2 j y = 0 , 

i{7r + l)z + 2 vy+i(l~v")=:0. 


Hence all the points of a curve v — const, lie on the line 


;(v’ + 1) A’+ (1 - r) Y- 2 t'y = 0, 

t (ir+ 1) + 2 y r + 1(1 - = 0, 
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where X, F, Z denote current coordinates In consequence of (35), 
these equations can be written 

£zi£2=Zr&_=£rf! 

t^-1 -2v’ 

where y„ are the coordinates of a particular point Lx like 
manner the curves « = const are the minimal lines 

1~«* t(l + tt’) 2« 


EXAMPLES 

1 Show that the isost general orthogonal system of circles In the plane is that 
of the example in { 34 

2 Show that on the right conoid * = u cos r y = « sin p * = ap, the carves 
da’ — (u* + o*)ifp* = 0 form an orthogonal system 

S When the coefficients of the linear elements of two surfaces, 

di* = E\,du* + 2 Eidudv + GidS^t dtf JE’jdu* + 2 Ftdudc + (ride*, 
are not proportional, and points with the same curvilinear coSrdmates on each of 
the surfaces are said to correspond, there Is a unique orthogonal system on one 
surface corresponding to an orthogonal system on the other, its equation Is 
(FiF, - FiEOdw’ + («’iOi - -EiCt)diid8 +(GiF, - 0,Pi)dp> = 0 
4 If and are solutions of the equation 

Saip 2 Sa Sp ' 

where X is any function of <r and p, the equations 

define a surface referred to its minimal lines 

“i/h ^loViAJflni lA twfvVun., Wv £ W i. •uirfarut Tsfejwui tix w-Y 
system of coordinates «, v, and let ^(w, r) be a function of u and v 
When the values of the coordinates of a point M of the surface are 
substituted in <f>, we obtain a number c , and consequently the curve 

(38) «^(«,»)*=c 


8a 


variatioj^ or a function 


passes through Jf. In a displacement from M along this curve the 
value of 0 remains the same, but in any other direction it changes 
and the rate of change is given by 

dll dv 

'd8~ -y/jE+^Fk + GT^' 

where k = dv/du determines the direction. As thus written it is 
understood that the denominator of the right-hand member is 
positive. 

For the present we consider the absolute value of and write 

A + Ak 

dll cv 

^ ViJ-f ‘ZFk+G^ 



where e is ± 1 according as the sign of the numerator is positive or 
negative. The minimum value of A is zero and corresponds to the 
direction along the curve (38). In order to find the maximum value 
we equate to zero the derivative of A with respect to k. This gives 


\ dv dll) \ dv du) 


From (32) it follows that this value of h determines the direction 
at right angles to the tangent to ^ e at the point. By substituting 
this value of h in (39) we get the maximum value of A. Hence: 


The differential quotient ^ ^ function ^ (u, v) at a point on a 

surface varies in value with the direction from the point. It equals 
zero in the direction tanqent to the curve and attains its greatest 
ahsolute value in the direction normal to this curve,, this value heing 


(40) 


d4> 

1 

1 N 

\f\ 

m 

dll cv 

\duj 

Us 

1 


A means of representing graphically the magnitude of the differ- 
ential quotient A for any direction is given by the following theorem : 

If in the tangent plane to a surface at a point M the positive half 
tangents at iJf, corresponding to all values of k, positive and negative,, 
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be drawn, and on them the corresponding lengths Ahe laid off from M, 
the locus of the extremities of these lengths ts a circle tangent to the 
curve ij) =» const 

The proof of this theorem is simplified if we effect a transfor 
mation of curvilinear coordinates Thus we take for the new coor 
dmate lines the curves ^ = const and their orthogonal trajectories 
We let the former be denoted by const and the lattei by 
», = const , and indicate by subscript 1 functions in terms of these 
parameters Now F'js: 0, so that 

,__du,_ 1 


Avhere denotes the value of dvjdu^ which determines a given 
direction, and the maximum length is From (23) we have 

a 




sin 6. s 




where is the angle which the given direction makes with the 
tangent to the curve ■= const Hence if we regard the tangents 
at M to the curves = const and = const as axes of coordinates 
in the tangent plane, the coordinates of the end of a segment of 
I length ^ 


The distance from this point to the midpoint of the maximum 
segment, measured along the tangent to ti, = const, is readily 
found to be — which proves the theorem 

37 PifferentlAl parameters of the first order. If we put 


(41) 






equation (40) can l>e written 


A A 


where now the differential quotient corresponds to the direction 
normal to the curve ^ = i-onsk The left-hand member of this 
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equation is evidently independent of the nature of the parameters 
u and V to wWch the surface is referred. Consequently the same 
is true of the right-hand member. Hence is unchanged in 
value when there is any change of parameters whatever. The 
full significance of this result is as follows. Given a new set of 
parameters defined by ^i) 

denote the result of substituting these expressions for u and v in 
t}> (tf, v), and write the linear element thus : 

= 2 Fj^du^dv^ + G^dv^, 


The invariance of under this transformation is expressed by 
the identical equation 



EG-F^ Efi^^F'i 


We leave it to the reader to verify this directly with the aid of 
equations (9). The invariant Aj^ is called the differential parame- 
ter of the fret order ; this name and the notation are due to Lam6.* 
Consider for the moment the partial differential equation 

(42) 

and a solution = const. From the latter we get, by differentiation^ 

die dv 


If we replace and ~ in (42) by dv and — du, which are evi- 
dudv 

dently proportional to them, we obtain 


Edid^ 2 Fdndv + Gdv-= 0. 


Hence the integral curves of equation (42) are lines of length zero, 
and conversely if ^ = const, is a line of length zero, the function ^ 
is a solution of-equation (42). 

Another particular case is that in which is a function of (f>, say 
( 43 ) A^4>=F{<f>). 


• L'l^ns rurla coordonntes eurviUgnes el leurs diverses applications, p. 5. Paris. 1853. 
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From (41) it is seen that when we put 


e 

equation (43) becomes 

(44) 

As defined, ^ is a function of hence the family of curves 
6 = const 13 the same as the family <fi = const Suppose we have 
such a family, and we take the curves 0 = const for the curves 
ii = const and their orthogonal trajectories for v = const, thus 
effecting a change of parameters Since Aj« = l, it follows from 
(41) that and consequently the linear element is 

(45) 



Since now the linear element of a curve v const is du, the length 
of the curve between its points of intersection with two curves 
u — u^ and « = m, is Wa Moreover, this length is the same for 
the segment of every curve v = const between these two cun es 
For this reason the latter curves are said to be j>arallel Con 
Tersely, in order that the curves u = const of an orthogonal sys 
tem be parallel, it is necessary that the linear element of the 
curves v ~ const be independent of t> Hence must be a func 
tion of » alone, which, by a transformation of coordinates, can be 
made equal to unity Hence we have the theorem 

A necessary and suficient condition that the curvet of a family 
^ c<jn«t he parallel w that fie a function of 

Let <f> ~ const and =* const be the equations of two curves 
upon a surface, through a point IT, and let 6 denote the angle 
between the tangents at Jlf If we put 


{m 


t>= 


M -f. + G ^ ^ 

dv Sv \gt> 8u du Bv/ du du 


the expression (21) for cos 6 can be written 

A.(^ f) 
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Since cos 0 is an invariant for transformations of coordinates, it 
follows from this equation that also is an invariant. It is 

called the mixed differential parameter of the first order. An imme- 
diate consequence of (47) is that 

is the condition of orthogonality of the curves ^ = const, and 
== const. 

Now equation (22) can be written 

, n 1 (d^d^ 

sm g = -- -- == —7 1= ( — 

\du dv dv du/ 

which by means of the function ©(?4, v), defined thus by Darboux,* 


(48) 


ri jj- gj, 


dv du} 


can be written in the abbreviated form 


(49) 


sin 6 


VAj^ • 


Since all the functions in tliis identity except 0 (^j are known 
to be invariants, we have a proof that it also is an invariant. It 
is a mixed differential parameter of the first order. From (47) 
and (49) it follows that 

(50) A; (<^., t) + C= (<^., ir) = . A,t ; 

consequently the three invariants defined thus far are not inde- 
pendent of one another. 

From (41) and (46) it follows that 

A ^ A / X A E 


and from these we find 


(51) 


&(v, v) = A^u • AjV — A*(?/, v) = 


IP 


u 


Consequently 
(52) ^ = 

©*(h, r) 0 *(Mj v) 0“(w-, v) 

Equations (13) can be written in similar form. 


• iccon5» Vol. ni, p. 197. 
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Another result of these equations is the following If the param 
eteis of the surface are changed in accordance with the equations 
= w), 

and the resulting linear element is written, 


du* + 2 A*, du^dv^ + 1?, do*, 
the value of ET, is given by 



and I'l and are found in like manner In consequence of (51) 
these equations are equivalent to (13), which were found by direct 
caicniation 

i8 Differential parameters of the second order Thus far we 
have considered differential invariants of the first order only We 
introduce now one of the second order, discovered by Beltrami ♦ 
To this end we study the integral 

n= ylr)d^=JJ'\(ff>, ‘^)Ifdudvt 

for an ordinary portion of the surface bounded by a closed curve C 
(cf. § 33) For convenience we put 


(53) 


M = 



H 


2r= 



H 


du 


ao that, in consequence of (46), we have 
This may be written 

XL we. aqqhj Green’s theorem to the first integral this eauation 
reduces to 

(54) H + 

•Rlcerch* dl aanini •pplle»te ■n» gwinettla Otomolt t*t V*1 B 

(1864) p 36S 
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^here the first integral is curvilinear and is taken about C in the 
customaiy manner. Evidently du and dv refer to a displacement 
along C. If we indicate by S variations in directions normal to C 
and directed toward the exterior of tlie contour, then from (23) 
and (25) it follows that 

Bdu^Fdv — JTSv Fdu-^- Gdv 
( 55 ) = 

Hence = + = 

so that n =jjAi(^, ^)d2 -JJ ^ i d2. 

All of the tenns in this equation, with the exception of "i" 

ate independent of the choice of parameters. Hence the latter is 
an invariant. It is called the differential parameter of the second 
order and is denoted by In consequence of (53) we have 


(56) = ^ 



In the foregoing discussion it has been assumed that only real 
quantities appear. But all these results can be obtained directly 
from algebraic considerations of quadratic differential forms * 
without any hypothesis regarding the character of the variables; 
hence the differential parameters can be used for any kind of 
curvilinear coordinates. 

In addition to there are other differential invariants of the 
second order, such as 

AjAj^, Aj(^, A,^), 0(^, Aj<^). 

And A,A,((#>,-f), A^(A,(^, A,Vr), Q{A,4>, 

are mixed invariants of the second order. In like manner we can 
find a group of invariants of the third order ; for instance, 

AiAjAj<^, AjAj(^, Aj(^), AjAj<^, AjAj<^, 

• Cf. Bianchi, Lezhni di ffeomttria dtfercnxiate, VoL I, chap. ii. Pisa, 1902. 
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These invariants and others* which can be obt^ed by an evident 
extension of this method, involve functions jp, C, and 

their derivatives. 

Conversely, we shall show ♦ that every invariant of the form 


/=/(jE', F, (7, 


^.■••,4, a. 

dv du 


•). 


where ‘ independent functions, is expressible by means 
of the symbols A and 0. Already we have seen that jB, F, and G 
can be expressed in terms of A,m, AjV, and A, («, »). Moreover, from 
(48^ it follows that 




when A is any function whatever. Hence all the terms in I can be 
expressed m terms of the symbols A and 0, applied to 
«, r, 


Since « and v do not appear expbcitly in I, we can effect a change 
of parameters, replacing « and v by ^ and respectively, and con- 
sequently we express I in terms of and the differential 

^invariants obtained by applying the operators A and 0 to these 
fnnetions. In case if> is the only function appearing in /, we can 
take for in the change of parameters, any invariant of such as 
Aj^ or Aj^, so long as it is not a function of F, F^ or G. 


EXAMPLES 

1. When the linear element of a surface is in the form 

dtj> = X(du» + <frS), 

where X is a function of u and e, both u and e are solutions Of the equation Ajff = 0, 
the differentia! parameter being formed with respect to the nght-hand member 

2. Show that on the surface 

ajsucosp, v = w*i®«» sss«B + ^(uh 
the curves u = const, are parallel 

3. When the linear element is in the form 

ds’ 5= cos*adu* + ein*«dB*, 

where or is a function of u and v, both ti and v are solutions of the equation 
di(#, Ai«) = 2d5^(AiS-l) 


Cf Beltrami, 1 c , p 3i?r. 
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4. If the curves 0 = const,, ^ = const, form an orthogonal system on a surface, 
tho projection on the aj-axis of any displacement on the surface is given by 
^ dx df ^ ^ ^ 

ds y/ ^yj/ d<r -yj 

where ds and d<r are the elements of length of the curves const., = const, 
respectively. 

6. If /and 4> are any functions of u and r, then 

‘'■•'■'O’'**” + “S +(s)’‘'‘”’ 

^ 2 /= — Aau + ^ A 2 V + ^ Aiu -f 2-^-^ Ai(u, v) + 

du cv du^ cucv otJ- 

39. Symmetric coordinates. We have seen that through every 
point of a surface there pass two minimal curves which lie entirely 
on the surface, and that these curves are defined by the differentia] 
equation 2 Fdtidv -h ff dr = 0. 

If the finite equations of these curves be witten 

o:(u, v) = const., {u, v) = const,, 
it follows from (42) that 
(67) A,(/3) = 0. 

Since for any parameters 

/cov ^ „ A/w, v) ^ Lm 


when the curves a = const., /3=s const., are taken as parametric, 
the corresponding coefficients E and G are zero, and consequently 
the linear element of the surface has the form 

(69) d8^^\dccdj3, 

where, in general, X is a function of a and /£?, Conversely, as fol- 
lows from (58), when the linear element has the form (59) equa- 
tions (57) are satisfied and the parametric curves are minimal. 
Hence the only transformations of coordinates which pi'eserve this 
form of the linear element are those which leave the minimal lines 
parametric, that is 

(60) Lr 

I a, = J-(/9), )9. = j;(«), 
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where F and F^ are arbitrary fanctiona Wheneyer the linear ele* 
meat has the form (59), we aay that the parameters are tymmetne 
The above results are given by the theorem 

When a and /S art eyrnmetnc codrdinatet of a turfaet^ any two 
arhitrary functions of a and /S respectively are symmetric codrdir 
nates, and they are the only ones 

The general Imear element of a surface can be written as the 
product of two factors, namely 

(61) **= l^dn + i^du + 


If t and f, denote integrating factors of the respective terms of the 
nght-hand member of this eqimtion, a pair of symmetnc coordinates 
IS given by the quadratures 


(62) 


f, + ~ 


da, 

d/3. 


When these values are substituted in (61), and the result is com 
pared with (59), it is seen that ^ = 

The first of equations (62) can be replaced by 


(Vi'=®2. 


-f- tJT Ba 


Bluninating t from these equations, we have 


(63) 



du 


If this equation he multiplied by 
reduced to 


J’— Iff 
E ' 


the result can be 
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From these equations it follows that 



d 

1 dv du 1 

i- 

dv du 1 

or, by (56), 
(65) 

Sv 

i H 1 

du 

1 ^ / 

\ / 

Aja = 

0. 


It is readily found that ^ also satisfies this condition, 

40. Isothermic and isometric parameters. When the surface is 
real, and the coordinates also, the factors in (61) are conjugate 
imaginary. Hence the conjugate imaginary of t can be taken 
for tj. In this case a and are conjugate imaginary also. In 
what follows we assume that this choice has been made, and write 

( 66 ) a—<j>-hiyjry = ^ — zt / t . 

If these values be substituted in (59), we get 

(67) 

At once we see that the curves ^ = const, and y}r = const, form 
an orthogonal system. Moreover, the elements of arc of these 
lines are and Vxd^ respectively. Consequently when the 

increments d(f> and dyjr are taken equal, the four points (<^, n/r), 
(^+d^, ^Jr), (^, {<j>-\-d<f>^ '^}r+d^}r) are the vertices of a 

small square. Hence the curves <f> — const, and yfr = const, divide 
the surface into a network of small squares. On this account 
these curves are called isometric curves^ and (f> and y{r isometric 
parameters. These lines are of importance in the theory of heat, 
and are termed isothermal or isothermic^ which names are used 
in this connection as sjuionymous with isometric. 

Whenever the linear element can be put in the symmetric form, 
equations similar to (66) give at once a set of isometric parameters. 
And conversely, the knowledge of a set of isometric parameters leads 
atonce to a set of symmetric parameters. But we have seen that when 
one 6j*Btem of symmetric parameters is known, all the others are 
given by equations of the form (60). Hence we have the theorem : 

Given any pair of real isometric parameters for a surface ; 
every other pair is given by equations of the form 

+ ^>1 =F{4>± t», (<?’ T 

where F arid F^ are any functions conjugate imaginary to one another. 
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Consider, for instance, the case 
(68) = ■F(^ + t^J<') 


From the Cauchy Riemann differential equations 


<69) 


d<f>i _ Bifr^ ^^1 _ 

' 


it follows that and are functions of both ^ and Hence 
the curves ^j= const, •^j= const are different from the system 
^ = const , = const Similar results hold when + i is replaced 

by — 1 in the argument of the right-hand member of (68) Hence 
There t< a double infinity of igometnc gystemi of hneg upon a gur 
face, when one system is known all the oiheri can 6«/ownd directly 


If the value (66) for a be substituted in the first of equations (57), 
the resulting equation is reducible to 

2iAj(^, ^) = 0 


Since and are real, this equation is equivalent to 
(70) = A,(0,f) = O 


From (58) it is seen that these equations are the condition that 
E = G, F= 0, when if> and are the parameters Hence equations 
(70) are the necessary and sufficient conditions that ^ and ifr be 
isometno parameters 

Again, when a in (65) is replaced by 0 -f tifr, and all the fane 
tions are real, we have 


(71) 




Conversely, when we have a function <f> satisfying the first of these 
equations, the expression 



IS an exact differential Call it , then 

gu Sp Bu ^ 

J£ ~ Bu H ^ Bv' 


( 72 ) 
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If these equations be solved for 




<73) 


dv 


H 


dxi _ d(}) 
du^ 


dv oxt _ d<p 
H dv* 


When ^ve express the condition — we find that 

^ dv\du/ du\dv/ 

Moreover, these two functions <f} and i/r satisfy (70), 

in consequence of (72) and (73), and therefore they are isometric 

parameters. Hence : 


A necessary and mffident condition that (f> be the isometric far am- 
eter of one family of an isometric system on a surface is that = 0 ; 
the isometric parameter of the other family is given by a quadrature. 

Incidentally we remark that if xi and v are a pair of isometric 
parameters, equations (72) and (73) reduce to (69), 

41. Isothermic orthogonal systems. If the linear element of a 
surface is given in the form (67) and the parameters are changed 
in accordance with the equations 




the linear element becomes 




dt^ — X (/j- +/'“ dip), 

where the accents indicate differentiation. However, this trans- 
formation of parameters has not changed the coordinate lines ; 
the coefficients are now no longer equal, but in the relation 


(74) 


E 

G 


U 


where U and V denote functions of u and v respectively. 

Conversely, when this relation is satisfied the linear element 
may be WTitten 

d8- = \{Udu- + rdv^, 
and by the transformation of coordinates, 


( 75 ) 
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it IS brought to the form (67), whatever be U and F, and the coor- 
dinate lines are unaltered. Hence 
A nuceuar^ and tuffictent (?ondi<t<»t that an orthogonal cistern 0 / 
parametne Itrut on a turf ace form an ttothermtc ayttem «« that th 
coefinentt of the correapondtng hnear element aatt^y a relation of 
(he form (74) 

We seek now the necessary and sufficient condition which a 
function (»(«, v) must satisfy m order that the curves a =s const 
and their orthogonal trajectories form an isothermic system 
Either a, or a function of it, is the isothemuc parameter of the 
curves w = const We denote this parameter by tf}, then ^=/(o») 
Since^must he a solution of equations (71), we have, on substitution, 

(76) /»+A^a, /'(«) = 0, 

where the primes indicate differentiation ivith respect to ca If this 
equation is written in the form 

f (w) ’ 

we see that the ratio of the two differential parameters is a func* 
tion of 0 ) Conversely, if this ratio is a function of w, the function 
/(«), obtained by two quadratures from 

(77) f'[o>)^e-f^\ 
will satisfy equations (71) Hence 

A neceasary and aufieunt condition that a family of curvea 
tt> = eonat and their orthogonal trajectonea form an laothermie aya- 
tem that the ratio of Aj« and he a function of a 

Suppose we have such a function &> , then the orthogonal tra- 
jectones of the curves w = const can be found by quadrature , for, 
the difierential equation of these trajectories is 

If equation (76) be written in the form 






£ 

f» ^ 



Bv 

/ W jp J 

^du 

r ^ s J 
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it is seen that an integrating factor of equation (78) is f'{(o)/I£, 
where is given by (77). Hence /(w) and the function ijr, 
obtained by the quadrature 


(79) 


dyjr ^ 

die 


f'H 


dv du 

W ’ 


G — — F— 
1, 

dv ^ ^ IT 


are a pair of isometric parameters. From these equations and (77) 
it follows that 

and consequently, by means of (52), the linear element can be 
given the form 

(80) ds^ = — ^ (dco^ + d-slr ^ , 

' \o} ' ' 


The linear element of the plane referred to rectangular axes is = dx^ -f 
Consequently x and y are isothermic parameters, and we have the theorem : 

The plane curves whose equations are o&fained by equating to constants the real 
and imaginary parts of any function o/ x + iy or x — iyform an isothermal orthog- 
onal system ; and every such system can he obtained in this way. 

For example, consider ” x^Tiy ’ 

where c is any constant. From this it follows that 

A ■ '■■■■ — ■■ ■ I u/ • 

Hcuco the circles tp = const,, ^ = const, form an isothermal orthogonal system, 
and 0 and ^ are isothermic parameters. 

The above system of circles is a particular case of the system considered in § 34. 
We inquire whether the latter also form an isothermal system. If we put 

w = x + j(y*-a5), 


WO find that 


S3 ^ 4- 4a2), 


. 2 w 

Ajw = — . 
X« 


Hence the ratio of Aiw and is a function of w, and consequently the system of 
circles is isothermal. From (77) it follows that the isothermic parameter of the 

first family is<p=z~ tan~t^, and the parameter of the orthogonal family is 


ip = — tanh-i — f 
^ 2a 2a 


£J = v + 


X- + a- 


V 
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EXAMPLES 

I Show that the meridians and parallels on a sphere form an isothermal orthog 
ooal ^tem, and determine the isothermic parameters. 

t Shovr that a STstem of confocat ellipses and hjperbolaa form an Isothenoal 
orthogonal sjstem in the plane 

3 Show that the snrface 

x_ v_ >(e«-tt)(e»-^ 

a V(a»-6*)(a*-C*)’ 6 A/ (6* - «») (js _ c^) c “ \(c* - o*)(e* -h>) 
is an ellipsoid, and that the parametric cureesform an isothermal orthogonal BTStem 

4 Find the carves which bisect the angles between the parametric curves on 

the surface xu + o vu-r uo 

a 6“~2“ *~T 

and show that they form an isothermal orthogonal system 

5 Determine so that on the right conoid x = u cose y = urine z = 

the parametric curves form an Isothermal orthogonal system and show U at the 
curves which bisect the angles between the parametric curves form a sjstem of 
the same kind 

6 Express the results of Ex. 4 page 82, in terms of the parumeterB ^ and f 
defined by (66) 

42. Conformal representation When a one to-one correspond 
ence of any kind 13 established between the points of two sur- 
faces) either surface may be said to be repretented on the other 
Thus, if we roll out a cylmdncal surface upon a plane and say 
that the points of the surfaco correspond to the respective points 
of the plane into which they are developed, we have a representa- 
tion of the surface upon the plane Furthermore, as there is no 
stretching or folding of the surface m this development of it upon 
the plane, lengths of lines and the magnitude of angles are unal 
tered It is evidently impossible to make such a representation of 
every surface upon a plane, and, in general, two surfaces of this 
kind do not admit of such s representation upon one another 
However, it is possible, as we shall see, to represent one surface 
upon another in such a way that the angles beta een correspond- 
ing lines on the surfaces are equal In this case we say that one 
surface his conformal reprt$entaUon on the other 

In order to obtain the condition to be satisfied for a conformal 
representation of two surfaces S and S\ we imagine that they are 
referred to a corresponding system of real lines in terms of the 
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same parameters v, and that corresponding points have the same 
curvilinear coordinates. We write their linear elements in the 
respective forms 

2 Fdudv -j- G dir^ dB^^=E^du^+ 2 F^dudv -f- dv^. 


Since the angles o) and o' between the coordinate lines at corre- 
sponding points must be equal, it is necessary that 


( 81 ) 


F _ F^ 


If 6^ and 6[ denote the angles which a curve on S and the Corre- 
sponding curve on respectively make with the curves v — const, 
at points of the former curves, we have, from (23) and (25), 


sin^jj 

sin 01 


H dv 
y/E ds 
dv 

Ve^ ds'’ 


E du 


sin (o “ 6q) = 


'•'“ve *’ 

du 


By hypothesis a)'=±o and according as the angles have 

the same or opposite sense. Hence we have 

/821 dv E dv E^ du __ ^ du 

ds^ V!e ds ’ rffi' V5 ds 


according to the sense of the angles. From these equations we find 

Ve 


which, in combination with (81), may be written 


( 83 ) 


^_F^ _ G' 

e~‘f^~g 


where denotes the factor of proportionality, a function of u and 
V in general. From (83) it follows at once that 

( 84 ) dB^^^t-dB\ 


And so when the proportion (83) is satisfied, the equations (81) 
and (82) follow. Hence we have the theorem : 

A necessary aiid sufficient (hat the representation of ttvo 

suifaccs referred to a corresponding system of linee be conformal is 
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<Aa< the firtt fundamental eoefficienti of the two mrfacti he jjrojjor- 
ttonal^ the factor of proportionahty being a function of the param 
eter$ , the repreeentatwn ts direct or tnveree according as the relatm 
positions of the positive half tangents to the parametno curves on the 
two surfaces are the same or symmetric 

Later we shall 6nd means of obtaining conformal representations 

From (84) it follows that small arcs measured from correspond 
iBg pomts on S and along correspondmg curves are in the same 
ratio, the factor of proportionality being in general a function of 
the position of the point Conversely, when the ratio is the same 
for all curves at a point, there is a relation such as (84) with t a 
function of u and v at most And since it holds for all directions, 
we must have the proportion (83) On this account we may say 
that two surfaces are represented conformally upon one another 
when m the neighborhood of each pair of homologous points corre 
spending small lengths are proportional 

43 Isometric lepicsentation Applicable surfaces ■When in par 
ticular the factor t is equal to unity, corresponding small lengths 
are equal as well as angles In this case the representation is said 
to be isometric, and the two surfaces are said to be applicable The 
significance of the latter term is that the portion of one surface m 
the neighborhood of every point can be so bent as to be made to 
coincide with the corresponding portion of the other surface with 
out stretching or duplication It is evident that such an applies 
tion of one surface upon another necessitates a continuous array of 
surfaces applicable to both S and This process of transformation 
13 called d«/ormation, and is called a deform of S and vice versa 
An example of this is afforded by the rollmg of a cylinder on 
a plane 

Although a conformal representation can be established between 
any two surfaces, it is not true, as we shall see later, that any two 
surfaces admit of an isometric representation upon one another 
From time to time we shall meet with examples of applicable sur 
faces, and in a later chapter we shall discuss at length problems 
which anse concerning the applicability of surfaces However, 
we consider here an example afforded by the tangent surface of # 
twisted curve 
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We recall that if y, z are the coordinates of a point on the 
curve, expressed in terms of the arc, the equations of the surface are 
of the form ^ ^ x + a/ 1, — y% ?“ = s + z% 

and the linear element of the surface is 

dcr— ^1 + dB^+ 2 dsdt -4- dt\ 

where p denotes the radius of curvature of the curve. 

Since this expression does not involve the radius of torsion^ it 
follows that the tangent surfaces to all curves which have the 
same intrinsic equation p ==/(«) are applicable in such a way that 
points on the curves determined by the same value of s correspond. 
As there is a plane curve with this equation, the surface is appli- 
cable to the plane in such a way that points of the surface corrc'* 
spond to points of the plane on the convex side of the plane curve. 

The tangents to a curve are the characteristics of the osculating 
planes as the point of osculation moves along the curve, and con- 
sequently they are the axes of rotation of the osculating plane as 
it moves enveloping the surface. Instead of rolling the plane over 
the tangent surface, we may roll the surface over the plane and bring 
all of its points into coincidence with the plane. It is in this sense 
that the surface is developable upon a plane, and for this reason 
it is called a developable surface (cf. § 27). Later it will be shown 
that every surface applicable to the plane is the tangent surface of 
a curve (§ 64). 

44. Conformal represeatation of a surface upon itself. We return 
to the consideration of conformal representation, and remark that 
another consequence of equations (83) is that the minimal curves 
correspond upon S and Conversely, when two surfaces are 
referred to a corresponding system of lines, if the minimal lines on 
the two surfaces correspond, equations (83) must hold. Hence : 

A neccBsary and Bxtfficient condition that the representation of two 
^irfaces upon one another he conformal is that the minimal lines 
correspond. 

If the minimal lines upon the two surfaces are known and taken 

parametric, the linear elements are of the form 

(85) rfgs ^ ^ 
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Hence a conformal representation is defined in the most general 
way by the equations 


(86) 

a^»=F(ar), 


or 



(87) 


II 

S 


where F and are arbitrary functions which must be conjugate 
imaginary when the surfaces are real 

Instead of interpreting (85) as the linear elements of two sur 
faces referred to their mmimal lines, we can look upon them as 
the linear element of the same surface in terms of two sets of 
parameters referrmg to the minimal bnes From this pomt of 
view equations (86) and (87) define the most general conformal 
representation of a surface upon itself If we limit our considera 
bon to real surfaces and put, as before, 

^ + f^i, 

the funebons and are pairs of isothermic parameters 

Now equations (86), (87) may be written 

(88) + rf , = ± 1^) 

Consequently we have the theorem 

When a pair of uothermic parameters of a surface are knom 

and the surface t» ref erred to the hues = const , ^|r — const , the 
most general conformal representation of the surface upon itself is 
attained hg making a point (^, ■^) correspond to the point -^j), 
into which it can be transformed tn accordance with equation (88) 

As a corollary of this theorem, we have 

When a pair of isothermic parameters is known for each of two 
surfaces^ all the conformal representations of one surface upon Hie 
other can be found directly 

Consider two pairs of isothermic parameters ^ and far 
a surface S, and suppose their relation is 

(89) + *V^) 

If two curves C and Cj are m correspondence in this representa- 
bon, their parametric equations must be the same funcbonal rela 
tion between the parameters, namely, 
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Denote by 6 and the angles which C and (7j make with the 
curves ^fr — const, and i/tj = const, respectively. If we write the 
linear element of S in the two forms 


ds"‘ = X + df^), d8‘ = d-f 1 ®), 

it follows from (23) that 


cos 0 






sin 0 = • 


cos 0, 


d(f>, 




1 sin 0^ = 


dy(r 

djr^_ 


Vdcf>;-hdf,^ 


From these expressions we derive the following: 

d<f) — i d^jr d(f>^ — i 


so that tn oonseqMonoe oi (89) wo have 


(90) 


FU4>-iir) 


where is the function conjugate to I\ and the accents indicate 
differentiation Avith respect to the argument. If T and are 
another pair of corresponding curves, and their angles are denoted 
by 0 and 0^^ it follow's from (90) that 


For, the right-hand member of (90) is merely a function of. the 
position of the point and is independent of directions. Hence in 
any conformal representation defined by an equation of the form 
(89) the angles betw'cen corresponding curves have the same sense. 
When, now', the correspondence satisfies the equation 

the equation analogous to (90) is 
Hence 0^-0^r=:0^0; 

consequently the corresponding angles are equal in the inverse sense. 
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45. Conformal representation of the plane. For the plane the 
preceding theorem maj be stated thus : 

The mo$t general real eonformal regreeentation of the plane upon 
iteelf it obtained hg making a point (x, g) corretpond to the point 
(^v yi)» *Vi ang function of x+ig or x — ig. 


yre recall the example of § 41, namely 
(f) gi + <yi = — — . 

where c is a real constant. This equation Is equivalent to 

and also to 

(lU) 




Vi = 


Hence the parallels x = const and p = const , in the xp-plane, are represented 
in the zipi-plane by circles which pass through the origin and have their centers 
on the respective axes Conversely, these circles in the xp-plane correspond to 
the parallels in the xiPt'Plstis 

II we put . ... 

z* + p* = f*. X* + Vi = r*. 

equations (H) and (ni) may be wntten . 


(W) lA K = = 

Ilcnce corresponding points are on the same line through Uie origin, and tbeir 
distances from It are such that rr^ = c* On this account equations (Iv) are 
said to define an inversion witA respect to the circle x* + p* = c*, or, since ri = cVr, 
a transformaUon bp rectproeal radii ecctores 

From § 44 it follows that corresponding angles are equal In the Inverse sense 
For the case 

(V) x. + .p. = ^ 

the equations analogous to (Iv) are 

r"ri’ r r, 

Hence the point JPi(ai, Pi) corresponding to P(x, p) lies on the line which Is the 
reflection in the x-axIs of the line OP, and at the distance OP| ~ e*/r Evidently 
this transformation is the combination of an inversion and the transformation 
*i = *. yi = -V 

One finds that the Iransfonnatlons (1) and <v) have the following properties 
Jfoerp straight Ime is transformed into a circle which passes through the originl 
and eonversetp 

Every circle which dors not pass Ihrouph the origin Is IranV’onned into a circle. 
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We propose now the problem of finding the most general con- 
formal transformation of the plane into itself, which changes 
circles not passmg through the origin into circles. In solving it 
we refer the plane to symmetric parameters a, /S, where 
or = a; -f- ty, J3—x--iy. 

The equation of any circle which does not pass through the 
origin is of the form 

^91) ccc^ cKt -j- 5/9 -f- c? = 0, 

where a, 6, c, d are constants ; when the circle is real a and h 
must be conjugate imaginaries and c real. Equation (91) defines ^ 
as a function of cc. If we differentiate the equation three times 
with respect to cr, and eliminate the constants from the resulting 
equations, we find 

(92) 3)8''“-2y8'y8'''=0, 

where the accent indicates differentiation with respect to a. 
Moreover, as equation (91) contains’ three independent constants, 
it is the general integral of (92). 

We know that the most general conformal representation of 
the plane upon itself is given by 


(93) 

«i=^(«)> 

A=-S(/3). 

or 



(94) 

a^ = B(^, 

II 


Our problem reduces, therefore, to the determination of functions 

A and E, such that the equation 

(95) 3/S""--2/9'>S"'=0, 

where the accent indicates differentiation with respect to ar^, can 
be transformed by (93) or (94) into (92). 

We consider first equations (93), which we write 


Now 


^ dB dfi 
dp da 


/ 9 ,=^(/ 3 ). 

da 


da. 




In like manner we find and /SJ". When their values are sub- 
stituted in (95) we get, since A[ and are different from zero. 
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where X la a function of «, which shows that the meridians and 
parallels form an isothermal system As this change of parameters 
does not change the parametric lines, the equations 


define a conformal representation of the surface of revolution upon 
the plane in which the meridians and parallels correspond to the 
straight lines x = const and tf =s const respectively 

By definition a loxodromic eurve on a surface of revolution is a 
curve which cuts the meridians under constant angle Evidently 
it IS represented on the plane by a straight line Hence loxodromic 
curves on a surface of revolution (99) are given by 


All + £? =z 0, 


where a "b, c are constants 

Incidentally we have the theorem 


When the linear element of a surface ts reducible to the form 


ds*s=\(dw®+ dr"), 

v>here \ t» a function of u or o alone, the sutface is applicable to a 
surface of revolution 

For, suppose that \ is a function of « alone Put and 

solve this equation for k as a function of r If the resulting 
expression be substituted in (101), we find, by a quadrature, the 
function <^(r), for which equations (99) define the surface of 
revolution with the given linear element 

When, m particular, the surface of revolution is the unit sphere 
with center at the ongin, we have 

rsssinu, 2 =vT~^s=s cos u, 

where « is the angle which the radius vector of the point mates 
with the positive z-axis Now 

Vl + *= log tan ^ 


Hence the equations of correspondence are 
«=slogtan|t yww 
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This representation is called a Mercator chart of the sphere upon 
the plane. It is used in making maps of the earth for mariners. 
A path represented by a straight line on the chart cuts the meridians 
at constant angle. 

47. Conformal representations of the sphere. We have found 
(§ 35) that when the unit sphere, with center at the origin, is 
referred to minimal lines, its equations are 


( 103 ) 


X = 


a + ^ 
a^ + l’ 


4-1 


y^l 


a/3^1 
a^ + l' 


where a and yS are conjugate imaginary. Hence the parametric 
equation of any real circle on the sphere is of the form 

ca^ + aa: + iyS -f cZ = 0, 


where a and b are conjugate imaginary and c and d are real. 
From this it follows that the problem of finding any conformal 
representation of the sphere upon the plane with circles of the 
former in correspondence with circles or straight lines of the 
latter, is the same problem analytically as the determination of 
this kind of representation of the plane upon itself. Hence, from 
the results of § 45, it follows that 


All conformal representations of the sphere (103) upon a plane^ 
with circles of the former corresponding to circles or straight Knes 
of the latter^ are defined by 


( 104 ) 


x^±iy^ 


_ a^a 4- gg 


b,6+b.^ 

b^ 


We wish to consider in particular the case in which the sphere 
is represented on the xy-plane in such a way that the great cir- 
cle determined by this plane corresponds with itself point for 
point 

From (103) we have that the equations of this circle are 


ay9=l, 


X 


0^4-1 
2a ’ 




.1— <r 
^ 2a 


• Tlie representation with the lower signs is the combination of the one with the upper 
wgn and the transformation /5i=: (r, which from (103) is seen to transform a figure 

on the sphere into the figure symmetrical with respect to the iz-plane. 
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When these values ate substituted m (104) jt is found that v 
must have it t t ^ 

«i *= 04 > e, = *4, a, =B o, = = i, ss 0, 

so that the particular form of (104) • is equivalent to 


From these equations and (103) -we find that the equations 
of the straight lines ]ommg corresponding points on the sphere 
and plane are reducible to 

X r 1-^ 

a + /3 t(/3-a) 2 


For all values of a and /3 these lines pass through the point (0, 0, 1) 
Hence a point of the plane corresponding to a given point J* upon 
the sphere is the point of intersection with the plane of the line 
joining P with the pole (0, 0, 1) This form of representation is 
called the ttereographie projection of the sphere upon the plane 
It 18 evident that a line in the plane corresponds to a circle on 
the sphere , this circle is determined by the plane of the pole and 
the given Ime 

We will close this chapter with a few remarks about the con 
formal representation of the sphere upon itself From the fore- 
going results we know that every such representation of the 
sphere (103) is given by equations of similar form m /Sp where 
the latter are given by (86) or (87), and that for conformal repre 
sentatioDs with circles m correspondence and /9j have the values 
(97) or (98) 

We consider m particular the case 


<105) 


fljCt + 04 ‘ — Uj/S -f a^ 


The expressions of the linear elements of the sphere are found 
to be reducible to 


, , 4 dad^ ^ , 4 £?ar,<f/S, 4 dad^ 

” (1 + “ (1 + - (1 + aPf 


' Here we have wed the upper signs In (IW) 
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Hence equations (105) define an isometric representation of the 
sphere upon itself. Since angles are preserv^ed in the same sense 
by (105), this representation may be looked upon as determining 
a motion of configuration upon the sphere into new positions 
upon it. The stationary points in the general motion, if there 
are any, correspond to values of a and yS, which are roots of 
the respective equations 

(106) (a^— t — 0. 

If and tg are the roots of the former, those of the latter are —1/t^ 
and — l/tg. Hence there are four points stationary in the motion ; 
their curvilinear coordinates are 



From. (103) it is seen that the first two are at infinity^ and the 
last two determine points on the sphere, so that the motion is a 
rotation about these points. If the g-axis is taken for the axis of 
rotation, we have from (103) that the roots of (106) must be co and 
0 ; hence 0, so that (105) becomes 





/S,= 


A 


If the rotation is real, these equations must be of the form 
vrhere o) is tlie angle of rotation. 


EXAMPLES 

1. Find the eqviatioas of the surface of revolution witli the linear element 

2. Find the loxodromic curves on the surface 

x = iicosr, 2/ = tisinr, 2 = acosh“i-» 

<L 

.*md fmd the equations of the surface when referred to an orthogonal system of 
these curves, 

3. Find the general equations of the conformal representation of the oblate 
spheroid upon the plane. 

4. Show that for the surface generated by the revolution of the evolute of 
the catenary about the base of the latter the linear element is reducible to 
ds'^^du--JrU(lc\ 
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5 A great circle on the unit sphere cuts the meridian « = 0 in latitude a under 
angle a Find the equation of its atereographie projection 

8 Determine the stereographic projection of the cutre ssaamucosii 
y = a cos»«, z = a sin u from the pole (0 a 0 ) 

GENERAL EXAMPLES 

1 When there le a one to^ne point correspondence hetween two surfaces the 
ciosa-ratio of four tangents to one surface at a point ia equal to the cro^iatiool 
the corresponding tangents to the other 

2 Giren the paraboloid 

z = 2 aucose, ys ^2 6 «smo, z = 2 ii*(a cos“» + 6 sin>e), 
where a and & are constants Determine the equation of the curves on the surface, 
such that the tangent planes along a curve make a constant angle with the zy plane 
Show that the generators of the developable X, enveloped by these planes make a 
constant angle with the z aa Is and express the coordinates of the edge of regression 
in terms of v 

S Find the orthogonal trajectories of the generators of the surface S in Ex 2 
Show that they are plane curves and that their projections on the xy plane are 
Involutes of the projeetion of the edge of regression 

4 Let C7 be a curve on a cone of revolution which cuts the generators under 
constant angle and Ci the locus of the centers of curvature of C Show that Ct 
lies upon a cone whose elements it cuts under constant angle 

5 When the polar developable of a curve is developed upon a plane, the curve 
degenerates Into a point. 

6 When the rectifying developable of a curve is developed upon a plane, the 
curve becomes a straight line 

7 Determine 0 (e) so that the right conoid, 

z = «cost y=uslnu, 2 = 0 ( 0 ), 
shall be applicable to a surface of revolution 

8 Determine the equations of a conformal representation of the plane upon 
Itself for which, the parallels to the axes In the ai plane correspond to Hues through 
a point (a, h) and circles concentric about It in the a plane 

S The equation rri = c smir where c is a constant, defines a conformal repre- 
sentation of the plane upon Itself such that the lines parallel to the axes in the 
a plane correspond to confocal ellipses and hyperbolas in tbe ai plane 

10 In the conformal representation of the plane upon itself, given by at = <r*» 

to lines parallel to the axes m the <rj plane there correspond equilateral hyperbolas 
At <asi^ iisrsis^a /wdsf /dansjand thaclr 

clesconcentnc aboutit there corresponds a system of equilateral hyperbolas through 
tbe corresponding point in the <r plane and a family of confocal Cassini ovals 

11 When the sides of a tnangle upon a surface of revolution are loxodromlc 
curves, the sum of the three angles U equal to two right angles. 

12 The only conformal perspective representation of a sphere upon a plane la 
given by (104) 
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13. Show that equations (106) and the equations obtained from (105) by the 
intercliange of a and define the most general isometric representation of the 
sphere upon itself. 

14. Let each of two surfaces 5, 5i be defined in terms of parameters w, u, and 
let points on each with the same values of the parameters correspond. If H Hi, 
where the latter is the function for Si analogous to 21 for S, corresponding elements 
of area are equal and the representation is said to be equivalent** If H Hi and 
the parameters of S are changed in accordance with the equations u'= ^(u, u), 

\^(u, c), the condition that the equations u' ^ u, v'=z u define an equivalent rep- 
resentation of S and Si is S(u, v) 

du dv cv du Hi(^, \^') 

16. Under what conditions do the equations 

x' = aix -t- a^y + tist y' = + bsy + 63 

define an equivalent representation of the plane upon itself ? 

16. Show that the equations 

X = y'r Vl + 0^2 dr, y~v, 

determine an equivalent representation of the surface of revolution (99) upon the 
plane. 

17. Given a sphere and circumscribed circular cylinder. If the points at which 
a perpendicular to the axis of the latter meets the two surfaces correspond, the 
representation is equivalent. 

18. Find an equivalent representation of the sphere upon the plane such that 
the parallel circles correspond to lines parallel to the y-axis and the meridians to 
ellipses for which the extremities of one of the principal axes are (a, 0 ), (~ a, 0 ). 


♦ German writers call it^'flachentreu.” 
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GEOMETKY OF A SURFACE IIT THE NEIGHBORHOOD OF A POINT 

48 Fundamental coefficients of the second order lu this chapter 
we study the forto of a surface in the neighborhood of a point M 
of It, and the character of the curves which he upon the surface 
and pass through the point We recall that the tangents at 3Zto 
all these curves lie in a plane, — tfte tangent plane to the surface at 
the point 

The equation of the tangent plane at y, z), namely (11 11), 
may be written 

( 1 ) + = 

where we have put 


dy dz 
du 

^ 1 

dz dx 

du du 

^ 1 

du du 

Zy dz 


dz 

dx 


dx dy 

dv dv\ 

1 

dv 

dv 


\dv dv 


We define the positive direction of the normal (§ 25) to be that 
for which the functions X,Y,Z are the direction-cosines From this 
definition it follows that the tangents to the curves v = const and 
u = const at a point and the normal at the point have the same 
mutual orientation as the x-, y-, and s axes 
From (2) follow the identities 

( 3 ) 2 -^ 1 = 0 , 

which express the fact that the normal is perpendicular to the tan 
gents to the coordmate curves In consequence of these identities 
the expression for the distance p from a point M' (u + dw,v + dv) 
to the tangent plane at 3£ is of the second order in du and dv 
It may be written 

(4) p = 2Xdr = J (2) d«* + 2 + i> ’ dv^ + e, 
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where c denotes the aggregate of terms of the third and higher 
orders in and dv, and the functions Z>, D\ D" are defined by 


( 5 ) 




D’=X^ 


d^idv^ 




If equations (3) be differentiated with respect to u and v respec- 
tively, we get 

.d'^x . dx 

dir 


( 6 ) 




S^r^+ST^r-o. 


dX dx 


2-'-S+2;£r:=»' 


ditdv 


\ dX dx 
dll dv 


dxidv 
trx 


dv dll 
\dX dx 


r ox ^ 


And so equations (5) may be written 

^d^x dX dx 

die 
d'x 


0 ) 


y-V X OX 

'U-^~^'dv.Txi 

^ dxidv ^ on 0 
SA dx 


^dv dxC 


The quadratic differential form 
(8) <i» = i> dxr 2 D^dudv -f D'^dv^ 

is called the second fimdameiital form of the surface, and the func- 
tions D, D\ D" ^^fundamental coefficients of the second order. We 
leave it to tlie reader to show that these coefficients, like those of the 
first order, are invariant for any displacement of the surface in space. 
Later we shall have occasion to use two sets of formulas which 
will now be derived. 

From the equations of definition, 

«= 2 ;(|;. 


we get, by differentiation and simple reduction, the following t 



dx ^x 

1 dE 
" 2 dJi’ 


^ dx ^x ^ 

II 

ao) 

^ dx d~x 
■dll dxidv 

1 dE 
"28v' 


^dx 

'^dv dudv 

r-( «M 

It 


^ dx d*x ^ 

_8F 

idG 

^ dx d^x 

_1S(? 


^ ‘Ciidv^ 

"" dv 

2 dtt' 


^ 2 dv' 
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Again, if the expressions (9) be substituted in the left-hand mem 
bers of the following equations, the reduced results may be written 
by means of (2) in the form indicated 

\ Sv 8u \ 8u 8u/ 

dv du V 8v dv) 

Similar identities can be found by permuting the letters x,y,z, 

X, r, z 

From the fundamental relation 

jr^+r*+^=l 

we obtain, by differentiation with respect to u and v respectively, 
the identities 

( 12 ) X^f-0 


These equations and (7) constitute a system of three equations 

, 3X: BT dZ , ^ . BX BY dZ ^ ^ 

linear in and a system linear in — , — , — Solving 

Bu ou Bu 8v Bv dv 

for ^ and for —t we find, by means of (11), 

Bu dv ' 

(3X FP~GDBx FD~ ED' Bx 
jg Bu Bu"^ Bv' 

^ ’ \3X FD'~ GD' 8x FD'~ED" Bx 

, Bv H* tju flu 


The expressions for ^ ~ are obtained by replacing x by y 
and z respectively ^ ^ 

By means of these equations we shall prove that a real surface whose first and 
second fundamental coefficients are in proportion, thus 


where X denotes the factor of proportionality is a sphere or a plane We assame 
that the minimal lines are parametnc In consequence we have 
E-G=:D = iy =0 

so that equations (13) become 


( 16 ) 
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Tho function X must satisfy the condition 



which Induces to — — ~ — — =0. Moreover, we have two other equations of 
dv du du dv 

condition, obtained from the above by replacing xhjy and a? respectively. Since 
the proportion 

du ' 8u ' du dv ' dv ' dv 

is not possible for a real surface, we must have — = — = 0 ; that is, X is a con- 
^ du dv 

fitant. lATien X is zero the functions X, F, Z given by (15) are constant, and 
consequently the surface is a plane. When X is any other constant, we get, 
by integration from (16), 

X = Xx*fa, F=Xy + 6, Z = X2 + c, 


where a, 6, c are constants. From these equations we obtain (Xx + a)^ + (Xy + 6)^ 
+ (Xz + c)^ = 1. Since this is the general equation of a sphere, it follows that the 
above condition is necessary as well as sufficient. 


49. Radius of normal curvature. Consider on a surface S any 
curve 0 through a point Jf. The direction of its tangent, JJ/T, 
is determined by a value of dvfdu. Let 5 denote the angle which 
the positive direction of the normal to the surface makes with the 
positive direction of the principal normal to C at -3f, angles being 
measured toward the positive binormal. If we use the notation of 
the first chapter, and take the arc of G for its parameter, we have 


cos m =s X7 -f Ym -f Zn 


-p{ 


X^+Y^ + Z 
ds^ ar 


In terms of ^ and ^ the derivatives in the parenthesis have 
the forms 


d^x _ ^ /du^ ^ 2 

ds* dir\d8/ dudv ds ds dir\dBj^ 


so that the above equation is equivalent to 


(16) 


cos 6) _ 2 ffdiidv D^^dv^ 

p Bdxr^ ^Fdudv -j- Gdx? 


As the right-hand member of this equation depends only upon 
the curvilinear coordinates of the point and the direction of JJ/T, 
it is the same for all curves with this tangent at M, Since p is 
positive, the angle m cannot be greater than a right angle for one 
curv^e tangent to il/T, if it is less than a right angle for any other 
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cane tangent to MT, and vice versa We consider m particular 
the curve in which the surface is cut by the plane determined b/ 
IIT and the normal to the surface at M We call it the normal 
seditwi tangent to JUT, and let p, denote its radius Since the 
nght-haud member of equation (16) 13 the same for C and the 
normal section tangent to it, we have 



where e is +1 or —1, according as u is less or greater than anght 
angle, for p and p, are positive Equation (17) gives the follow 
mg theorem of Meusniex 

The center of eunature of any curve upon a mrface « the pro- 
jection upon its oiculattng plane of the center of curvature of the 
normal teetton tangent to the curve at the point 

In order to avoid the ambiguous sign in (17), we mtrodacc a 
new function It which 13 equal to p^ when 0 w ^ 7r/2, and to — p, 
when 7r/2 ^ 5 ^ w, and call it the radius of normal curvature of the 
surface for the given direction MT As thus defined, It is given by 

/I g\ i 2J)'dudv -hD^dv' 

' ' It~ i:du^+2Fdudv-hGdtf‘ 


Now we may state Meusmer’s theorem as follows 
If a segment, equal to twice the radius of normal curvature for a 
given direction at a point on a suifaee, he laid off from ike point oft 
the normal to the surface, and a sphere he described with the segment 
for diameter, the circle in which the sphere ts met by the osculating 
plane of a curve with the given direction at the point ts the etrele of 
curvature of the curie 

dv 

50 Pnncipal radu of normal curvature If we put ^ equar 
tion (18) becomes 

When the proportion (14) is satisfied, R is the same for all values 
of t, being oc for the plane, and the constant — 1/Xfor the sphere 
For any other surface R vanes continuously with t And so we 
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seek the values of t for which is a maximum or minimum. 
To this end we differentiate the above expression with respect 
to t and put the result equal to zero. This gives 

(20) {p’+D"t){E-]r2Ft+ Gt-) — {F+ Gt){D + 2DH+D"t'^) = Q, 
or 

(21) (FD"- GD') t-+(ED”-GD)t+{ED'-FD) = (i. 

Without any loss of generality we can assume that the parametric 
curves are such that E^ 0, so that we have the identity 

(22) {ED" - GDf - 4 {FD" - D'G) {ED' - FD) 

= 4 {ED'~FDf+ \^ED"- GD-^ {ED'-FD)^. 

When the surface is real, and the parameters also, the right-hand 
member of this equation is positiye. Since the left-hand member 
is the discriminant of equation (21), the latter has two real and 
distinct roots."^ When the test (III, 34) is applied to equation (21), 
it is found that the two directions at a point determined by the 
roots of (21) are perpendicular. Hence: 

At emry ordinary point of a surface there is a direction for tvhich 
the radius of normal cnrvatxtre is a maximtim and a direction for 
which it is a minimum^ and they are at right angles to one another. 

These limiting vahics of R are called the principal radii of 
normal curvature at the point. They are equal to each other for 
the plane and the sphere, and these are the only real surfaces 
with this property. 

From (20) and (19) we have 

R-i-Gt R^Rt R 


Hence the following relations hold between the principal radii and 
the corresponding values of t\ 


(23) 


E^Ft--R{D^DH)==:Q, 
F'{^Gt-R{D'+ = 0 . 


• In orckr that Uie two roots be equal, the discriminant must vanish. This is impos- 
sible lor real surfaces other than spheres and planes, as seen from (22). Poran imaginary 
surface of this kind referred to its lines of length zero, \re have from (21) that D or D'* 
Is zero, since The \-anlshing of the discriminant is also the necessary and sufficient 

condition that the numerator and denominator in (19) have a common factor. 
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When t is eliminated from these equations, we get the equation 

(24) (UD"- D'*) R*- CD - 2 PiY) R + (£G -P*) « 0, 

whose roots are the principal radii. If these roots be denoted by p, 
and we have M ^ ^ _ ED"+GD^2FX>f 

(25) ) 


1 

PiPi' 


PD"~ 1 
JT^ 


Although equations (14) hold at all points of a sphere and a 
plane, and for no other surface, it may happen that for certain par- 
ticular points of a surface they are satisfied. At such points R, 
as given by (19), is the same for all directions, and the equa- 
tion (21) vanishes identically. When points of this kind exist they 
are called «ni5i7i<;ai points of the surface. 


EXAMPlt:S 




When the equation of the surface is z =/(z, v), show that 

X, r, z = — ~ . y .Ll , 

Vl -l- q* 

S, D\ D" = V - t 

Vl + 3* 

^~sz' ^~dy’ *“azejr’ “ei?* 


3 Show that the normals to the right conoid 

zszucoae, y = iisini), z = 0(b) 
along a generator form a hyperbolic paraboloid 

3 Show that the principal radii of normal curvature of a right conoid at a 
point differ in sign 

4 Find the expression for the radius of normal curvature of a surface of revolu- 
tion at a point In the direction of the loxodromic curve through it, which makes the 
angle a with the meridians 

5 Show that the meridians and parallels on a surface of revolution, z = «coati, 
l/ssu sine, z s^(u), are the directions in which the radius of normal curvature is 
maxfnmBLand minimum., that the qrinciqal radu aie tiven by 

\ . . I _ <t,'M 

and that pi b the segment of the normal between the point of the surface and the 
intersection of the normal with the z-axis 

8 Show that iix = 1 - X* and di(t, V> = - Xr, where the differential param- 
eters are formed with respect to the linear element of the surface 
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51 Lines of curvature. Equations of Rodrigues. We have seen 
that the curves defined by equation (21), written 

(26) FD) du^ + {ED^^- GD) dudv + GP) dv^ = 0, 

form an orthogonal system. As defined, the two curves of the sys- 
tem through a point on the surface determine the directions at the 
point for which the radii of normal curvature have their maximum 
and minimum values. These curves are called 
the lines of curvature^ and their tangents at 
a point the principal directions for the point. 

They possess another geometric property which 
we shall now find. 

The normals to a surface along a curve 
form a ruled surface. In order that the sur- 
face be developable, the normals must be 
tangent to a curve (§ 27), as in fig. 12. If 
tlie coordinates of a point jlT^ on the normal 
at a point M be denoted by we have 

where r denotes the length If be a point of the edge of 

regression, we must have 

dx-fr dA'-fA’dr dy^rdY+Ydr dz-\-r dZ+Zdr 
X “ Y “ Z 



Multiplying the numerators and the denominators of the respec- 
tive members by X, F, Z, and combining, we find that the common 
ratio is dr. Hence the above equations reduce to 

dr -f r dX =0, dy -f* r dY =0, dz + f dZ = 0 ; 

or, when the parametric coordinates are used, 


( 27 ) 


r C7r , (dX , , oX 

— dw -f — dy -f r { — dii -1 dr ) = 0, 

du dv \du dv J 

^dw -f l^dr-f r(|^du-f ^dr\ = 0, 

dn cv \du dv ) 


dK -f — dr + r { — du + — dr ) : 


\du 


dv 


: 0 . 
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If these equations be multiplied by respeetirely and 

added, and ^ respectively and added, we get 

JS du + F dv r[l> du + Sf dv)^ (i, 

Fdu + Gdv-^r^D du+D'dv)s‘0 
But these equations are the same as (28) Hence 

The normals to a surface along a curve of it form a ruled surface 
which t» a developable only when the curve is a line of curvature , m 
this ease the points of the edge of regression are the centers of normal 
curvature of the surface in the direction of the curve 


(28) 


The coordinates of the principal centers of curvature are 

+ pjX, i/j= 31 + pjr, 2jS= a + pjZ, 

x^=x + P^x, y, = y + Z* = 2 + 

When the parametric curves are the lines of curvature, equar 
tion (26) IS necessarily of the form 

(29) XdudD^O, 

and consequently we must have ED' ~~FD = 0, FD GD — 0 
Since ED GD ^ 0, these equations are equivalent to 

(30) F= 0, D'= 0 

Conversely, when these conditions are satisfied equation (26) 
reduces to the form (29) Hence 

A necessary and sufficient condition that the lines of curvature he 
parametric is that F and D he zero 

Let the lines of curvature be parametric, and let p^ and p^ denote 
the pnncipal radii of normal curvature of the surface m the direc 
tions of the lines of curvature v = const and « = const respectively 
From (19) we find 

(31) 


Pi 

and equations (13) hecorae 


(32) 



dx 


dr 

Bz 

du 

eu' 

Bu 

Bu 

Bu 

dz _ 

dx 

^ - 

ai 

Bz 

.cv~ 

gv' 

dv 


Bv 


dZ 


These equations are called the equations of Jtodngues 
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52. Total and mean curvature. Of fundamental importance in 
the discussion of the nature of a surface in the neighborhood of 
a point are the product and the sum of the principal curvatures at 
the point. They are called the total curvature * of the surface at 
the point and the mean curvature respectively. If they be denoted 
by K and we have, from (25), 

1 

P.P~ 

1 1 ED"-^GD- -2FDl 

P^ P.~ ^ 

When K is positive at a point the two principal radii have 
the same sign, and consequently the two centers of principal curva- 
ture lie on the same side of the tangent plane. As all the centers 
of curvature of other normal sections lie between these two, the 
portion of the surface in the neighborhood of M lies entirely on 
one side of the tangent plane. This can be seen also in another 
way. Since is positive, we must have DD"— > 0. Hence 
the distance from a near-by point to the tangent plane at If, since 
it is proportional to the fundamental form (§ 48), does not 
change sign as dvldxi is varied. 

When K is negative at J[f, the principal radii differ in sign, and 
consequently part of the surface lies on one side of the tangent 
plane and part on the other. In particular there ai’C two directions, 

given by 2) du-+ 2l)'dudv + I)"dv^= 0, 

for which the normal curvature is zero. In these directions the dis- 
tances of the near-by points of the surface from the tangent plane, 
as given by (4), are quantities of the third order at least. Hence 
these lines are the tangents at 31 to the curve in which the tangent 
plane at Jlf meets the surface. 

At the points for which K is zero, one of the principal radii is 
infinite. At these points has the form (>/5du 4 - Vd"c?u)‘ and 
vanishes in the direction dii -f VW^dv = 0. But as dv/dn passes 
tlunugh the value given bj^' this equation, ^ does not change sign. 
Hence the surface lies on one side of the tangent plane and is tan- 
gent to it along the above direction. 

* The total cvirvatwrc is sometimes cailed the Gavs^fian curvature, after the celebrated 
i:eomeicr\Tliosugi:ested it as a suitable measure of the curvature at a point. Cf, Gauss, p. 15 . 
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An Anchor no;, or tore is a surface vrith points of all three kinda Such a tor 
face may be generated by the rotation of a circle of radius a about an axis In tht 
plane of the circle and at a distance 6 {> a) from the center of the circle The 
points at the distance 6 from the axis lie in two circles and the tangent plane to 
the tore at a point of either of the circles Is tangent all along the circle Hence the 
surface has tero curvature at all points of these circles At every point whose di»- 
taoce from the axis is greater than 6 the surface lies on one side of the tangeat 
plane whereas, when the distance la less than b, the tangent plane cuts the surface 


There are sviifaces for which K is positive at every point, as 
for example, the ellipsoid and the elliptic paraboloid Moreover, 
for the hyperboloid of one sheet and the hyperbolic paraboloid the 
curvatvire is negative at every point Surfaces of the foiroer type 
are called turfacet of positive curvature^ of the latter type surfaeet 
of negative curvature 

Later (§ 64) we shall prove that when K is zero at all points of 
a surface the latter js developable, and conversely 

53 Equation of Euler. Dupin indicatrix When the lines of 
curvature are parametric, equation (18) can be ivntten, in con 
sequence of (III, 23) and (31), in the form 


cos*^ ^ 

Pt Pi * 


(34) 

where 6 is the angle between the directions whose radu of nonaal 
curvature are Jt and Equation (34) is called the equation of Euler 
When the total curvature A at a point 
IS positive, and p^ for the point have 
the same sign, and E has this sign for all 
directions If the tangents to the lines 
of curvature at the point M be tafeen for 
coordinate axes, with respect to which f 
and tj are coordinates, and segments of 
length be laid off fromilf in the two directions correspond 

ing to A, the locus of the end points of these segments is the ellipse 
(fig IS) whose equation is 


f ^ 



-J 






This ellipse is called the JDupin tndieatnx for the point When, lO 
particular, p, and p, are equal, the indicatnx is a circle Hence the 
Dupm indicatnx at an umbilical point is a circle (§ 60) For this 
reason such a point is sometimes called a circular point 
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When K is negative and p^ differ in sign, and consequently 
certain values of H are positive and the others are negative. In 
the directions for which R is positive we la y off the segments 
±Vr, and in the other directions ± V— R, The locus of the 
end points of these segments con- 
sists of the conjugate hyperbolas 
(fig. 14) whose equations are 

Pi Pn Pi Pi 
We remark that B is infinite for 
the directions given by 


(35) 


tan*0=-^, 

Pi 



Fig. 14 


or, in other words, in the directions of the asymptotes to the 
hyperbolas. The above locus is the JDiipin indieatrix for the point. 

Finally, when K=0 the equation of the indieatrix is of one of 
forms 

that is, a pair of parallel straight lines. In view of the foregoing 
results, a point of a surface is called elliptic^ hyperholic^ or parabolic^ 
according as the total curvature at the point is positive, negative, 
or zero. 

In consequence of (4) the expression for the distance p upon the 
tangent plane to a surface at a point M from a near-by point F of 
the surface is edven by 

Edxi^ Gdv^ 

Px Pi ^ 

to within terms of higher order. But ^^/Edu and are the 

distances, to within terms of higher order, of F from the normal 
planes to the surface at Jf in the directions of the lines of curva- 
ture. Hence the plane parallel to the tangent plane and at a dis- 
tance p from it cuts the surface in the curve 


“- + T' = 2_p, 

Pi Pi 




Evidently this is a conic similar to the Dupin indieatrix at an 
elliptic or parabolic point, and to a part of the indieatrix at a 
hyperbolic point. 
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E2A1IPLES 

1 Show that the mendJans and parallels of a surface of rerolutlon are its lines 
of carratuie, and determine the character of the developable surfaces formed by 
the normals to the surface along these lines 

3 Show that the parametric lines on the surface 

are straight Imes Pind the lines of curvature 

S When a surface Is defined bj 2 =/(z y) the expressions for the curvatures are 
g ^ ff - H- - 0 + y*)f + (f + yir-2pgs 

(l + P* + 9»)» * (l+P* + 9»)* 

and the equation of the lines of curvature is 

t(l + p*)s -pjTjda* + [(1 + jjS)t - (1 + q*}r)dzdv + {pqt - {I + 9»)8]di^ = 0 

4 The principal radii of the surface y cos * — a sla * = 0 at a point (* y z) are 

ajs + i av ® ® 

equal to ± ! — JFind the lines of curvature 

5 perive the equations of the tore^ defined in S 62 and prove therefrom the 
results stated 

6 The sum of the normal curvatures In two orthogonal directions is constant 

7 The Euler equation can be written 

^ ^PiPi 

Pi + P2~ {Pi — pi) 0032 0 

54. Conjugate directions at a point Conjugate systems Two 
curves on a surface through a point M are said to have conjugate 
dtreetioni when their tangents at M coincide with conjugate diam 
eters of the Dupin indicatrix for the point These tangents are 
also parallel to conjugate diameters of the come in which the sur 
face 13 cut by a plane parallel to the tangent plane to M and veiy 
near it Let P denote a point of this conic and N the point in 
which its plane a cuts the normal at 31 The tangent plane to 
the surface at P meets the plane a in the tangent line at P to the 
come Moreover, tois tangent line is parallel to the diameter conju 
gate to jYP Hence as P approaches If this tangent line approaches 
the diameter of the Dupin indicatnx, which is conjugate to the 
diameter in the direction MP Hence we have (cf § 27) 

The charactensttc of the tangent plane to a Surface as the point 
of contact moves along a curve, is the tangent to the surface trt 
direction conjugate to the curve 
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By means of this theorem we derive the analytical condition for 
conjugate directions. 

If the equation of the tangent plane is 

- a:) X-f (7? - y) r+ (?- 2) ^ = 0, 

7 ?, f being current coordinates, the characteristic is defined by 
this equation, and 

where s is the arc of the curve along which the point of contact 
moves. If Szy Sy, Sz denote increments of ar, y, z in the direction 
conjugate to the curve, we have, from the above equations, 

BxdX-h SydY+ SzdZ = 0. 

If increments of tt and v in the conjugate direction be denoted by 
and Bvy this equation may be written 

(36) D dnBxi -f D\duhv -f dvSu) 4* D^^dviv = 0. 

The directions conjugate to any curve of the family 

(37) ^ (7(, v) = const, 
are given by 

(38) + = 

\ cv duj \ dv duj 

As this is a differential equation of the first order and first degree, 
it defines a one-pai*ameter family of curves. These curves and the 
curves = const, are said to foim a conjugate sgstem* Moreover, 
any two families of curves are said to form a conjugate system 
when the tangents to a curve of each famil)’’ at their point of inter- 
section have conjugate directions. 

From (36) it follows that the curves conjugate to the curves 
V = const, are defined by D Bn -{- D^Bv = 0. Consequently, in order 
that they be the curves u = const., we must have equal to zero. 
As the converse also is true, we have : 

A nccemirg and sufficient condition that the parametric curves 
form a conjugate sgstein is that he zero. 
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We have seen {§ 61) that the lines of curvature are charactenzed 
by the property that, -when they are parametric, the coefficients F 
and jy are zero Hence 

The Zin«g of curvature form a cotyti^afc system and the only 
orthogonal conjugate syetem 


If the lines of curvature are parametric, and the angles which 
a pair of conjugate directions make with the tangent to the cune 
V = const are denoted by ^ and 6\ we have 


tun 6 = 


fO dv 
yF du' 


tan fi = 




eo that equation (36) may be put in the form 


(39) tan tan 5' = — ^, 

which 13 the well known equation of conjugate directions of a conic 
55 Asymptotic lines Characteristic lines When d is equal to 0, 
equation (39) reduces to (35) Hence the agymptotic directtona are 
self conjugate If in equation (36) we put Sw/8« = dv/du, we ohtam 

(40) Ddi^+2D dudv 

which determines, consequently, the asymptotic directions at each 
point of the surface This equation defines a double family of 
outvea upon the surface, two of which pass through each point 
and admit as tangents the asymptotic directions at the point They 
are called the asymptotic lines of the surface 

The asymptotic lines are imaginary on surfaces of positive curva- 
ture, real on surfaces of negative curvature, and consist of a single 
real family on a surface of zero curvature 

Recalling the results of § 62, we say that the tangent plane to 
a surface at a point cuts the surface m asymptotic lines in the 
neighborhood of the point As an immediate consequence, we 
have that the generatcpia of a ruled surface form oue iamdy of 
asymptotic lines 

Since an asvmptotic line is self conjugate, the characteristics of 
the tangent plane as the point of contact moves along an asymp- 
totic line are the tangents to the latter Hence the osculating 
plane of an asymptotic Ime at a point is the tangent plane to the 
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surface at the point, and consequently the asymptotic line is the 
edge of regression of the developable circumscribing the surface 
along the asymptotic line. This follows also from equation (16). 

From (40) we have the* theorem : 

A necessary and sufficient condition that the asymptotic lines upon 
a surface be parametric is that 


If these equations hold, and, furthermore, the parametric curves 
are orthogonal, it is seen from (33) that the mean curvature is zero, 
and conversely. Hence : 

A necessary and sufficieiit condition that the asymptotic lines form 
an orthogonal system is that the mean curvature of the surface he zero. 


A surface whose mean curvature is zero at every point is called 
a minimal surface. At each of its points the Dupin indicatrix con- 
sists of two conjugate equilateral hyperbolas. 

By means of (39) we find that the angle between conjugate 
directions is given by 

^ Po cot 0 + p, tan 6 
tan(6 — 6) = 

If we consider only real lines, this angle can be zero only for sur- 
faces of negative curvature, in which case the directions are asymp- 
totic. It is natural, therefore, to seek the conjugate directions upon 
a surface of positive cur\\ature for which the included angle is a 
minimum. To this end we differentiate the right-hand member of 
the above equation with respect to 6 and equate the result to zero. 
The result is reducible to ^ 

(41) tan(9 = ±-^J~ 

Then from (39) we have i— 

tan 0'=rT A — • 

NPi 

From these equations it follows that — 0, and 


Conversely, when equation (39) becomes (41). Hence: 

Upon a surface of positive curvature there is a unique conjugate 
system for which the angle between (he directions at any point is the 
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minimum angle between conjugate directions at the point » it u the 
onlg conjugate system whose directions are symmetric with respect 
to the directions of the lines of curvature 


These lines are called the eharactemtic hnea It is of interest 
to note that equations (35) and (41) are similar, and that the real 
a^mptotic directions upon a surface of negative curvature are 
Bjunmetnc with respect to the directions of the lines of curvature 
As just seen, tf 0 is the angle which one characteristic line makes 
with the line of curvature v = const at a point, the other charac 
tenstic Zme makes the angle — 0 Hence the radii of normal curva- 
ture for these directions are equal, and consequently a necessary 
and sufficient condition that the charactenstio curves of a surface 


be parametric is 
(42) 


A G ' 


jy=o 


56 Corresponding systems on two surfaces By reasoning similar 
to that of § 34 we establish the theorem 

A necessary and suficient condition that the curves defned hy 
R du* + SiSdudo 4- rdD^s= 0 form a co7\;ugafe system upon a sur- 
** JtZ)'+TJ) — 2SIi=0 


Prom this we have at once 


If the second quadratic forms of two surfaces S and are 
Ddu*-{~2l^dudv + D di?’ and D^du^ 2 D[dudv dv^^ and if a 
point on one surface is said to correspond to the point on the other 
icitft the tame values of u and v the eguaCion 
dw* 2?,' 2>"j 

(43) —dudv J)l iX s=0 

do* i>, 2> I 

defines a tystem of cunes wAtcft tg coiyu^afe for both surfaces 

By the methods of § 50 we prove that these curves are real when 
either or both of the surfaces 5, is of positive curvature If the 
curvature of 5 is negative and it is referred to its asymptotic hnes, 
the above equation reduces to 

i»,dK*-2),'di^= 0 
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Hence the system is real when and D!^ have the same sign, that 
is, when the curvature of is positive. 

Another consequence of the above theorem is: 

A neccBsary and sufficient condition that asymptotic lines on one of 
two surfaces correspond to a configate system on the other is 

( 44 ) 0 . 

EXAMPLES 

1. Find the curves on the general surface of revolution which are conjugate to 
the loxodromic curves which cut the meridians under the angle a. 

2. Find the curves on the general right conoid, Ex. 1, p. 50, which are conju- 
gate to the orthogonal trajectories of the generators. 

3. When the equations of a surface are of the form 

X = Uiy V = Vi, z = Us 4- Fs, 

where Ui and are functions of u alone, and Fi and Va of v alone, the para- 
metric curves are plane and form a conjugate system, 

4. Prove that the sum of normal radii at a point in conjugate directions is 
constant. 

6. When a surface of revolution is referred to its meridians and parallels, the 
asymptotic lines can be found by quadratures. 

6. Find the asymptotic lines on the surface 

/-t . X acosu 

X = 0(1 -f cosulcotu, y =0(1 + cosu), Z = — ; 

sintJ 

7. Determine the asymptotic lines upon the surface z = y sinx and their orthog- 
onal trajectories. Show that the x-axis belongs to one of the latter families. 

8. Find the asymptotic lines on the surface 2 y* — 2xyz + z^ = 0, and determine 
Uieir projections on the xy-plane. 

9. Prove that the product of the normal radii in conjugate directions is a maxi- 
mum for characteristic lines and a minimum for lines of curvature. 

10. When the parametric lines are any whatever, the equation of character- 
istic lines is 

[jD (GD ~ El/') - 2jy{FD - jBDO] du^ -f 2 [D'(<?D + BIT') - dudv 

4 - [2 jy{Giy - FIT') - ir'(GD - BIT')'] dv^ = 0. 

57, Geodesic curvature. Geodesics. Consider a curve C uJ>on a 
surface and the tangent plane to the surface at a point M of C. 
Project orthogonally upon this tangent plane the portion of the 
curve in the neighborhood of AT, and let C' denote this projection. 
The curve is a normal section of the projecting cylinder, and C 
is a curve upon the latter, tangent to C' at M. Hence the theorem 
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of Meusnier can be applied to these two curves If 1/p^ denotes the 
curvature of C’ and if/- the angle between the principal normal to C 
and the positive direction of the normal to the cylinder at M, we have 



In order to connect this result with others, it la necessary to 
dedne the positive direction of the normal to the cylinder This 
normal lies in the tangent plane to the surface. We make the 
convention that the positive directions of the tangent to the curve, 
the normal to the cylinder, and the normal to the surface shall 
have the same mutual onentations as the positive a?-, y , and z axes 
J’rom this choice of direction it follows that if, as usual, the ditcc 
tion-cosines of the tangent to the curve be dxfdt, dy/d%, dz/dt, then 
those of the normal to the cylinder are 


<46) 


d» 


dt 


d» 


The curvature of C’ is called the geodetic curiature of C, and /), 
the radtut of geodesic curiature And the center of curvature of C* 
13 called the center of geodesic curvature of C 

From Its definition the geodesic curvature is positive or nega 
tive according as the osculating plane of C lies on one side or the 
other of the normal plane to the surface through the tangent to C 
From (45) it follows that the center of first curvature of C is the 
projection upon its osculating plane of the center of geodesic 
curvature Moreover, the former is also the projection of the 
center of curvature of the normal section tangent to C (§49) 
Hence the plane through a pomt M of C, normal to the hne 
joining the centers of normal and geodesic curvature at J/, is the 
osculating plane of C for this point, and its intersection with the 
join 13 the center of first curvature 

Sy ^ dASwstev. tfe* tugls. whuih, the positive 

■direction of the normal to the surface makes with the positive 
direction of the principal normal to <7, angles being measured 
toward the bvnormal Hence equation (45) can be written 
1 _ SIDW 
Pe~ P ‘ 


(4T> 
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These various quantities are represented in fig. 15, for which 
the tangent to the curve is normal to the plane of the paper, and 
is directed toward the reader. The directed lines JfP, MB^ MK^ 
MN represent respectively the positive directions of the principal 
normal and binormal of the curve and 
the normals to the projecting cylinder 
and to the surface. 

A curv^e whose principal normal at 
every point coincides with the normal 
to the surface upon which it lies, is 
called a geodesic. From (45^ it follows 
that a geodesic may also be defined as 
a curve whose geodesic curvature is 
zero at every point. For example, the 
meridians of a surface of revolution are 
geodesics, as follows from the results in § 46. A twisted curve is a 
geodesic on its rectifying developable, and when a straight line 
lies on a surface, it is a geodesic for the surface. Later we 
shall make an extensive study of geodesics, but now we desire 
to find an expression for the geodesic curvature in terms of 
the fundamental quantities of the surface and the equation of 
the curve. 

58. Fundamental formulas. The direction-cosines of the prin- 
cipal normal are (§ 8) 

drx 

^ 1 ?' ^ 1 ?' 

Consequently, by means of (46), equation (45) may be put in 
the form 

(48, i=s(r|-4)f. 

Expressed as functions of u and r, the quantities — i are of 
the form 

dx _dx du ^ dx dv 
ds dtc ds dv ds 

2 dx^ 

did\ds/ dudv ds ds dv^ \ds/ du ds'^ dv 



Fio. 16 
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When these expressions ate substituted in (48), and m the xeduclioii 
we make use of (10) and (11), we obtain 


zl 

as ds 

arf 

08 08 I 


where L and M have the significance 

£ = 1 ^ ^ ^ 4- 1 

2 au \d8/ ^ dv d8 da'^Kdv 2 du}\d»} ^ de'^^ 

_ 1 ~ 4- 1 4- r ^ 

\du 2 dv}\ds/'^ 8u ds ds'^2 8v\dt) d^ 


From this it is seen that the geodesic curvature of a curve depends 
upon Jf, Gy and is entirely independent of 2>, 2) , i) ' 

Suppose that the parametric lines form an orthogonal system 
and that the radius of geodesic curvature of a curve ii = const be 
denoted by In this case F— 0, d» Hence the above 

equation reduces to ^ 

1 1 


In like manner we find that the geodesic curvature of a curve 
« = const 18 given by 

(5,, i = 


As an immediate consequence of these equations we have the 
theorem 

When the parametric 2tnet \ipon a turfaee form an orthogonal 
8 y«te7ii, a necenary and 8M_^cteiit condition that the curves v = const 
or u = const he geodesies is that JS be a function of u alone or G of v 
alone respectively 

It will now be shown that p^ is expressible as a function of 
differential parameters of v formed with respect to the linear ele- 
ment (III, 4) 

From the definition of these parameters (§§ 3T, 38) it follows 
that when jF— 0 

^ 1 laVc 1 i. S 

= A,{rVG)«5 
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Hence, by substitution in (50), we obtain 



In like manner, we find 



Thus we have shown that the geodesic curvature of a parametric 
line is a differential parameter of the curvilinear coordinate of the 
line. Since this curvature is a geometrical property of a line, it is 
necessarily independent of the choice of parameters, and thus is 
an invariant. This was evident a but we have just shown 

that it is an invariant of the differential parameter type. 

From the definition of the positive direction of the normal to a 
surface (§ 48), and the normal to the cylinder of projection, it fol- 
lows that the latter for a curve v = const, is the direction in which v 
increases, whereas, for a curve w = const., it is the direction in which 
u decreases. Hence, if the latter curves be defined by = const., 
equations (52) and (53) have the same sign. 

If, now, we imagine the surface referred to another parametric 
system, for which the linear element is 

(54) ds^^Edir-\‘ 2Fdudv -|- Gdv\ 

the curve whose geodesic curvature is given by (50) wiUbe defined 
by an equation such as <^(w, v)t= const. And if the sign of ^ be 
such that <f) is increasing in the direction of the normal of its pro- 
jecting cylinder, its geodesic curvature will be given by 



where the differential parameters are formed with respect to (54). 

If two surfaces are applicable, and points on each with the same 
curvilinear coordinates correspond, the geodesic curvature of the 
curve <f> = const, on each at corresponding points will be the same 
in consequence of (55). Hence : 

Upon two applicable suTfaces the geodesic curvature of corresponding 
am*eSy at corresponding points, is the same. 
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When the second member of equation (55) us developed by 
(III, 46, 56), we have 

, 

I M 


p. 




Bu 8v d 


,dtf> 


E 

1 

V 




^ V^j 


e[^\ eVa^ 

Hence we have the formula of Bonnet* 
2iv 7; 




(56) 


L \8v/ 




dv 3w 
du dv 


(58) 


K0-”S»«©T- 

In particular, the geodeaic curvature of the parametric curves 
when the latter do not form an. orthogonal system, la given by 

i. Vl] 

pg, E\euy/^ dv y 

,pgg -ffVcvVc f 

The geodesic curvature of a curve of the family, defined by 
the differential equation 
has the value 

L j± { GM 

T\^ 2 FME+ O^V 


i=,i 

Pg -S'! 


FM~^EE_ 


dv VVaa^-. 2 FEE+ OM^ 


* Mtfmoire *nr la thforie des surfaces Jownot * * PolyttthniV^** 

CaW«r32<lM8) p I 
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In illustration of the preceding results, v,^e establish the theorem : 
llTjcn the curves of an orthogonal system have constant geodesic curvature^ the 
system is isothermal. 

'NVhen the surface is referred to these lines, and the linear element is written 
ds- — Edxfi + (?dL*2, the condition that the geodesic curvature of these curves be 
constant is, by (oO) and (51), 

... 1 1 

(i) ' « — t - — 4, 

where Ui and Vi are functions of u and v respectively. If these equations are 
differentiated with respect to v and u respectively, w'e get 

f31og^/G Slog Ve Slog Vg ^ c“log\^ glog V e glog Vg __ ^ 

Cti^D ou cu * cuct? dv Bu 

£2 E 

Subtracting, we obtain log “ = 0. 

cuev G 


Hence E/G is equal to the ratio of a function of 7i and a function of u, and the 
system is isothermic. In terms of isothermic parameters, equations (i) are of 
the form 


£\ 
^ cu 


= 17', 


X- Bv 


=E', 


and the linear element is 

(H) 


, - du^ + dr- 

05 * = • 

( 17+102 


It is evident that the meridians and parallels on a surface of revolution form 
such a system. The same is true likewise of an orthogonal system of small circles 
on a sphere, 

59* Geodesic torsion. We have just seen that when a curve is 
defined hy a finite equation or a differential equation, its geodesic 
curvature can be found directly. The same is true of the normal 
curvature of the surface in the direction of the curve by (18). 
Then from (IG) and (47) follow the expressions for p and w. In 
order to define the curve it remains for us to obtain an expression 
for the torsion. 

From the definition of m it follows that 


(69) 


sin CO = JirX**b T/i -f* 


where X, /i, r are the direction-cosines of the binormal. If this 
equation is differentiated with respect to the arc of the curve, 
and the Frenet formulas (I, 50) are used in the reduction, we get 


( 60 ) 




dJT 
ds ■ 
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From (I, 87, 41) we have 


^=KIS4:S)' - 


(ds (pg 

\d8 da* dt da*) * 


^\da da da*} 


Moreover, from (IS), we obtain the identity 


Consequently equation (60) is equivalent to 


( 61 ) 

where l/Thas the value 


(62) ^ - E-D ) + ( G J) - ED") rfudii -K gi>* ~ J'-O”) dt/* 

^ * T Jf(Edu*-(-2l'dudi+Gdv*) 


When cos a is different from zero, that is, when the curve is not 
an asymptotic line, equation (61) becomes 


(63) 


i-^^1 

T da^ T 


As the expression for T involves only the fundamental coefii 
cients and dv/dUf we have the following theorem of Bonnet 

SThe funciion — — ~ ta the aamtfor all curvea uhtck have the aame 
T da 

tangent at a common point 

Among these curves there is one geodesic, and only one, for it 
will be shown later (§ 85) that one geodesic and only one passes 
through a given point and has a given direction at the point 
At every point of this geodesic S js equal to 0® or 180% and conse 
qnenlly T Hence the value of T for a given point and direc- 
tion 13 that of the radius of torsion of the geodesic with this direction 
The function Tva therefore called the radxuaof geodene toraton of 
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the curve. From (63) it is seen that T is the radius of torsion of 
any curve whose osculating plane makes a constant angle with the 
tangent plane.* 

When the numerator of the rightrhand member of equation (62) 
is equated to zero, we have the differential equation of lines of 
curvature. Hence : 

A neccBzary and sufficient condition that the geodesic torsion of 
a curve he zero at a point is that the curve he tangent to a line of 
curvature at the point. 

The geodesic torsion of the parametric lines is given by 

1 FD^ED^ 1 

— 

When these lines form an orthogonal system and differ only 
in sign. Consequently the geodesic torsion at the point of meeting 
of two curves cutting orthogonally is the same to within the sign. 

Thus far in the consideration of equation (61) we have excluded 
the case of asymptotic lines. In considering them now, we assume 
that they are parametric. The direction-cosines of the tangent and 
binormal to a curve v = const, in this case are 




X = e A", /i — eF, eZ^ 

where e is -f 1 or — 1. Consequently the direction-cosines of the 
principal normal have the values 




Ve 






and similar expressions for m and n, 
'V\Tien in the Frenet formulas 


dX I dp _m 

ds T ds T ds T 

we substitute the above values, and in the reduction make use 
of (11) and (13), we get 

(65) = 


*Thu*i far exception must be made of asymptotic lines, but later this restriction will 
be removed. 
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In like mann er^ th e torsion of the as}n)ptotic lines u = const, is 
found to be V — K, But from (64) we find that the geodesic torsion 
in the direction of the asymptotic lines isipV-.A'. Hence equation 
(63) is true for the asymptotic lines as well as for all other curves 
on the surface. 

Incidentally we have established the following theorem of Enneper 
Tht square of the torsion of a real asi/mptottc line at a point ts equal to the abso- 
lute value of ffte total curvature of fAe surface at the pottU , the radii af torsion o/ t^e 
aspinptolic lines through a point differ only in si^n. 

The following theorem of Joachimsthal Is an immediate consequence of (63) 
When <100 surfaces meet under a constant angle, the line of intersecfion f» o fine 
of curvature of both or neither, and conversely, when the c«nie of iniersecUon of two 
surfaces w a fine of curvature of both they meet under constant angle 

For, if wi, wj denote the values of u for the two surfaces, and Tt, Is the values 
of T, we have, by subtracting the two equations of the form (63), that 2*1 = Tt, 
which proves the firat part of the theorem Conversely, If l/Ti = 1/2| = 0, wo 
have — (wt — u)) = 0, and consequently the surfaces meet under constant angle. 


EXAMPLES 


1. Show that the radius of geodesic curvature of a parallel on a surface of 
revolution is the same at all points of the parallel, and determine Its geometncal 
significance 

2 Find the geodesic curvature of the parametric lines on the surface 
a: = |(u + r). F = ^(«-e), s = ^ 


8 Given a family of lozodromic curves upon a surface of revolution which cot 
the meridians tinder the same angle a, show that the geodesic curvature of all these 
carves is the same at their points of Intersection with a parallel 

4 Straight lines on a surface are the only asymptotic lines which are geodesics 
8 Show that the geodesic torsion of a curve is given by 


T 2\fii Pi! 


where 6 denotes the angle which the direction of the curve at a point makes with 
the line of curvature v = const through the point. 


6 Every geodesic line of curvature is a plane curve 
7. Every plane geodesic line ts a Une of curvature 

8 When a surface is cut by a plane or a sphere under constant angle, It Is a line 
of cun&ture on the surface, and conversely 

9 If the curves of one family of an isothermal orthogonal system have constant 
geodesic curvature, the curves of the other family bare the same property 
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60. Spherical representation. In the discussion of certain prop- 
erties of a surface S it is of advantage to make a representation of 
S upon the unit sphere * by drawing radii of the sphere parallel to 
the positive directions of the normals to and taking the extrem- 
ities of the radii as spherical images of the corresponding points on 
S. As a point M moves along a curve on 6^ its image m describes 
a curve on the sphere. If we limit our consideration to a portion 
of tlie surface in which no two normals are parallel, the portions 
of the surface and sphere will be in a one-to-one correspondence. 
This map of the surface upon the sphere is called the spherical 
representation of the surface, or the Craiissiaii representation. It 
was first employed by Gauss in his treatment of the curvature of 
surfaces.f 

The coordinates of m are the direction-cosines of the normal to 
the surface, namely JT, F, Z, so that if we put 


(“) ^=2(0- 


^ dii dv ’ 



the square of the linear element of the spherical representation is 
(67) dcr = (S' du" -f 2 <^diidv -f ^d>v‘. 


In § 48 we established the following equations : 


( 68 ) 


I dX FD^--GBdx FD-ED^dx 
du'^ dv' 

dX FD^^ dx FD^-Eiy^dx 
dv'’ R‘ dll JI'^ dv^ 


By means of these relations and similar ones in F and the func- 
tions S ^ may he given the forms 


(69) 


^ S' = -^ [GD^ - 2 FDD' + FD'^, 

It* 


^ 5 ^= ^ \GDD’-F(pD"+ D'") + ED'D"], 
^ = ^[GD"‘—2FD'D" + ED''% 


or, in terms of the total and mean curvatures (§ 52), 

(70) €^KJ)~KE, S^=Kjy-KF, ^-=KJ)"-KG. 


• The ephertj of unit radius and center at the origin of coordinates. i /..c., p. 9, 
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In consequence of these relations the linear clement (67) may be 
given the form 

(71) do*=K^{DdM*Jr 2 l^dudv +2 E<i»dir4-Gd»^, 
and, hy (18), 

<72) 

From (70) we have also 
(73) 


where e is ±1, according as A* is positive or negative 
Equations (69) are linear in JS, A, G Solving for the latter, 
we have 


(74) 




In seeking the differential equation of the lines of curvature 
from the definition that the normals to the surface along such a 
curve form a developable surface, we found (§ 51) that for a dis 
placement m the direction of a hne of curvature we have 


3r j . 3^ j , /3A j , 3A , 

— du-\-~dv + r\-~du + ~:r-^^ 

du Sv \Su 


-) = o, 


and similar equations in y and z, where r denotes the radios of 
pnncipal curvature for the direction If these equations be multi 

plied respectively V ^ added, and likewise by — i 

— , ^ and added, the resulting equations may be written 
dv 

Ddu +jydv-^r(S'du+,^dv)i=0, 
jydu-hiy'd»-^r{^du+^dv)sTO 


Ebminatmg r, we have as the equation of (he lines of curvature 
(75) 1^€) iJm* 4* (I>^— dudv + « 0 
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Again, the elimination of du and dv gives the equation of the 
principal radii in the form 

(76) - 2 r + = 0, 


SO that 

(77) 


/>i+Po== » 


PiP2 = - 




/p 


These results enable us to write equations (74) thus; 


(78) 




61. Relations between a surface and its spherical representation. 
Since the radius of normal curvature is a function of the direc- 
tion except when the surface is a sphere, we obtain from (72) the 
following theorem : 

Anecessary and sufficient condition that the spherical representation 
of a surface he conformal is that the surface he minimal or a sphere* 

As a consequence of this theorem we have that every orthog- 
onal system on a minimal surface is represented on the sphere by 
an orthogonal system. From (70) it is seen that if a surface is 
not minimal, the parametric systems on both the surface and the 
sphere can be orthogonal only when D' is zero, that is, when the 
lines of curvature are parametric. Hence we have : 

The lines of curvature of a surface are represented on the sphere 
by an orthogonal system ; this is a characteristic property of lines 
of curvature*^ unless the surface he minimal* 


This theorem follows also as a direct consequence of the theorem : 

A necessary and sufficient condition that the tangents to a curve 
upon a surface and to its image at corresponding points he parallel is 
that the curve be a line of curvature* 

In order to prove this theorem we assume that the curve is 
parametric, v = const. Then the condition of parallelism is 


ex BY dZ 


cx ^ dy 


dz 
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From (68) it follows that jn this case {FD—EB) must be zero 
But the latter js the condition that the curves v const be lines of 
curvature (§ 51) Moreoier, from (32) it follows that the positive 
half tangents to a line of curvature and its spherical represents 
tion have the same or contrarj sense accoidmg as the correspond 
ing radius of normal curvature is negative or positive 

In consequence of (7) the equation (40) of the asymptotic 
directions may be written 

dxdX 4 - dydl + dzdZ= 0 
And so we have the theorem 

The tangents to an asymptotic line and to its spherical representa 
tion at corresponding points are perpendicular to one another, this 
property is characteristic of asymptotic lines 


It IS evident that the direction cosines of the normal to the 
sphere are equal to i, Y, Z, to within sign at most Let them 
be denoted hy X> then 


(79) 


/'f\du, dv du do) 


When expressions similar to (68) are substituted for the quantities 

m the parentheses, the latter expression is reducible to K3X 

Hence, in consequence of (73), we have 

(80) y = er, } = iZ, 

where e = ± 1 according as the curvature of the surface is positive 

or negative 

Prom the above it follows that according as a point of a surface 
18 elliptic or hyperbolic the positive sides of the tangent planes at 
corresponding points of the surface and the sphere ate the same or 
different Suppose, for the moment, that the lines of curvature are 
parametric From our convention about the positive direction of 
the normal to a surface, and the above results, it follows that both 
the tangents to the parametric curves through a point 21 have the 
same sense as the corresponding tangents to the sphere, or both 
have the opposite sense, when M is an elliptic point, but that 
one tangent has the same sense as the corresponding tangent to 
the sphere, and the other the opposite sense, when the point is 
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hyperbolic. Hence, ^vhen a point describes a closed curve on a 
surface its image describes a closed curve on the sphere in the 
same or opposite sense according as the surface has positive or 
negative curvature. We say that the areas inclosed by these 
curves have the same or opposite signs in these respective cases. 

Suppose now that we consider a small parallelogram on the sur- 
face, whose vertices are the points (w, v), {ti + du, v), {zt, v + dv)^ 
and {u -f du, v + dv). The vertices of the corresponding parallelo- 
gram on the sphere have the same curvilinear coordinates, and 
the areas are Hdndv and e/f-dxtdv^ e being ± 1 according as the sur- 
face has positive or negative curvature in the neighborhood of the 
point (w, v). The limiting value of the ratio of the spherical and 
the surface areas as the vertices of the latter approach the point 
(?f, v) is a measure of the curvature of the surface similar to that 
of a plane curve. In consequence of (73) this limiting value is the 
Gaussian curvature JC Since any closed area may be looked upon 
as made up of such small parallelograms, we have the following 
tlieorem of Gauss : 

The limit of the ratio of the area of a closed portion of a sniface to 
the area of the spherical image ofit^ as the former converges to a pointy 
is equal in value to the product of the principal radii at the point. 

Since the normals to a developable surface along a generator are 
parallel, there can he no closed area for which there are not two nor- 
mals which are parallel. Hence spherical representation, as defined 
in § 60, applies onl)^ to nondevelopable surfaces, hut so far as the 
preceding theorem goes, it is not necessary to make this exception; 
for the total curvature of a developable surface is zero (§ 64), 
and the area of the spherical image of any closed area on such a 
surface is zero. 

The fact that the Gaussian curvature is zero at all points of a developable surface, 
vrhereas such a surface is surely cun^ed, makes this measure not altogether satis- 
factory, and so otliers bave been suggested. Thus, Sophie Germain* advocated 

the mean curvature, and Casorati t has put forward the exjiression - / i + -iV 

2 \Pi" Pi/ 

But according to the first, Hie curvature of a minimal surface is zero, and according 
to the second, a minimal surface has the same curvature as a sphere. Hence the 
Gaussian curvature continues to he the one most frequently used, which may be 
due largely to an important property of it to be discussed later (§ 64). 

• CreZ/e, Vol. VH (1831), p.l. 


t Acta ^ffathematxca, Vol. XIV (1860), p. 05. 
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62. HeUcolds. We apply the preceding results m a study of 
an important class of surfaces called the hehmds A helicoid is 
generated by a curve, plane or twisted, which is rotated about a 
fired line as axis, and at the same time translated in the direction 
of the axis with a velocity which is in constant ratio with the 
velocity of rotation A section of the surface by a plane through 
the axis is called a mtrvdia'n All the meridians are equal plane 
curves, and the surface can be generated by a mendian moving 
with the same velocities as the given curve The particular motion 
described is called helicoidal motion, and so we may say that any 
helicoid can be generated by a plane curve with helicoidal motion 

In order to determine the equations of a helicoid in parametnc 
form, we take the axis of rotation for the z axis, and let u denote 
the distance of a point of the surface from the axis, and v the angle 
made by the plane through the point and the axis with the xz plane 
in the positive direction of rotation If the equation of the gen 
erating curve in any position of its plane is z = the equations 
of the surface are 

(81) z = M cos V, y = « sin V, z = «^ («) + av, 

where a denotes the constant ratio of the velocities, it is called 
the parameter of the helicoidal motion When, m parbcular, a is 
zero, these equations define any surface of revolution Moreover, 
when ^(tt) 13 a constant, the curves v = const are straight lines 
perpendicular to the axis, and so the surface is a nght conoid 
It is called the riffht helicoid 

By calculation we obtain from (81) 

(82) + a=u*+a\ 

where the accent indicates differentiation with respect to u From 
the method of generation it follows that the curves v = const are 
meridians, and w = const, are helices on the hebcoids, and circles 
on surfaces of revolution From (82) it is seen, that these curves 
form an orthogonal system only on surfaces of revolution and on 
the right helicoid Moreover, from (57) it is found that the geo- 
desic curvature of the mendians is zero only when a is zero or ^ 
is a constant In the latter case the mendian is a straight hne 
perpendicular to the axis or oblique, according as ^'is zero or not 
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Hence the meridians of surfaces of revolution and of the ruled 
helicoids are geodesics. 

The orthogonal trajectories of the helices upon a helicoid are 
determined by the equation (cf. Ill, 31) 

a<^^du + (u^ -h a^) dv — 0. 


Hence, if we put 



V, 


the curves = const, are the orthogonal trajectories, and their 
equations in finite form are found by a quadrature. In terms of 
the parameters u and the linear element is 

(83) d8‘ = ^1 + J j du" + + or) dv^. 


As an immediate consequence of this result we have that ttie 
helices and their orthogonal trajectories on any helicoid form an 
isothermal system. 

From (83) and (§ 46) we have the theorem of Bour: 

Uvcry helicoid is applicable to some surface of revolution^ and 
helices on the former correspond to the parallels on the latter. 


We derive also the following expressions: 


(84) 
and 

(85) 


A', r, 


a sin v — COS Vy ^(aGOsv + ucfi'Binv)^ u 
y/u^{l^<p^)+dr 


Dy D\ J)” 


— g, u^<})^ 

Vw-(l+^'=)+a''’ 


Prom (84) it follows that a meridian is a normal section of a sur- 
face of revolution at all its points, and consequently is a line of 
curvature (Ex. 7, p. 140). This is evident also from the equation 
of the lines of curvature of a helicoid, namely 

(86) a [1 -f (f>^^ + did + [(w^+ a") (1 -f ditdv 

— a -4- id + = 0. 

Jloreover, the meridians are lines of curvatmre of those helicoids, 
for which <f> satisfies the condition 
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By integration this gives 


-tt*--elog- 


When the surface is the nght helicoid the expressions for D 
and D” ranish Hence the mendians and helices are the asymp- 
totic lines Moreover, these lines form an orthogonal system so 



Fig 16 


surface (§ 55) Since the tan 
gent planes to a surface along 
an. asymptotic line aie its oscu 
latmg planes, if the surface is s 
ruled minimal surface, thegener 
ators are the principal normals of 
all the curved asymptotic lines 
But a circular helix is the only 
Bertrand curve whose principal 
normals are the principal normals 
of an infinity of curves {§ 19) 
Hence we have the theorem of 
Catalan 

The right helicoid it the onltf 
real minimal ruled surface 


In fig 16 are represented the asymptotic lines and lines of 
curvature of a right helicoid 

For any other helicoid the equation of the asymptotic hues is 
(87) u^'^dv^ — 2 a dudv -f *= 0 

As the coefficients in (86) and (87) are functions of « alone, we 
have the theorem 

When a helicoid n referred to tt» mendtant and helices the asymp- 
totic lines and the lines of curvature can he found by quadratures 


EXAMPLES 

1 Sbow that the apherical representation ol the lines ol curralurs ol a surface 
of reTolutton is isothermal 

a The osculating planes of a line of curvature and of its spherical representa- 
tion at corresponding points are parallel 

a The angles between the asymptotic directions at a point on a surface and 
between their spherical representation are equal or supplemenUry according as 
lh» surface has positive or negaUve curvature at the point 
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4 . Show that the hellcoidal surface . 

. . . 

s = «C03®, y = «smc, z = bv + bj - 

is miniiuah 

5. The total curvature of a helicoid is constant along a helix. 

6. The orthogonal trajectories of Uie helices upon a helicoid are geodesics. 

7. If the fundamental functions E, F, (? of a surface are functions of a single 
parameter u, the surface is applicable to a surface of revolution. 

8. Find the equations of the helicoid generated by a circle of constant radius 
whose plane passes through the axis and the lines of curvature on the surface ; also 
find the equations of the surface in terms of parameters referring to the meridians 
and their orthogonal trajectories. 


GENERAL EXAMPLES 

1. If a pencil of planes be drawn through a tangent MT to a surface, and if 
lengtlis be laid off on the normals at Jf to the sections of the surface by these 
planes equal to the curvature of the sections, the locus ot the end points is a 
straight lino normal to the plane determined by MT and the normal to the 
surface at 3f. 

2. If P is a point of a developable surface, Pq the point where the generator 

through P touches the edge of regression, t the length PoP» p and r the radii of 
curvature and torsion of the edge of regression, then the principal radii of the 
surface are given by ^ Ip 

3. For the surface of revolution of a parabola about its directrix, the principal 
radii are in constant ratio. 


4. The equations x = a cosu, ?/ = asinu, 2 db uc define a family of circular 
helices which pass through the point .d (a, 0, 0) of the cylinder ; each helix has an 
involute whose points are at the distance c from A (cf. I, 100). Find the surface 
which is the locus of these involutes ; show that the tangents to the helices are 
normal to tliis surface ; find also the lines of cun’ature upon the latter. 


6. The surfaces defined by the equations (cf. § 25) 

1 == 9V(y), x-hp2 =^(p) 

have a system of lines of cun’ature in planes parallel to the xz-plane and to the 
2/*axis respocUvely, 


6. The equations 


V - az = 0, 22 ^ y2 + -3 - 2^x - a* = 0, 

where a and ^ are parameters, define all the circles through the points (0, 0, ct), 
(0,0, ^a). Show that tlic circles determined by a relation 13= /(a) are tlie 
characteristics of a family of spheres, except when f{a) is a linear function ; 
also that the circles are lines of curvature on tlie envelope of these spheres. 


7. If one of tlic lines of cun'ature of a developable surface lies upon a sphere, 
Uie other nonrcctilinear lines of curvature lie on concentric spheres. 
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» If P Is & po\nt on » suTfic®, Po center of normal cnrvatnre of the line 
bMecting the angle between the lines of curvature, andpj, P, the centereof normal 
curvature In two directions equallj Inclined to the firet, then the four poioi* 
P, Pi, Po, Pj fonn a harmonic range 

9 If Bu Pi, P», ylim denote the radtl of normal curvature of m eectloos of 
a surface which make equal angles 2 jr/m with one another, and m>2, then 

10 If the Dnpin indicatrix at a point P of a surface Is an ellipse, and thiongh 
either one of the asymptotes of its focal hyperbola two planes be drawn perpen- 
dicular to one another, their Intersections with the tangent plane are conjugate 
directions on the surface 

11 All curves tangent to an asymptotic line at a point 3/, and whose osculating 
planes are not tangent to the surface at Jif, have M for a point of Infiection 

12 The normal curvature of an orthogonal trajectory of an asymptotic lino Is 
equal to the mean curvature of the surface at the point of InteTsec^on 

15 The surface of revolution whose equations ate 

1 = ucosB, V = usine, z = a Iog(u + Vu* — a»} 
is generated by the rotation of a catenary about Its axis , it is called the caUnoli 
Show that It is the only ninimal surface of revolution 

14 When the osculating plane of a line of curvature makes a constant angle 
with the tangent piano to the surface, the line of curvature Is plane 

16 A plane line of curvature is represented on the unit sphere by a circle 

16 The cylinder whose right section is the curve defined by the Intrinsic equs^ 
lion p = a — s*/6, where a and 5 are positive c onstan ts, has the characteristic prop- 
erty that upon It lie curves of curvature - whose geodesic curvature is 

j/VS V «»* 

It When a surface is referred to an orthogonal system of lines, and the railil of 
geodesic curvaluro o! the carves v c const, and u = const are p,». respecUvelj, 
the geodesic curvature of the curve which makes an angle with the lines v = const 
is given by I _ . «inga 

Pgn Pf* 

It When a surface is referred to an orthogonal system of lines, and * 
denote the radius of geodesic curvature and the arc for one sysum of Isogonal 
trajectories of the parametric lines, and pi, s' the similar functions for the 
orthogonal trajectories oi the former, then whatever be the direction of die first 
curves the quantity ^ ^ p ** 

10 If p and f'denote^the rvllt of first curvature of a line of curvature and its 
spherical representation, and also g, and pi the radii of geodesic curvature of these 
cuires, then dt d* d* da 

7 " 7 ’ 

where ds and dv aw the linear elements of the curvee. 
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20. When a surface is referred to its lines of curvature, and denote the 
angles which a curve on the surface and its spherical representation make with 
the curves c = const., the radii of geodesic curvature of these curves, denoted by 
pff and pff respectively, are in the relation 

ds d<r 

d^Q — = d^o ;r ’ 

Pff Pi 

21. When the curve 

X r= /(u) cos XI, 2 / = /(u) sin u, ^ ^ 

is subjected to a helicoidal motion of parameter a about the z-axis, the various 
positions of this curve are orthogonal trajectories of the helices, and also geodesics 
on the surface. 

22. When a curve is subjected to a continuous rotation about an axis, and at 
tlie same time to a homothetic transformation with respect to a point of the axis, 
such that the tangent to the locus described by a point of the curve makes a con- 
stant angle with the axis, the locus of tlie resulting curves is called a spiral surface. 
Show that if the z-axis be taken for the axis of rotation and the origin for the center 
of the transformation, the equations of the surface are of the form 

X r= /(u) c^r cos (u + «) , V= f(u) 6^^ sin (u -f t?) , z = <p (u) 
where ft is a constant, 

23. A spiral surface can be generated in the following manner : lict C be a 
curve, 1 anj’ line, and P a point on the latter ; if each point 3/ on G describes an 
isogonal trajectory of the generators on the circular cone with vertex P and axis I 
in such a way that the perpendicular upon I, from the moving pointer, revolves about f 
with constant velocity, the locus of these curves is a spiral surface (cf. Ex. 6, § 33). 

24. Show that the orthogonal trajectories of the curves v. = const., in Ex. 22, 
can be found by quadratures, and that the linear element can he put in the form 

where A is a function of a alone. 

26. Show that the lines of curvature, minimal lines, and asymptotic lines upon 
a spiral surface can be found by quadrature. 
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63. Chnstoffel symtiols. In this chapter we derive the necessary 
and suflScient equations of condition to be satis 6ed bj six func 
tions, D, D\ D", in order that they may be the fundamental 

quantities for a surface 

For the sake of brevity we make use of two seta of symbols 
suggested by Chnstoffel,* which represent certain functions of the 
coedicients of a quadratic differential form and their derivatives of 
the first order If the diSereutial {orm \a 


the first set of symbols is defined by 

FtAl l/gg. 

where each of the subscripts t, k, I has one of the values 1 and 2 f 
From this definition it follows that 



When these symbols are used m connection with the first fun- 
damental quadratic form of a surface d8®=^d«*-f- 2Fdudv + trdw*, 
they are found to have the following Bignihcance 


[11] 1 dF 

[ir 

dr 

Ll J"2 du’ 

L 2 . 

r dll 

[12] 1 dh 

[12- 

1 dG 

LlJ 2 a/ 


1 2 du 

[22]_ai* IdG 

[22- 

I lae^ 

LiJ^2v 2 an’ 

[ 2 . 

r2 dv' 


• Cr«H« Vol LXX pp 84l-'’43 

t Tbla equation defioes these symbols for a quadratic 
ablea tn, , In this case i k I take the TaJnes 1 , 
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form of any number of 
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The second set of symbols is defined by the equation 

where denotes the algebraic complement of in the discrimi- 
nant divided by the discriminant itself. With reference 

to the first fundamental quadratic form these symbols mean 


and 




>1 

Ai- jya ’ 


" 


( 2 ) 


(fh 


■ {^}= 


dii cv du 

dv Bu 

Tip ’ 


dv 8»^ 3i> J'22\_ 

2JJ’ '1.2/ 


du dv du 


©= 


2Jf* 

Bu Bv 


2R- 

Bv Bu Bv 


From these equations \ye derive the following identities : 
0 log if fill fl2\ alogi? ri2\ f22\ 

(3) -l-=iiKloh 


With the aid of these identities we derive from (III, 15, 16) the 
expressions 




From tlie above definition of the 
following important relation : 


symbols 


we obtain the 




64. The equations of Gauss and of Codazzi. The first two of 
equations (IV, 10) and the equation 
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form a consistent set of equations linear m , and the 

- du^ du* CM* 


determinant is equal to IT. Solving for , we get 


rn\a 

iu* 1 1 / Sit 1 2 J 3 


+DX, 


similar equations hold for y and z Proceeding in like manner with 
the other equations (IV, 10) and 


< 6 ) 


^ dudv 




we get the following equations of G-auss . 


( 7 ) 


3m* 

3*g 

dudv 

. d-f 


121^ 

21 dv^ 




For convenience of reference we recall from § 48 the equations 
(dX XD>-GDdx FD~^EPdx 
du n' 3m dv' 

^ _ Fjy’—Gl>’ dx FD’-EEf' dx 

dv du B* dv 


The conditions of integrability of the Gauss equations (7) are 


3 ld'x\_ 3 / 3*a: 3 / f'x \ 3 

3v\3w7 3tt\3w3y/ dv\dudv} 3«\3i3/ 


By means of (7) and (8) these equations are reducible to the foma 
~'du' 




where flj, , <>* are determinate functions of E,F,G, D, S', D" 
and their denvatvves Since equations similar to (9) hold for tf and 
2 , we must have 

^0) ai=0, a,= 0, ^, = 0, 6s=®» Cj«0, 
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When the expressions for a^, a„, 5^, and are calculated, it is 
found that the first four equations are equivalent to the following ; 

8 fill , fi2\ri2'i _ rin r22\ 


<ii) 


(DD"— 

D’^ 



DD"- 




DD"- 


H- 


DD"- 

D’"- 

R-^ 


du I 


- 1121 ri2'i _ r 
IJ gyll 2 ill j 1 


dv 

d 




aAi/’ 




aul 


i^ = 


^ fl2" 
dv\ 2 


\ 8 /22\ , ri2'l fl2'l _ f22'1 rill 

J 8!tl 2 J'^l 1 J I 2 J 1 1 J I 2 J ■ 


When the expressions for the Christoffel symbols are substituted 
in these equations the latter reduce to the single equation 


( 12 ) 


1 {d{ F dE 1 dG' 
2J£\du [eR dv H cu. 


'2 8F 

1 8E 

F 

8^1 1 

dv- 

~ H dv~ 

~ EH 

du\i 


This equation was discovered by Gauss, and is called the Gauss 
equation of condition upon the fundamental functions. The left- 
hand member of the equation is the expression for the total curva- 
ture of the surface. Hence we have the celebrated theorem of 
Gauss * ; 

The expression for the total cum^ature of a surface is a function 
of the funda77ie7ital coejjicioits of the first order arid of their deriva- 
tives of the first and secoiid orders. 


When the expressions for and c„ are calculated, we find that 
the last two of equations (10) are 


( 18 ) 


cv 

cu 






» i.c., p. 20. 
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These are the Codazzt e^ationt, so called because thej are eqmrap 
lent to the equations found by Codazzi • , however, it should be 
mentioned that Mainardi was brought to similar results some 
what earlier f It is sometimes convenient to have these equations 
wntten in the form 


(13') 


dvir 

du H 


LE 

duH 

EE 

dvH 



J12\d' m-iD" 

' i2 Jif '^12 “ 


0 , 

0 , 


which reduce readily to (13) by means of (3) 

With the aid of equations (7) we find that the conditions of 
integrabihty of equations (8) and similar ones in Y and Z reduce 
to (18) 

From the preceding theorem and the defimtion of applicable 
surfaces (§ 43) follows the theorem 

Two applicable tur/acee Jiaie the eame total curvature at corre^ 
tpondtnff pointt 


As a consequence we have 

Ever^ eurface applicable to a plane ti the tangent lur/ace of a 
twteied curve 


For, when a surface is applicable to a plane its linear element is 
redacible to (Z«*= <iu*+ and coiaequently its total curvature 
is zero at every point by (12) From (IV, 78) it follows that 


mr, Z)J 

Jd(Z X)J 

p(A Y)y 



'■[0{u,p) J 


Hence X, Y, Z are functions of a single parameter, and therefore 
the sniface is the tangent surface of a twisted curve (cf § 27) 
wc. haKC. r^wived. the. tbeorejm. 

TPSen K it sero at all pointe of a turf ace the loiter t» developable, 
and convertelp 

• 8nUa coonllnsf* cturBIne® d ii» ioperflde « ddlo »p*iIo Annalt 8er 3 Vol H 
ddTIrtin/ta Xomftanto \ol DC p 393 
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65. Fundamental theorem. When the lines of curvature are 
parametric, the Gauss and Codazzi equations (12), (13) reduce to 


(14) 


yfEG ' Su 

\V^ 

d(D\ 

D''dVE 

8v\y/E/ 

G dv 

d /E"\ 

D0Vg 

, du \Vg/ 

E du 


/ 1 gVg x ■ g M 

\V!e dv ) ’ 


0 . 


The direction-cosines of the tangents to the parametric curves, 
V = const, and u = const., have the respective values 

J_?^. J_?i 

1 dx 


(16) 


^ Ve Su ' 




r„, 


Va Sic 
Vg Sv' 


Vf? dv 

By means of equations (7) and (8) we find 


1 az 
Vg Sv 


(16) 



1 + 

^x 

ax,_ 

1 aVGy 

du 

Vg “ 

Ve ’ 

dv 

Ve ait ” 

8A„_ 

1 j. 




du 

Vg 


dv 

Ve ait 

d_X_ 

Xj, 


dX _ 

- 41 x, 

. du 

Ve ^ 


dv 

VG =’ 




Vg 


X, 


and similar equations obtained by replacing JTj, X^, X by Fj, Fj, F 
respectively, and by Fj, Z„, Z. From (15) we have 


(17) 


a:=J" VAA'djt-fVGA;(?v, 

- y= J'VEY^du+VGY^dv, 
z= ^Vxz^du +VGZ„dv. 

W e proceed to the proof of the converse theorem ; 

Gtmi /our functions, E, G, D, D", satisfying equations (14) ; there 
exists a surface for which E, 0, G ; D, 0, 2)" are fundamental 
quantities of the first and second order respectively. 
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In the first place WQ remark that all the conditions of Integra 
bility of the equations (16) are satisfied in consequence of (14) 
Hence these equations admit sets of particular solutions wh(»e 
values for the initial values of u and v are arbitraiy Irom the 
form of equations (16) it follows (cf § 13) that, if two such sets 
of particular solutions he denoted by AT,, X and I'l, F, then 
A'j* + X* + X*= const , 

(18) . y» + r’ + r*= const, 

A, -f- A, r, + Arr= const 

From the theory of differential equations we know that there exist 
three particular seta of solutions A ,, A„ X, Y^, Y, Fp F, Z, 
which for the initial values of « and v have the values 1, 0, 0, 0, 1, 0» 
0, 0, 1 In this case equations (18) become 
'Ar* + X,* + A’ = l, 

(19) . F?+l*+r»=l. 

X, Fj + X, F, + XF= 0, 

which are true for all values of u and v In like manner we have 

(19') . XiZ, + X,F, + XZ=0, 

[FiZj+F,F,+ FZ=0 

From (16) it follows that the expressions m the right-hand mem 
bcrs of (17) are exact differentials, and that the surface defined by 
these equations has, for its linear element and its second quadratic 
form, the expressions 

(20) Edi^ + G dv\ D du^ + D 'dv^ 

respectively 

Suppose, now, that we had a second system of three sets of 
solutions of equations (16) satisfying the conditions (19), (19) 
By a motion m space we could make these X’s, F s, and Z’s equal 
-uujJJSisjftnjJinij, 'snm 'll tha firaA fon tba vniJ-jal. values 

of tt and V But then, because of the relations similar to (18), they 
would be equal for all values of u and v, as shown in § 13 Hence, 
to withm a motion in space, a surface is determined by two quad 
ratio forms (20) As m § 13, it can be shown that the solution of 
equations (16) reduces to the integration of an equation of Kiccati. 
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Later * we shall find that the direction-cosines of any two per- 
pendicular lines in the tangent plane to a surface, and of the normal 
to the surface, satisfy a system of equations similar in form to (16). 
Moreover, these equations possess the property that sets of solu- 
tions satisfy the conditions (18) when the parametric lines are any 
whatever. Hence the choice of lines of curvature as parametric 
lines simplifies the preceding equations, but the result is a general 
one. Consequently we have the following fundamental theorem: 

When the coefficients of two qtiadratic forms, 

Edu^ -h 2 Fdndv + G dv”, D du^ + 2 D^dvdv + D^^dv^, 

satisfy the equations of Gauss and Codazzi, there eadsts a surface, 
unique to within its position in space, for which these forms are 
respectively the first and second fundamental qxiadratic forms; and 
the determination of the surface requires the integration of a Riceati 
equation and quadratures. 

From (HI, 3), (6) and (C), it follows that if E,F,G\ B, B\ D" are the funda- 
mental functions for a surface of coordinates (x, y, z), the surface symmetric with 
respect to the origin, that is, the surface with the coordinates {—a:, — y, — 2 ), has 
the fundamental functions — D, — B', — B", Moreover, in consequence 

of the above theorem, two surfaces 'svhose fundamental quantities bear such a rela- 
tion can be moved in space so that they will be symmetric with respect to a point. 
Two surfaces of this kind will be treated as the same surface. 


EXAMPLES 

1, When the lines of curvature of a surface form an isothermal system, the 
surface is said to be 1 sot/icnn jc. Show that surfaces of revolution are isothermic. 


2. Show that the hyperbolic paraboloid 

a, . - b- - uv 

X = - (u 4 - u), 2 / = - t)), 2 = 

is isotliermic. 


3, When a surface is isothermic, and the linear clement, esqjressed in terms of 
parameters referring to the lines of curv'ature, is 4- do^), the equations 

of Codazzi and Gauss are reducible to 


±iogx = ?i-JL-!f=. 

Pt P2 CU 


— logX = ^ 

tv P 1 P 2 -P 1 



0 . 


4, Find the form of equations (11)^ (IS) when the surface is defined in terms of 
symmetric cofirdinates (cf, §30). 


• Cf, § Consult also Scheffers, Vol. II, pp, 310 ct scq. ; Bianchi, Vol. I, pp. 122-124. 
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6 Show that JT is equal to zero for the tangent surface of a twisted cnrre, 
taking the linear element of the latter in the form (106), § 20 

6 Show that the total curvature of the surface of revolution of the tractriz 
about Its axis >s negative and constant 


7 Establish the following formulas, in which the differential parameters ai 
formed with respect to the form 4- 2 Edude + Gdn^ 

fi ft f* 

where the quantities have the same significance as in § 65, 


ft Deduce the identuy 






and show therefrom that the curves in which a minimal surface is cut by a 
family of parallel planes and the orthogonal trajectories of these curves form 
an isothermal system 


66. Fundameatal equatioas in another form. We have seen m 
§ 61 that if -Y, Y, Z tlenote the direction cosinea of the normal to 
a surface, the direction-cosines of the normal to the spherical rep- 
resentation of the surface are eY, eZy where e is ±1 according 
as the curvature of the surface is positive or negative If, then, 
the second fundamental quantities for the sphere be denoted b/ 
3, we have 

( 21 ) 


( 22 ) 


so that for the sphere equations (7) become 

£X^ 

1 duBv 

/22y3-^' 

“llJ L2 J 0 

where the Chnatoffel symbols formed with respect to 

the linear element of the spherical representation, namely 
(23) dff* = d’du’-f 2,5fdwdv 

The conditions of mtcgrability of equations (22) are reducible 
by means of the latter to 
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•where A,. A,, B,, B„ are the functions obtained from the quantities 
flj, respectively of § 64 by replacing ^ JS, F, G 

by 1, S', ^ respectively. Since the above equations must be sat- 
isfied by Y and Z, the quantities A,, A„, By, B„ must be zero. This 
gives the single equation of condition 


m\ 1 \d ( S dS 1 dS\ d /2 dS 
' 2// du \S/f dv ff du ) dv v/ 8u 


l_dS 

/fdv' 


S dS\ 
Sff dll) , 


= 1 . 


Moreover, the Codazzi equations (13') become, in consequence 
of (21), 

0 


(25) 


(€\ d(s\,[22V€ riiy#_ 

/£U|22y f _ ol i2y ^ 4.Pn'^ = 0 

du\//) dv\//)'^\lS //: // ’ 


which vanish identically. ^ 

If equations (IV, 13) be solved for — and —5 we get 

du dv 


(26) 


dx 

dll 

dx 


dX . dX 


/f- du ^ 
dX 


dv 


/P 


du 


/P dv 

dv 


/P 


By means of equations (22) the condition of integrability of these 
equations, namely ±(^\_± 

dv \du/ du \dv) 

and similar conditions in y and z, reduce to 
dD 


(27) 


dv 

du 




Hence two quadratic forms 

(f dir + 2^diidv + ^dir, D dir+ 2D^dudv +D"dr, 

whose coefScients satisfy the conditions (24), (27), may be taken 
ns the linear element of the spherical representation of a surface 
and ns the second quadratic form of the latter. When A’, F, Z are 
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known, tbe cartesian coordinates of the surface can he found hy 
quadratures (26) , however, the determination of the former lequuea 
the solution of a Riccati equation 

If tbe eqoationa 

^ tu du ^ tu Sv ^ Sv Su ^ tv tv 

Iw dlBcrentlated with respect to « and r the resulting equations may be reduced 
by means of (7) and (22) to the form * 



67 Tangential cobfdinates Mean evolute A surface may be 
looked upon not only as the locus of a point whose position 
depends upon two parameters but also as the envelope of its 
tangent planes This family of planes depends upon one or two 
parameters according as the surface is developable or not We 
considered the former case in § 27, and now take up the latter 
If W denotes the algebraic distance from the ongm to the tan 
gent plane to a surface S at the point M (x, y, s), then 


(29) W~xX+yY+zZ 

If this equation is differentiated with respect to u and v, the 
resulting equations are reducible, m consequence of (IV, 8), to 


( 30 ) 


ii iE=v ^ 

dv dv 


>Ct Bianehl Vol I p J57 
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The three equations (29), (30) are linear in x, y, z, and in con- 
sequence of (IV, 79, 80) their determinant is equal to e//. Hence 
we have 


a; = 


f-f 


TF 

Y 

z 

ajF 

K 


dti 

Bu 

du 

dW 

BY 

dZ 

dv 

Bv 

dv 


and similar expressions for y and z. From (IV, 11) we deduce the 
idenUUe, 

. I Sit Sit /-f \ du dv / 

(di) 


dv' 


BY e ( BX BX\ 


By means of these equations the above expression for x is 
reducible to 


„ ,rx+ ?£ +21!: eu ?£1. 


Hence we have 


(32) x^WX+A[{W,X), ij^WY^A[{W,Y), z==WZ+A[{W,Z), 

the differential parameters being formed with respect to (23). 

Conversely, if we have four functions A"; F, Z, IF of w and 
such that the first three satisfy the identity 

(33) 


equations (32) define the surface for which A"', F, Z are the direction- 
cosines of the tangent plane, and IF is the distance of the latter from 
the origin. For, from (33), we have 






in consequence of which and formulas (22) we find from (32) that 




= 0 . 


Sloreover, equation (29) also follows from (32). Hence a surface 
is completely defined by the functions X^ F, F, TF, which are 
called the tariffC7itial coordinates of the surface.* 


* Cf. Wdngarten. Festschrift der Techntschen UochschuJe zu DcrHn (1884) • Bianchi 
Vo). I, pp. 172-174 ; Barboux, Vo). 1. pp. 284-248. 
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When equations (30) are differentiated, we obtain 

du^ ^ du* dudv SuSv 

^ 3a* 

B 7 meana of (32), (29), and (30) these equations are reducible to 

ra’ir im'sw ■] 

r -“I'w-u/to-u; 

When these expressions for D, I),' P" are substituted m the 
expression (IV, 77) for Pi+p,, the latter becomes 




duSv 3u^ . 


By means of (25) this equation can be written in the form 

(35) Pj+P,^-(A;ir+2jr), 

where the differential parameter is formed with respect to the 
linear element (23) of the sphere 

Moreo\er, if denotes the following expression, 

, 1 f/(PP riiVad 

(36) ^«^-s^A{w~Uiru-{2}^) 

\dv‘ 1 1 J 0« t 2 J 3u/ 

/3*g fuxdd figyggxn 

\3u2a L 1 / 3u 12 / Sv/ J 


it follows from (34) that 
^ XiD"-D'^ 


= A*, TV+ TFA^ jr+ JF* 
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In passing we shall prove that is a differential parameter 
hy showing that it is expressible in the form 

,S8, A C 2VA,(9.A,g)-A.A.^ 


Without loss of generality we take 

( 39 ) Edu^+Gdv^ 

as the quadratic form, with respect to which these differential 
parameters are formed. Then 


^ 1 ^ 1 /I dG 1 dE\ . , . , 1 

^'^-2E\Gdu E du)' E^ 


e* du 


A^AjU = ■ 




, = — 


1 pE dG /^^Yl 
4kE^Gldu du'^Kdvj J* 


By substitution we find 


2 AgnA,(^, A,n)— 


Since the terms in the right-hand member are differential param- 
eters, their values are independent of the choice of parameters 
u and r, in terms of which (39) is expressed. Hence equation (38) 
is an identity. 

The coordinates 2 ^ of the point on the normal to a sur- 

face halfway between the centers of principal curvature have 
the expressions 

-fp.) a; ^0 = ^ + i iPi-^Po) 

The surface Sq enveloped by the plane through this point, which 
is parallel to the tangent plane to the given surface, is called the 
ero?«fe of the latter. 

If If' denotes the distance from the origin to this plane, we have 

(40) Tr;=SAa-o=TI^+i(p,+p,). 

By means of (35) this may be written 

(41) IF, =- 1 a; IF. 
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examples 

1. Derive the eqtiations of the lines of curvature and the expressions for (he 
principal radu In terms of IV, when the parametric lines on the sphere are 
{i) meridians and parallels , 

(ii) the imaginary genetatoTe 

Show that in the latter case the curves corresponding to the generators lie sym- 
metncally with respect to the lines of enrvalnre 


9 Let ITi and IV* denote the distances from the ongin to the planes through 
the normal to a surface and the tangents to the lines of curvature « s const , 
«= const respectively, so that we have 


Show that 


Wi = + pVi + rZi, IV* = zX* -h iiV* + zZj 




Ai(TV,z) = - 


^ilVi 

/>! 


JTjWt 
Pt ' 


0(TV,x) 


;r*TVi JTilV, 


the differential parameters being formed with respect to Edu* + 2 Fduis + Gdi? 


3 If 2^ = I* + + a“, then we have 

A,5 = 23_>VS A*3 = 2 + lv(i + iy IV) = - (^ + ^) 

4 Show that when the lines of curvature are parametric 

1 eg _ aiv 

Pi tn ~ in Pj iv iv 


5 The determination of surfaces whoso mean evolute is a point is the same 
pTobtem as finding isothermal systems of hues on the sphere 


69. The moving trihedral. The fundamental equations of con- 
dition may be given another form, m which they are frequently 
used by French writers. In deriving them we refer the surface to 
a moving set of rectangular axes called the trihedral T. Its ver- 
tex JW IS a point of the surface, the ly-plane is tangent to the 
surface at J/, and the positive z-axis coincides with the positive 
direction of the normal to the surface at AT. The position of the 
x~ and y-axes is dutuntrmtjd Vy ■lYie wngie V vAncii iiib \angtfsAi» 
the curve v = const through Af makes with the x-axis, 17 being a 
given function of u and v. 

In Chapter I we considered another moving trihedral, consisting 
of the tangent, principal normal, and binormal of a twisted curve 
Let us associate such a trihedral with the curve r — const, through 
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Jir and call it the trihedral t^. We have found (§ 16) that the yaria- 
tions of the direction-cosines of a line X, fixed in space, 

with reference to as its vertex moves along the curve vrhich 
we call are given by 


(42) 


pj dB^'~ \p^ tJ' ds^'^rj 


where t„ denote the radii of first and second curvature of (7^, 
and dSy its linear element ; evidently the latter may be replaced 
by ^J~Ed\u 

The direction-cosines of X with respect to the trihedral T have 
the values a! cos U — (5' sin — c' cos sin 

(43) ^ 6 = sin U 4- (6' sin d cos w^) cos fT, 

c == 6^ cos 5)^4“ sin 


where is the angle which the positive direction of the z-axis 
makes with the positive direction of the principal normal to at Jf, 
the angle being measured toward the positive direction of the binor- 
mal of C^. From equations (42) and (43) we obtain the following : 


(44) 


da . db dc r 

— dr— eq, — ==€p — ar^ — ^aq— op^ 

du cit cii 


where jt?, r have the following significance : 



If, in like manner, w^e consider the trihedral % of the curve 
w = const, through jl/, denoted by we obtain the equations 

ca y cb dc y 

- = - = cp,-ar,, -=^aq,~lp,, 

where r, can be obtained from (45) hy replacing l/\ 5 ^, 
P.t r, Pry As 7^ dcnotcs the angle which the 

tangent to the curve at ill makes with the z-axis, we have 

(^6) r-J7=a). 
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If the vertex U: moves along a curve other than a parametric 
line, that is, along a curve determined by a value of dv/d«, the 
variations of a, b, c are evidently given by 

dc du ^ dc dv 

ds Bv d» Bu ds Bv dg Bu dg Bv d»’ 
in which the differential quotients have the above values 

69 Fundamental equations of condition Suppose that we asso- 
ciate with the trihedral T a second trihedral T, whose vertex 0 is 
fixed in space, about which it revolves in such a mannei that its 
edges are always parallel to the corresponding edges of T, as the 
vertex of the latter moves over the surface m a given manner 
The position of is completely determined by the nme direction 
cosines of its edges with three mutually perpendicular lines X, X, 
i, through 0 Call these direction-cosines a,, r, , a,, , o,, 

5,, c, These functions must satisfy the equations 


(47) 


Ba , db 

— 1= — Cff, — = cn — a; 

Su ^ &w 

Ba j Bh 


8c - 

Be , 


If we equate the two values of obtained from the first 

cu cv 

two of these equations, and in the reduction of the resulting equa- 
tion make use of (47), we find 




Since this equation must be true when b and c have the values 
ft,. Cl, Cj, 6,, c,, the expressions in parenthesis must be equal 

to zero Proceediner in the same manner with - — r- and — — , we 
, . j i ^ duBv cuBv 

obtain the following fundamental equations • 

r 


(48) 


Bv 

?! 

Bv' 


Sq, 

Br, 


• Theae equations were d nt obta ned by Combescure AnnaUs de VMcols Ifonnalt 
fief 1 Yol IV (1S67) p 109 ef also Darboux Vol 1 p 48 
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These necessary conditions upon the six functions jo, * • • , in 
order that the nine functions * • », C 3 may determine the position 
of the trihedral are also sufficient conditions. The proof of this 
is similar to that given in § 65. 

Equations (47) have been obtained by Darboux * from a study 
of the motion of the trihedral He has called the 

rotations. 

We return to the consideration of the moving trihedrals T and 
Let {x^ y, z) and y\ z') denote the coordinates of a point P 
with respect to T and respectively. Between these coordinates 
the following relations hold: 

f ar = a:' cos U — (y' sin cos 5) Jsin C7, 

y = 2 / sin ^7 + (y sin s' cos cos 
z = y cos c5„ + 2 ' sin 

If in a displacement of P absolute increments with respect to 
the trihedral at 31 be indicated by S, and increments relative to 
these moving axes by d, we have, from § 16, 

(50) ^=^-^+1 

From (49), (50), and (45) we obtain the following f : 

cos U— ry + $z, 

du du 

^ sin IT —jpz + rx^ 

dudu r -r 

Sz dz 

_ = _-5X + „. 

Equations similar to these follow also from the consideration 
of the trihedral Hence, when the trihedral T moves over the 
surface with its vertex Jlf describing a curve determined by a 
value of dv/dxi^ the increments of the coordinates of a point 
in the directions of the axes of the trihedral, in the 

• L.C., Vol. I, chaps. I and v. 

t In deriving these equations we have made use of the fact that equations (49) define 
* a transformation of coordinates, and consequently hold when the coordinates are replaced 
Jjy the projections of an ahsoluto displacement of P. 
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absolute displacement of P, which may also be moring relative 
to these axes, have the values * 

i Sa: = c7a: + f rfu + + (?</« + q^(lv)a — (rclu + 

5y *= + •>} c?u + + (r du + r, dv) x—(pdu-hp^ dv)z, 

Sz~dz +(pdu-hp^dv)y — (gdu + f^dv)z, 

where we have put 


(52) 


f = Vp cos U, 7 = VP sm U, 
^^~Vg cos r= VGcos(<w+U), 


7}^=VGBin V=Vdsm{<ii>+U) 


The coordinates of M are (0, 0, 0), so that the mcrements of its 
displacements are 

(53) =s f dw + % s= Tj d» + rj^dv^ fiz = 0 

If (afj, y,, z,) denote the coordinates of AT with respect to the 
fixed axes formed by the lines Zj, Z„ Z, previously defined, it 
follows that 


and similar expiesaions for and Zj, where a,, 6 ,, c, , o,, 
a,, 6 ,, e, are the direction-cosmes of the fixed axes with reference 
to the moving axes Since the latter satisfy equations (47), the 

conditions that the two values of obtained from (54) be eoual, 
3^z 

and similarly for ■— V - and — are 
dudv dudv 


(55) 


hv du 




dv g?! 






When we have ten functions ^j, 17 , » 7 i, Py, ?j, r, satis 
fying these conditions and (48), the functions , e, can be 

found by the solution of a Riccati equation, and yj, z^ by qnad 
ratures Hence equations (48) and (55) are sufficient as well as 
necessary, and consequently are equivalent to the Gauss and 
Codazzi equations 

»Cf Darboox Vol II p 348 
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70. Linear element. Lines of curvature. From (53) we see that 
the linear element of the surface is 

(56) ds^ = {^du+ dvf + (ij du + dvf. 

Hence a necessary and sufficient condition that the parametric 
lines be orthogonal is 

(57) 


For a sphere of radius c the coordinates of the center are (0, 0, — c), it being 
assumed that the positive normal is directed outwards. As this is a fixed point, it 
follows from equations (61) that whatever be the value of d^/du we must have 


and consequently 
( 68 ) 


fdu + ^idv — (qdu-{- qidv)c = 0, 
yjdu + Tjidv + (pdu 4- pidu)c = 0, 

i = = = c 

q 


Conversely, when these equations are satisfied, the point (0, 0, c) is fixed in space, 
and therefore the surface is a sphere. Moreover, suppose that we have a propor- 
tion such as (58), where the factor of proportionality is not necessarily constant. 
For the moment call it t. When the values from (68) are substituted in (66) and 
reduction is made in accordance with (48) we get 


dt dt . 

dv du 8v du 


Henco t is constant unless is zero, which, from (66) and § 81, is seen to 

bo possible only in case the surface is isotropic developable. 


By definition (§ 51) a line of curvature is a curve along which 
the normals to the surface form a developable surface. When the 
vertex is displaced along one of these lines, a point (0, 0, p) must 
move in such a way that 8x and are zero. Hence we must have 

^ dxt + ^xdv 4- (? dll 4- q^dv) p = 0, 

7} dll 4“ ’}‘Pidv)p = 0. 

Eliminating p and dv/du respectively, we obtain the equation of 
the lines of curvature, 

(59) {^du + ^^dv){p dll +p^dv) + {T] du 4- {qdii 4* qidv) = 0, 

and the equation of the principal radii, ^ 

(60) p"{pq^~ qp^) + p(qr}^— qp) +p^i—p>i^'+ {^Vi~V^i) ~ 0- 

Prom (59) it follows that a necessary and sufficient condition 
that the parametrio lines be the lines of curvature is 

^ + 7 ?? = 0 , 
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We may replace these equations by 

jsz-Xf, pi = \Vv 

thus introducing two auxiliary functions X and X^ When these 
values are substituted in the third of (56), we have 
(x-\)(ff.+ r?i7,) = 0 

If X and Xj are equal, the above equations are of the form (58) 
which were seen to be characteristic of the sphere and the iso 
tropic developable Hence the second factor is zero, so that equa 
tions (61) may be replaced by 

(62) f f , + rji}^ = 0, pp^ + qq^ = 0, 

of which a particular case is 

(63) = p^q, = 0 

From (52) it follows that in the latter case the x and ^axes are 
tangent to the curves vs= const and u = const We shall consider 
this case later 

From (60) and (52) we find that the expression for the total 
curvature of the surface is 

PiPt VAGsm w 

where <» denotes the angle between the parametnc curves Hence 
the third of equations (48) may be written 

>/EGfiin a) JT _ 8r df^ 

PiPt PiPt ” 

71 < Conjugate directions and asymptotic directions Spherical 
representation. We have found (§ 64) that the direction in tl e 
tangent plane conjugate to a given direction is the cbaracteiistic 
of this plane as it envelopes the surface in the given direction 
Hence, from the pomt of view of the moving trihedral, the direo 
tion conjugate to a displacement, determined by a value of dv/du, 
is the line in fbe xp plane which passes through the ongin, anh 
which does not experience an absolute displacement in the 
direction of the »-axi8 From the third of equations (51) it is 
seen that the equation of this line is 
(65) (p d« + p,dw) y — (2 dw + q^dv) r «= 0. 
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If the increments of u and v, corresponding to a displacement in 
the direction of this line, be indicated hy d^xt and the quan- 
tities X and y are proportional to (| d^i + ^^d^) and {r) d^xi + 'n^d^v). 
When X and y in (65) are replaced by these values, the resulting 
equation may be reduced to 

(66) {pt] — dud^u + {pri^ — dxid^v {pp] — d^udv 

In consequence of (55) the coefficients of dxid^v and d^xtdv are 
equal, so that the equation is symmetrical with respect to the 
two sets of differentials, thus establishing the fact that the rela- 
tion between a line and its conjugate is reciprocal. 

In order that the parametric lines be conjugate, equation (66) 
must be satisfied by cZu = 0 and d^ = 0. Hence we must have 

(67) F7i-9fi=0. = 

It should be noticed that equations (61) are a consequence of the 
first of (62) and (67). Hence we have the result that the lines of 
curvature form the only orthogonal conjugate sj^stem. 

From (66) it follows that the asymptotic directions are given by 

(68) {p-n-q^ dudv-\- {ppi^~ ?ili) dir= 0. 

The spherical representation of a surface is traced out by the 
point whose coordinates are (0, 0, 1) with respect to the tri- 
hedral of fixed vertex. From (51) we find that the projections 
of a displacement of 771 , corresponding to a displacement along the 
surface, are 

(69) + 8Y^^{pdu+p^dv)j SZ=^0, 

Hence the linear element of the spherical representation is 
(7 0) da‘ — (g du -f q^dv)* + (pdxv+ p^dv)^. 

The line defined by (65) is evidently perpendicular to the direc- 
tion of the displacement of m, as given by (69). Hence the tangent 
to the spherical representation of a curve upon a surface is perpen- 
dicular to the direction conjugate to the curve at the corresponding 
point. Therefore the tangents to a line of curvature and its rep- 
resentation are parallel, whereas an asymptotic direction and its 
representation are perpendicular (§61). 
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72 Fandameatal relations and formulas From ec^uationa (53) 
and (69) we have, for the point Jlf on the surface, 


(71) 

and 

(72) 


& _ fc Sy_ 

8u ’ 8u 
~ = ( 


~“0, 

dll 



i£. 

8u 

0v 


0, 

0 


Conseqviently the following relations hold between the fundamental 
coefficients, the rotations, and the translations 

( A = f *+ 17 *. F = f f , + vVi. G = f * + ij* 

(73) =F7i-5fr. 

I #= F* + ^=‘PPi+ S?i. ^=pl+ ql 


When, in particular, the parametne system on a surface is ortbog 
onal, and the x and y axes of the tnhedral are tangent to the curves 
V = const and « = const through the vertex, equations (52) are 
(74) 

and equations (55) reduce to 

(T5) r= 7 = - - ir ^ P>/g + 5 ,Va=sO 

' ' y/G dv ^ Ve du ^ 


Moreover, equations (45) and the similar ones for p^, 5^, become 
(76) . V f- 

P, ' \d», rj ' P, 


The first two of equations (75) lead, by means of (76), to 

/7T1 8mS. _ 1 am5, _ 1 gVg ^ 

P, VaG ’ P» 2w 

which follow also from § 58 

The third of equations (75) establishes the fact, previously 
remarked in § 59, that the geodesic torsion in two orthogonal 
directions differs only in sign 
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The variations of the direction-cosines Xi, Ti, Zi of the tangent to the curve 
V t= const, are represented by the motion of the point (1, 0, 0) of the trihedral To 
with fixed vertex. From (61) we have 


(78) 





SZi 

cu 

iZi 

cv 


= -T» 


From these equations we see that as a point describes a curve v = const, namely 
Cuj the tangent to this curve undergoes an infinitesimai rotation consisting of two 
com|>oncnls, one in amount rdu about the normal to the surface and the other, 

— gdu, about the line in the tangent plane perpendicular to the tangent to Cu. 
Consequently, by their definition, the geodesic and normal curvature of Cu are 
t/Ve and — g/VS respectively. Moreover, it is seen from (72) that as a point 
describes C« the normal to the surface undergoes a rotation consisting of the com- 
ponents qdu about the line in the tangent plane perpendicular to the tangent, and 

— pdu about the tangent. Hence, if C„ were a geodesic, the torsion would be 
P/Ve to within the sign at least. Tims by geometrical considerations we have 
obtained the fundamental relations (76), 


We suppose now that the parametric system is any whatever. 
From the definition of the differential parameters (§ 37) it follows 


that 




Consequently if P, (J, E denote functions similar to r, for a 

general curve , / v 

<f)(Uy v)=: const., 

which passes through M and whose tangent makes the angle 
with the moving a:-axis, we have, from (45), 


(79) 


■ //. VSrf 1)+ sin 4. 

« = jt.Va;? '■’(f - «os 


where by (III, 51) I/f — A^(^, and yfr^ const, defines 
any other family of curves. 

Moreover, equations analogous to (44) are 

da __ bE-cQ db cP-^aE dc_ aQ--bP 
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If now in 


da da du da dv 
d$ du dB di ds 


we rephce the expressions foi ^ -ind ~ from (47), and similarlj 
for db/ds and dc/d», we obtain ^ ^ 

Pd$ — if, (p du +p^dv), Qdi ss 1/,"/^,^ (g du + g,di>), 
Ed» =if,VA,^(r d« + r,dt!) 


From these equations and (79) we denve the following funda 
mental formulas 


(80) 


= cos ^{pdu-tr F,dv) + sin d> (g d« + g,<f»), 


P 

sm 


ds = sin ^{pdu+ p^ dv) — cos 4» (g du + g,d»). 




By means of the last of equations (80) we shall express the 
geodesic curvature of a curve m terms of the functions N, F, G, 
of their derivatives, and of the angle d which the curve makes 
with the curve i? = const If we take the x axis of the trihedral 
tangent to the curve v = const , we obtain from the last of (80), 
in consequence of (45), 

1 _ dd -y/p du 0&)\ ^ 

P» Pp. Xfjw dvJdB 

From (III, 15, 16) we obtain 



When this value and the expressions for and (IV, 57) are 
substituted m the above equation, we have the formula desired 
(Rx\ 1 , 1 /gF F 8E ldB\du 1 /ft? Fg^\dg 

^ p,** d« 21! eu 2 8v) dt'^2If\du Sdv/dt 


KXAKPUtS 

1 A neoeasaiy and sufficient condition that the origin of the trihedral The the 
only point in the Boring zy plane wh ch generates a surface to which this plane la 
ungent is that the surface be nonderctopable 
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2. Betennine p so that the point of coordinates (p, 0, 0) "with respect to T shall 
describe a surface to which the x-axis of T is normal ; examine the case when the 
lines of curvature are parametric and the x-axis is tangent to the curve v = const. 

3. When the parametric curves are minimal lines for both the surface and the 
sphere, it is necessary that 

— i7i = — q=i- ip^ gi = ipi, 

or 17 = -if, 171 = 1 ^ 1 , 9 = qi = -Wi\ 

in this case the parametric curves on the surface form a conjugate system, and the 
surface is minimal (cf. § 66). 

4. When the asymptotic lines on a surface form an orthogonal system, we 

must have ^ ^ 0, pif + qiij = 0, 

in which case the surface is minimal. 


6. When the lines of curvature are parametric, and the x-axis of T is tangent 
to the cur\’6 t = const., equations (80) reduce to 


I dw /I 1\ . ^ ^ 

r- — ( isin4» cos 

T da \Pi Ps/ 


cosw 

P 


cos^4> ^ sin^^ 


Pi 


Pa 


sin 5 _ ^ 1 ^ ^ 

P da Ps — Pi \pi dv ds q cu dsj 


6. When the second equation in Ex. 6 is differentiated with respect to a, the 
resulting equation is reducible to 

cosw dp 


p2 da 


LE /s*;: _ (^\\ za^ ^ 

y \ ds tJ du \ds/ dv \dsj ds 

„ „ 0P2 du /do\2 dp2 /du\* 

^ tu ds \da/ do \ds/ 


7. On a surface a given curve makes the angle 4» with the x-axis of a trihedral T; 
the point Poof coordinates co34>, sin4», 0 with reference to the parallel trihedral To 
with fixed vertex, describes tlie spherical indicatrix of the tangent to the curve; 
the direction-cosines of the tangent to this curve are 

— sin 4* sin w, cos4»8inw, cosw, 

where w has the significance indicated in § 49, and the linear element is da/p; derive 
therefrom by means of (61) the second and third of formulas (80). 


8. The point P, whose coordinates with reference to To of Ex. 7 are 
sin 4> cos S, — cos 4» cos w, sin Zf, 

describes the spherical indicatrix of the hi normal to the given cun’e on the surface, 
and its linear clement isds/r; derive Uiorefrom the first of formulas (80). 


73. Parallel surfaces. We inquire under what conditions the 
norni«qls to a surface are normal to a second surface. In order that 
this be possible, there must exist a function t such that the point 
of coordinates (0, 0, f), witli reference to the trihedral T, describes 
a surface to which the moving x-axis is constantly normal. Hence 
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we must have Bz = 0^ and consequently, by equations (51), t must 
be a constant, which may have any value whatever We have, 
therefore, the theorem 

If segmentt of eonstant length be laid offttpon the normals to a sur- 
face^ these segments being measured from the surface^ the locus of their 
other endpoints is « surface v>itk the tame normals as the given, surface 


These two surfaces are ^ald to be parallel Evidently there is 
an infinity of surfaces parallel to a guen surface, and all of them 
ha\e the same spherical representation 

Consider the surface for which t has the value a, and call it <Si 
From (51) it follows that the projections on the axes of T of a dis 
placement on S have the values 


(82) 


Si 1= f du + f ,d» + (5 dit + 9,d«) a, 
5y = i7£?« + rjfiv ~^{pdu 


Comparing these results with (53), we see that the displacements 
on the two surfaces corresponding to the same value of dv/du are 
parallel only m case equation (59) is satisfied, that is, when the 
point describes a line of curvature on S But from a characteristic 
pioperty of lines of curvature (§ 51) it follows that the lines of curva 
ture on the two surfaces correspond Hence we have the theorem 
The tangents to corresponding lines of curiature of two parallel 
surfaces at corresponding points are parallel 


From (82) and (73) we haie the following expressions for the 
first fundamental quantities of A 


(83) 


Jb ~ E — 2 oD + 
g=:G~2ai>'+a*^, 


or, m consequence of (IV, 78), 
{ /. \ 


( 84 ) 
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The moving trihedral for ^ can be taken parallel to T for S, 
and thus the rotations are the same for both trihedrals ; and from 
(82) it follows that the translations have the values 

+ V=V-ap^ Vi=Vi-aPv 

On substituting in the equations for S analogous to (59), (60), (66), 
we obtain the fundamental equations for S in terms of the functions 
for S. Also from (73) we have the following expressions for the 
second fundamental coefficients for S: 

(85) jj=D-a€, 3' = D'-a^, 

Since the centers of principal curvature of a surface and its 
parallel at corresponding points are the same, it follows that 

(86) p^ = Pj-a, p^ = p„-a. 

Suppose that we have a surface whose total curvature is constant 
and equal to l/r. Evidently a sphere of radius c is of this kind, 
but later (Chapter VIII) it will be sho-wn that there is a large group 
of surfaces with this property. W e call them spherical surfaces. 
From (86) we have + a) {p„ + a) = c^ 

80 that if we take a=s±c, we obtain 

1.1 1 

~ + rr- = ± — • 

Pi P2 ^ 

Hence w'e have the theorem of Bonnet: 

cveri; snr/acc of constant total turvaiure 1/c^ ihtre arc asso- 
dated two mrfaccs of mean mirvatitre ±l/c; they are parallel to the 
former and at the dista^ices q: c from it. 

And conversely, 

With every surface whose mean curvatxtre is constant and different 
from zero there arc associated two parallel surfaces^ one of which has 
constant total curvature and the other constant mean curvature. 

74. Surfaces of center. As a point M moves over a surface S 
the corresponding centers of principal curvature and describe 
two surfaces and %vhich are called the surfaces of center of S. 
Let Cj and C. be the lines of curvature of S through AT, and and 
i>, tlie developable surfaces formed by the normals to S along 

annaUi Uc maihfmatiguts^ Ser. 1, Vol. XII (1S53), p. 433. 
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and C, respectively The edge of regression of 2>^, denoted bj F,, 
13 a curve on (see fig 17), and consequently N, is the locus of 
one set of evolutes of the curves <7^ on S Similarly <S, is the locus 
of a set of evolutes of the curves C, on S For this reason and 
S. are said to constitute the evolute of 5, and S is their involute 
Evidently any surface parallel to S is also an involute of and 
The Ime as a generator of D^, is tangent to F, at J/,, 

and, as a generator of !>,, it is tangent to F, at JJf, Hence it is a 
common tangent of the surfaces N, and 
From this it follows that the developable 
surface D, meets along F^ ind envelopes 
Sj along a curve F' Its generators are con 
sequently tangent to the curves conjugate 
to F' (§ 54) In particular, the generator 
IS tangent to F^, and therefore the 
directions of F, and F' at iH, are conjugate 
Similar results follow from the considera 
tion of Z), Hence 

On the turfacea of center of a surface S 
the curvea correaponding to the linea of cur 
vature of S form a conjugate ayateni 

Since the developable X>, envelopes 
the tangent plane to S, at Jll, is the tangent 
plane to Z>, at this point But the tangent 
plane at is tangent to all along (§ 25) md consequently 
It IS determined by jUjiJf, and the tangent to C, nt M Hence the 
normal to at JZ is parallel to the tangent to <7, at M In like 
manner, the normal to 5, at 1/j is parallel to the fangent to at M 
Thus, through each normal to N n e have two perpendicubir planes, 
of which one is tangent to one surface of center and the other to 
the second surface But each of these planes is at the same time 
tangent to one of the developables, and is the osculating plane ol 
Its edge of regression Hence, at every point of one of these curves, 
the osculating plane is perpendicular to the tangent plane to the 
sheet of the evolute upon which it lies, and so we have the theorem 
The edget of regreaaion of the detelopable avrfaeea formed by the 
normals to a auifaee alo7>g the hnea of curvature of one family art 
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geodesics on the surface of center which is the locus of these edges ; 
and the developable surfaces formed hy the normals along the lines of 
curvature in the other family envelope this surface of center along the 
curves conjugate to these geodesics. 

In the following sections we shall obtain, in an analytical manner, 
the results just deduced geometrically. 

75. Fundamental quantities for surfaces of center. As the trihe- 
dral T moves over the surface S the point (0, 0, describes the 
surface of center S^. Let the lines of curvature on N be parametric, 
and the x-axis of T be tangent, to the curve ?)= const. Now 

Ve Vg 

(87) = = ^ = = q = -—, 

so that the first two of equations (48) may be put in the form 


( 88 ) 


^/i i\ 1 eVo _ 0 /l\ 
Vg\Pi /»=/ * Ui pJvg 
Vg/i 1 ^ 

.VaVPi PJKP-. pJ'^ So dv\pj 


The projections on the moving axes of the absolute displace- 
ment of Jfj corresponding to a displacement of M on S are found 
from (51) to be 

(89) Sx^-0, %, = (»;, — — Sz^= dpy 

Hence the linear element of is 

(90) ds^ = dp^ +g(i- ^^Jdtr ; 

consequently the curves /)j= const, on are the orthogonal tra- 
jectories of the curves v = const., which are the edges of regression, 
r,, of the developables of the normals to S along the lines of 
curvature v = const. 

Let us consider the moving trihedral for ,*>, formed by the 
tangents to the curves v = const, and p^ = const, at and the nor- 
mal at this point. From (89) it follows that the first tangent has 
the same direction and sense as the normal to S, and that the sec- 
ond tangent has the same direction as the tangent to u = const, on 
S, the sense being the same or different according as (1 — Pi/pj) is 
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positive or negative And the normal to <9, has the same direction 
as the tangent to v « const on S, and the contrary or same sense 
accordingly 

If then we indicate with an accent quantities referring to the 
moving trihedral T,, we have 


(91) 


— />I, y'=ey» 2 ' = — cz, 

«'= c, eA, c's= — ea^ 


where c is ± 1 according as (1 — p^/p^) is positive or negative From 
(89) it follows that 



r=?' = o 


When the values (91) ate substituted in equations for T-^ similar 
to equations (47), we find 


(93) 


p'ss r, r'=~cp = 0, 

pi « « cj ^ « 0, rl^ - cp. 


Since r' is zero, it follows from (7 6) that the curves v = const are 
geodesics, as found geometncally 

The v'lnous fundamental equations for may now be obtained 
by substituting these values in the corresponding equations of the 
preceding sections Thus, from (73) we have 


(94) 


(95) 


_/^Y 


* dv * 

which follow likewise from (90), and also 

gVA gp. 

Pi 




-Di=0, 


' Pt Va 


Hence the pammetnc curves on jSj form a conjugate sjstem 
(cf §54) 

The equation of the lines of curvature may be written 
(96) dw*+[r,g + r ^ + qp,(p,~~ p ,)] dudv + r, 0, 

and the equation of the asymptotic directions la 
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The expression for Aj, the total curvature of is 


(98) 




1 


du 


{pi-p,y^‘ 

CM 


From (80) and (93) it follows that the geodesic curvature at of 
the curve on which makes the angle with the curve v = const, 
through is given by 

1 dv 

ds, ^^ds^ 

Hence the radius of geodesic curvature of a curve — const., that 
is, a curve for which is a right angle, has, in consequence of 
(87), the value Pj — Ps- accordance with § 57 the center of geo- 
desic curvature is found by measuring off the distance Pi*— Pa? 
negative direction, on the 2 -axis of the trihedral T. Consequently 
is this center of curvature. Hence we have the following theo- 
rem of Beltrami: 

The centers of geodesic cxtrvaixire of the curves p^=^ const, on 
and of p^^ const, on are the corresponding points on and 
respectively. 


For the sheet of the evolute we find the following results: 

(90') dsl=E{l - rfjr + dpi-, 

the equation of the lines of curvature is 

(OG') + /3,)j(fuc?t;4-ri^cfir=0; 

the equation of the asymptotic lines is 

(97') 

pI cv p.: cv 

the expression for the total curvature is 


(98') 


A. = - 


dv 


iPx-Pif^±: 

CV 
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In consequence of these results we are led to the following 
theorems of Ribaucour,* the proof of which we leave to the reader 
A neeessart/ and euffiment condition that the linet of curvature upon 
S^ and 5, correspond i* that p^ — />,= e (a conitant), then 
= ^l/c^^ and the asymptotic lines upon jS, and correspond 

A necessary and sufficient condition that the asymptotic lines on 8^ 
and iS, correspond is that there exist a functional relation between 
and p, 

7G Surfaces complementary to a given surface We have jast 
seen that the normals to a surface are tangen*^ to a family of geo 
destcs on each surface of centers Now we prove the converse 
The tangents to a family of geodesics on a surface 5, are normal 
to an infinity of parallel surfaces 

Let the geodesics and their orthogonal trajectories be taken for 
the curves v = const and w = const respectively, and the paiam 
eters chosen so that the linear element has the form 

jdt)* 

We refer the surface to the trihedral formed by the tangents to 
the parametric curves and the normal, the x axis being tangent to 
the curve v = const Upon the latter we lay off from the point 
of the surface a length X, and let P denote the other extremity 
As ilfj moves over the surface the projections of the corresponding 
displacements of P have the values 

(99) d\ + du, + X — X(g' dii + qflv) 

In order that the locus of P be normal to the lines JIfjP, we 
must have dx + du == 0, and consequently 

'where c denotes the const'\nt of mtegratvon whose Y^ilne detexnnnes 
a particular one of the family of parallel surfaces If the direction 
“jA tsi ’us.'nh V/t A, F,, Z^, tfeft 

coordinates of the surface S, for which c = 0, are given by 

* = STj— mXj, y = yi~- Z s=s Zj -* 

where x^, y^, z, are the coordinates of 

* Comptes Jtendus Vol 'LXXIV (1872) p 1309 
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The surface is one of the surfaces of center of S. In order 
to find the other, S^, we must determine X so that the locus of P 
is tangent at P to the icz-plane of the moving trihedral. The con- 
dition for this is ^ 

^X-i-VG,= 0. 

du ^ 

Hence is ^ven by 


aVg, 

Bit 


A,, 


.2^ 

eVg, 

du 




hi 


and the principal radii of S are expressed by 

(100) P, = «, p,= « — • 


gVg, 

du 


Bianchi* calls the surface complementary to for the given 
geodesic system. 

Beltrami has suggested the following geometrical proof of the 
above theorem. Of the involutes of the geodesics r = const, we 
consider the single infinity which meet in one of the orthogonal 
trajectories We shall prove that the locus of these curves 

is a surface S, normal to the tangents to the geodesics. Consider 
the tangents to the geodesics at the points of meeting of the latter 
with a second orthogonal trajectory u = Uy The segments of these 
tangents between the points of contact M and the points P of 
meeting with S are equal to one another, because they are equal 
to the length of the geodesics between the curves and u=^Uy 

Hence, as jlT moves along an orthogonal trajectory tt = of the 
lines JlfP, P describes a second orthogonal trajectory of the latter. 
Moreover, as JIT moves along a geodesic, P describes an involute 
which is necessarily orthogonal to MF. Since two directions on S 
are perpendicular to -3/P, the latter is normal to S* 


EXAHPIXS 

1. Obtain the results of § 78 concerning parallel surfaces without making use of 
the moving trihedral. 

2. Show that the surfaces parallel to a surface of revolution are surfaces of 
revolution. 

•Vol.I, p.293. 
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3 Dotarmlne conjugate s^stesks upo& a eurtace mch that the mmsponding 
currea oo a parallel surface farm a conjugate system. 

4 Determine the character of a surface 8 such that its asjmptotic lines corre 
spend to conjugate lines upon a parallel surface, and find the latter surface 

9 Show that when the parametric curves are the lines of curvature of a surface, 
the charactenstlcs of the v* plane and »t-plane respectively of the moving Irihe 
dral whose x-axls is tangent to the curve e = const at the point are given by 
(r du + rjdv)y~g[z~ ^i) du = 0, 

(rdu +ritfe)a: — pj{s — pijdo =: 0, 

and ehow that these equations give the directions on the surfaces Sj and S* which 
are conjugate to the direction determined by dt/du 

5 Show that for a canal sorface ($ 29) one surface of centers Is the curve of 
centers of the spheres and the other is the polar developable of this curve 

7 The surfaces of center of a helicoid are hellcoids of the same axis and 
parameter as the given surface 


GErnSKAI, EEAUFLES 

1 If t Is an Integrating factor of V^du + de, and fa the conjugate 

_ Ve 

Imaginary function, then At log Is equal to the total curvature of the quadratic 

form Sdu^ + 2Fdudo + Ode*, all the functions In the latter being real 

2 Show that the sphere is the only real surface such that Its first and second 
fundamental quadratic forms can be the second and first forms respectively of 
another surface 


3 Show that there exists a surface referred to its lines of curvature with the 
linear clement da* = e”(iu* do*), where a is a constant, and that the surface is 
developable 

4 When a minimal surface is referred to Its minimal lines 


D = ^(u), jy=0, jr's^{v) 

hence the lines of curvature and asymptotic lines can be found by quadratures. 

8 Establish the following Identities in which the dlEereutial parametera ar 
formed with respect to the linear element 

= o(..jr).= .T.x.(i_i). 

e Prove that {cf Ex. 2, p IW) 

Ve^\pi w/ Vo^Kei Pt! Vi* rf/ 

\gl Pi} Vi nJ Ve^Xpi Pi) -v/ffcvVl P*} 
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T. Show that 4- 2/^ + 2* = 1^2 + Ai W, 

Ihc differential parameter being formed with respect to (23) ♦ 

8. A necessary and sufficient condition that all the curves of an orthogonal 
system on A surface be geodesics is that the surface be developable. 

9. If the geodesic curv’ature of the curv’es of an orthogonal system is constant 
(different from zero) all over the surface, the latter is a surface of constant negative 
curvature. 

10. When the linear element of a surface is in the form 

ds- = dur + 2 cos w dudv + dv\ 

the parametric curves are said to form an equidistantial system. Show that in this 
case the coordinates of the surface are integrals of the system 

C2x c2y C“Z 

dit cv ^ dudv ___ 

dy Bz dz ^y Bz cx cz Bx ^ By 

Bit Bv Bu Bv Bit cv Bv cu Bu Bv Bv Bu 

11. If the curves v = const, u = const form an equidistantial system, the tan- 
gents to the curves v = const are orthogonal to the lines joining the centers of geo- 
desic curvature of the cun-es u = const, and of their orthogonal trajectories. 

12. Of all the displacements of a trihedral T corresponding to a small displace- 
ment of its vertex Jf over the surface there are two which reduce to rotations ; they 
occur when 3f describes either of the lines of curvature through the point, and the 
axes of rotation are situated ip the planes perpendicular to the lines of curvature, 
each axis passing through one of the centers of principal cur\’ature. 

13. When a surface is referred to its lines of curvature, tlie cur\’es defined by 

gS (I„3 + 3 52 dum + 3 dudv^ + p 2 ^ doS = 0 
Bu Bv Bu Bv 

I>osscss the property that the normal sections in tliesc directions at a point are 
straight lines, or are superosculated by their circles of curvature (cf. Ex. 9, p. 21 ; 
Ex, G, p. 177). These cur\*es are called the superosculathiy lines of tlie surface. 

14. Show that the superosculating lines on a surface and on a parallel surface 
corresiwnd. 

16. Show that the Gauss equation (04) can be put in the following form due to 

Liouville: , — , 

vEGsinfay _ 5 / V B I vG\ £2^ 

PlP2 CV\pffu / ^i\P{yr J Buev' 

where pg^ and denote the radii of geodesic cun-ature of tlie cui^^es v = const, and 
It = const, respectively. 

10. When the parametric curves form an orthogonal system, the equation of 
Ex. 15 may be written 

PIPS VG CU\Pir} Pffn Pffv 

IT. Determine the surfaces which are such tlmt one of them and a parallel 
divide harmonically Uie segment between the centers of principal cur\’ature. 
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II Determlnft the eorfuces which are each that one of them and a paraltel 
admit of an equivalent repreeentaUon (cf Ex. 14, p 113) with lioea of curvaton 
corieepondlng 


19 Derive the follovring properties of the surface 



(I) the parametric lines are plane lines of curvature , 

(li) the principal radii of curvature are ^ v, p* s — u, 

(Hi) the surface Is algebraic of the fourth order , 

(It) the surfaces of center are focal conics. 

50 Given a curve C upon a surface S and the ruled surface formed bp the tan- 
{^ts to S which are perpendicular to C at its points il , the point of each generator 
JIN at which the tangent plane to the ruled surface Is perpendicular to the tan- 
gent plane at 3/ to 5 is the center of geodesic curvature of C at JIf when the ruled 
surface is developable, this renter of geodesic curvature is the point of contact of 
Jf.V with the edge of regression 

51 If two surfaces have the aame spherical representation of their lines of 
curvature, the locus of the point dividing the Join of corresponding points In con- 
stant ratio Is a surface with the same vepresentation 

S* The locus of the centers of geodesic curvature of a line of curvature ts an 
erolote of the latter 

SS Show that when E, F, O , D, IP, Z>" of a surface are functions of a single 
parameter, the surface is a helicoid, or a surface of revolution 
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77, Asymptotic lines. We have said that the asymptotic lines 
on a surface are the double family of curves whose tangents at 
any point are determined in direction by the differential equation 

D dv: -h 2 D^d\idv + D' W = 0, 


These directions are imaginary and distinct at an elliptic point, 
real and distinct at a hyperbolic point, and real and coincident at a 
parabolic point. If we exclude the latter points from our discussion, 
the asymptotic lines may be taken for parametilc curves. A neces- 
sary and sufficient condition that they be parametric is (§ 55) 

( 1 ) = = 


Then from (IV, 25) we have 

(2) ^^=-4 


P" 


where p as thus defined is called the radhis of total curvature. 
The Codazzi equations (V, 13') may be written 


(S) 


aiog£_„ ri2 


OIL 


'1 


L2\ 

2 /’ 


glogp 

dv 






of which the condition of integrability is 

(4) 


In consequence of (V, 3) this is equivalent to 

(5) 1(22}, l(in. 

' 8»l2/ 8»llJ 


In § 64 wo saw that X is a function of P, G and their deriva- 
tives. Hence equations (3) are two conditions upon the coefficients 
of a quadratic form 

(6) ‘ Edxi^Jr ^Fditdv + Gdx?^ 

ISO 
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that it may be the linear element of a surface referred to its asymp- 
totic lines. When these conditions are satisfied the function If is 
given by (2) to withm sign. Hence, if we make no distinction be- 
tween. a surface and its symmetno with respect to a point, from § 65 
follows the theorem : 

A nece 9 $ary and tufficient condition that a quadratic form (6) be 
the iinear element of a surface referred to tig agymptotie lineg w that 
its coejfctents satisfy equatio?is (3); token they are satisfied^ the suiface 
is unique. 

Tor example, suppose that the total currature of the surface is the same at 
every point, thus j 

a*’ 


where a is a constant lu this case eqm 

which, since H* 0, ate equivalent to 

^ = 0 , 

ea 


Hence Bis & function of u alone, and 6 a function of v alone By a suitable choice 
of the parametets these two fuuctioDS may be given the value a*, so tbaX the Imeat 
element of the suiface can he wntten 


(7) dal = at (du* + 2 cos u dude + djfl), 

where u denotes the angle between the asymptotic I ines Thus far the Codaxzl equa.- 
tlons are satisfied and only the Gauss equation (V, 12) remains to be considered. 
When the above valuea are substituted, this becomes 


( 8 ) 


a*w 


Hence to every solution of this equation there corresponds a surface of constant 
curvatuie ^ ~ whose linear element is given by (7) 

The equation of the lines of curvature is du* — de* s 0, so that if we put 
tt + e = 2«i, u — es2ti, the quantities «j and tj are paranjeteis of the lines of cur- 
vainre, and In terms of these the equation of the asymptotic lines is du* — dcjss:© 
Bence, when either the asymptotic lines or the lines of curvature are known upon 
a surface of constant cnrvature, the other system can be found by quadratures 

When the asymptotic lines are parainetric, the Gauss equations 
(V, 7) may bo written 

,Q. 1 3u* ?w dv ’ 
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where a, J, \ 
consequence of (6) 
( 10 ) 


are determinate functions of and v, -and in 

da __ dh^ 
dv du 


Conversely, if two such equations admit three real linearly inde- 
pendent integrals /^(w, v)j /n(w, v)^ v)^ the equations 

v), V), v) 

define a surface on which the parametric curves are the asymptotic 
lines. For, by the elimination of a, J, from the six equations 
obtained by replacing 6 in (9) by x, y, ^ we get 


d^x 

8-y 

8-z 


d^X 

8-y 

d^z 


8u^ 

8u' 



ar 

8v- 

dv^ 


8x 


8_z_ 

= 0, 

dx 

^JL 

cz 


U 

dx(^ 

du 

dll 

dll 

dll 


8x 


8z 


dx 


dz 


8v 

dv 

8v J 

1 


dv 

8v 1 



which are equivalent to (1), in consequence of (IV, 2, 5).* 


As an example, consider the equations 


0*6 

au2 


= 0 , 




= 0 , 


of ^vhich the general integral is auv -f + cr + d, where a, 6 , c, d are constants. 
By choosing the fixed axes suitably, the most general form of the equations of the 
surface may be put In the form 

X = 6iu 4 - ciV, 2 / = 62« + CoTJ, z = uaui? + hu + C3U. 


Prom these equations it is seen that all the asymptotic lines are straight lines, so 
that the surface is a quadric, ^foreover, by the elimination of u and v from these 
equations wo have an equation of the form z = ax* 4 - 2 hxij 4 - 4 - cx 4 - dy. Hence 

the surface is a paraboloid. 


78* Spherical representation of asymptotic lines. From (W, 77) 
we have that the total cur\’'ature of a surface, referred to its asymp- 
totic lines, may be expressed in the form 


( 11 ) 




//- 


where the linear element of the spherical represen 

tation teing 2^ dudv + ^dv\ 


• I>arl>cttx, Vol. I, p. 13?^. It should be noticed that the above result shows that tho 
concUtlon that equations (0) admit three independent integrals carries witli it not only 
(10) hut all other conditions of integrahllUy. 
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J)' 

'’“F 


From this result and (2) it follows that 

(12) 

Hence the fundamental relations (IV, 74) reduce to 
(13) F=-p*^, 

and equations (V, 26) may be written 

3 * p(^8X ^dX\ dx p{ 

^ ^ du //■ V ^ dv / * dv fi \ 

Moreover, the Codazzi equations (V, 27) are reducible to 


dX , ^9X\ 


(15) 


Slogp 




^ i»gp _ 


Consider now the converse problem 

To determine the condition to he eatufied by a parametne tyttem 
of lines on the sphere in order that they may serve as the spherical 
representation of the asymptotic lines on a surface 

First of all equations (15) must satisfy the condition of Integra 
hihty Then p is obtainable by a quadrature The corresponding 
vilues of X y, z found from equations (14) and from similar ones 
ire the coordinates of a surface upon which the asymptotic hncs 
are parametric For, it follows from (14) that 


(16) 


X — — = 0 

Bu cu ' 


eiv Bv 


Furthermore, p is determined to within a constant factor, conse- 
quently the same is true of x^y,z, therefore the surface is unique 
to within homothetic transformations Hence we have the following 
theorem of Dim 

A Ti«ce«Bar_y and «i^etent condition tAnt a double family of cune« 
upon the sphere he the spherical representation of the asymptotic lines 
upon a surface i» that ^ ^ satiny the equation 

the corresponding surfaces are homothetic transforms of one another, 
and their Cartesian coordinates are found by quadratures 

• The chbjli^ D / jrivea the surfMe symtoetrie to the one correspond ngto (13 

_jgi»»eeirtroi» (14) and hence may be neglected 
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When equations (1) obtain, the fundamental equations (V, 28) 
lead to the identities 

m=-n' 




n=-m- 


The third and fourth of these equations are consequences also of 
(3) and (15). 

79. Formulas of Lelieuvre. Tangential equations. In conse- 
quence of (V, 31) equations (14) may be put in the form 

/1QX xr^^\ 

(19) _ = 

ivhereeis ±1 according as the curvature of the surface is positive 
or negative. Hence, if we put 

<20) J'i=V-epX, V2=V— epF, J'3=V— epF, 
we have the following formulas due to Lelieuvre : * 


'dx_ 


dx 

^2 


dtt 

dv^ 

dll 

du 

dv 

dv^ 

dv 

dv 




dv 



du 

die 

du 

dv 

tl 

dv 


1 If 

V. 1 


1 V. 

1 

dz \ 

1 

dz 

1 z 

du \ 

du 

di^„ 

du 

dv^ 

dv^ dv„ 
dv dv 


The conditions of integrability of these equations are 
dit cv cu dv dll Bv 


• BuJUtin des Sciences ^fath^matiqueSf Vol. XII (1888), p. 126. 
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By means of (V, 22) and (15) -we find from (20) that the common 

ratio of these equations is ^ ^ Consequently are 

bolutions of the equation 


£L 

eudv 


'1 

eucv 


Con-vetsely, we have the theorem 

Chtven three particular tnteffralt Vj, v^,v^of art ejuatum of the form 


( 22 ) 


duev 


\0, 


where X t» any function whatever of u and t , the turf ace whote co- 
ordinate* are given by the correepondmg quadrature* (21), ha$ the 
parametric curvet for atymptoUc lines and the total ewriiatwre of the 
surface t» measured by 


(23) 




1 _ 1 
P* (*'!*+*'/+ «',V 


For, from (21), it is readily seen that v, f,, v, are proportional to 
the direction-cQsines of the normal to the surface And if these 
direction cosines be given by (20), -we are brought to (19), from 
which we see that the conditions (16) are satisfied 


Take, for example the simplest case — — = 0 and three solutions 

+ (i = l 2,8) 

The coQrdinaies o! the surface are 

z + J' ( 0 j^j — 0i#») du — J* — 'hfi)de 

and similar expressions for y and x tV hen In particular we take 

0 (u) s a u + ^ V- (») = «<»+ ? 

the expressions for x y, z are of the form aus + 5u + es d and consequently the 
surface is a paraboloid 

From equations (V, 22, 34) it follows that when the asymptotic 
Imes are parametnc, the tangential coordinates A, I, If ate 
solutions of the equations 



( 24 ) 
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EXAMPLES 

1. Upon a nondevelopable surface straight lines are the only plane asymptotic 
lines. 

2. Tlie asymptotic lines on a minimal surface form an orthogonal isothermal 
system^ and their spherical images also form such a system. 

3. Show that of all the surfaces with the linear element = du^ + (u^ -f a^) dv\ 
one has the parametric curves for asymptotic lines and another for lines of curva- 
ture. Determine these two surfaces. 

4. The normals to a ruled surface along a generator are parallel to a plane. 
Provo conversely, by means of Uie formulas of Lelieuvre, that if the normals to a 
surface along the asymptotic lines in one system are parallel to a plane, which 
differs with the curve, the surface is ruled. 

6. If wo take n = u, vn — vz = the formulas of Lelieuvre define the 
most general right conoid. 

6. If the asymptotic lines in one system on a surface he represented on the 
sphere by great circles, the surface is ruled. 


80, Conjugate systems of parametric lines. Inversions. It is our 
purpose now to consider the case where the parametric lines of a 
surface form a conjugate system As thus defined, the character- 
istics of the tangent plane, as it envelops the surface along a curve 
V = const., are the tangents to the curves u = const, at their points 
of intersection with the former curve ; and similarly for a plane 
enveloping along a cuiwe « = const. 

The analytical condition that the parametric lines form a conju- 
gate system is (§ 54) 

(25) 0. 


It follows immediately from equations (V, 7) that rr, z are solu- 
tions of an equation of the type 


(26) 


, 30 , jd0 

f- a \-b — 

dit dv dit dv 


= 0 , 


where a and b are functions of u and v, or constants. By a method 
similar to that of § 77 we prove the converse theorem : 

r),/;( 2 t, r),/ 3 («, v) be three linearly independent reaVsolu- 
hon^ of an equation of the type (26), the eqxiations 

(27) T r), y =/ 2 (in v), z ^ffu, v) 

define a surface upon which the parametric curves form a conjvgate 
system.^ 


Cf. Darhoux, Vol. I, p. 122, 
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We have seen that the lines of curvature form the only ortbog 
onal conjugate system Hence, m order that the parametric lines 
on the surface (27) be lines of curvature, we must have 

dll dv cu cv du cv 


But this IS eq^uivalent to the condition that 3^+^+z* also be a 
solution of equation (26), as is seen by substitution Hence we 
have the tlieorem of Darboux * 

If X, y, 2 , 2:*4-y*+ z* are particular soluttom of an equation of the 
form (26), the first three seme for the rectangular coordinates of a 
surface^ upon which the parametric lines are the lines of curvature 

Darboux f has applied this result to the proof of the following 
theorem 

^V^ten a surface ta transformed, by an inversion into a second sur 
face the lines of curtature of the former become lines of curvature 
of the latter 

By dednitioR an inversion, or a transformation by reciprocal 
radii, n given by 

/ 28 \ *= - tf - 

* ‘ i* + y*+z* 

where e denotes a constant From these equations we find that 
<-9) (•<* -^ il* + z*) (a: * + + z* ) = c\ 

and bj solving for y, y, z 

(30) , , y« tiA , - 

zf + yl + Zj* a:* + y * + z* x* + y* + z\ 

If, now, the substitution g _ <r 

+*1 

be effected upon equation (26), the resulting equation in <r will 
'in ^tni5>■CT|^reTlta; tA nnii Vne so'iuYions x,, y,, z,, 
and therefore la of the form 


( 31 ) 


Swou CW 0l» 


0 


Vo! r p 1% 


t ^ ol 1 p SOT 
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Moreover, equation (26) admits unity for a particular solution, 
and consequently a:/ 4- is a solution of (31), which proves 
the theorem. 

As an example, we consider a cone of revolution. Its lines of curvature are the 
elements of the cone and the circular sections. When a transformation by recip- 
rocal radii, whose pole is any point, is applied to the cone, the transform 5 has two 
families of circles for its lines of curvature, in consequence of the above theorem 
and llie fact that circles and straight lines, not through the pole, are transformed 
into circles. Moreover, the cone is the envelope of a family of spheres whose cen- 
ters He on its axis, and also of the one-parameter family of tangent planes ; the 
latter pass through the vertex. Since tangency is preserved in this transformation, 
the surface S is in two ways the envelope of a family of spheres : all the spheres 
of one family pass through a point, and the centers of the spheres of the other 
family lie in the plane determined by the axis of the cone and the pole. 

81. Surfaces of translation. The simplest form of equation (26) is 

/?- 0 . 

duev 

in which case equations (27) are of the type 
(32) 

where Uj, are any functions whatever of u alone, and Fj, F^, 

any functions of v alone. This surface may be generated by 
effecting upon the curve 

^ 1=^11 

a translation in which each of its points describes a curve con- 
gruent with the curve 

In like manner it may be generated by a translation of the second 
curve in which each of its points describes a curve congruent with 
the first curve. For this reason the surface is called a surface of 
iranslation. From this method of generation, as also from equa- 
tions (32), it follovi^ that the tangents to the curves of one family 
at their points of intersection with a curve of the second family 
are parallel to one another. . Hence we have the theorem of Lie • : 

The developable enveloping a surface of translation along a gener^ 
ating cime is a cylinder^ 

* J/gM. Annahn, Vol. XIV (1870), pp. 332-067. 
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Lie has observed that the surface defined by (32) is the locus of 
the mid points of the joins of points on the curves 

y,= 2r,, 2,^2r, 

It may be that these two sets of equations define the same curve 
in terms of different parameters In this case the surface is the 
locus of the mid points of all chords of the curve These re'?uUs 
are only a particular case of the following theorem, whose proof is 
immediate 

The locuB of the point which divides in constant ratio the joins of 
points on two curves, or all the chords of one curve ts a surface 
of translation , %n the latter case the curve is an asymptotic line of 
the surface 

When the equations of a surface of translation are of the form 
x=Uy y=.V, s— 

the generators are plane curves whose planes are perpendicular 
We leave it to the reader to show that in this case the asymptotic 
Imes can be found by quadratures 

82 Isotbermal'COQjugate systems When the asymptotic Imes 
upon a surface are parametnc, the second quadratic form may be 
wntteu \ dudv When the surface is real, so also is this quadratic 
form Therefore, according as the curvature oi the surface is posi 
tive or negative, the paiameteTs u and v are conjugate imaginary 
or real 

We consider the foimer case and put 

« »= -f rVj, W =a — tlTj, 

when and »j are real In terms of these parameters the second 
quadratic form is Hence the curves «, = const., 

«, = const form a conjugate system, for which 
(S3) I> = D\ D'^0 

Bianchi • has called a system of this sort isothermal conjugate Evi 
dently such, a system bears to the second quadratic form an ana 
lytical relation similat to that of an laothexmal-oithogonal system 


'Vol I p 167 
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to the first quadratic form. In the latter case it was only necessary 
that be positive, and the analogous requirement, namely 

D'* > 0, is satisfied by surfaces of positive curvature. Hence 
all the theorems for isothermal-orthogonal systems (§§ 40, 41) are 
translated into theorems concerning isothermal-conjugate systems 
by substituting D, D', for G respectively in the formulas. 
In particular, we remark that if the curves = const., v = const, 
on a surface form an isothermal-conjugate system, all other real 
isothermal-conjugate systems are given by - 1 ^= const., 1 ’^= const., 
the quantities and being defined by 

tq-f n\= ±zV), 

where <f> is any analytic function. 

When the curvature of the surface is negative and we put 

in the second quadratic form Xdicdv^ it becomes X{du{-- dv^. In 
this case 

(34) = i?'==0. 

Hence the curves = const, and i\ ~ const, form a conjugate sys- 
tem which may he called isothermal-con jugate. With each change 
of the parameters u and v of the asj'mptotic lines there is obtained 
anew isothermal-conjugate system. Hence if u and v are parame- 
ters of an isothermal-conjugate system upon a surface of negative 
curvature, the parameters of all such systems are given by 

^ (u ± v) -f ifr (7i q: r), 
l\=4>(u ± v}^^}r(v zf t% 

where ^ and •yfr denote arbitrar}" functions. 

It is evident that if the parameters for a surface are such that 

( 35 ) 

where U and V are functions of u and v respectively, then by a 
change of parameters which does not change the parametric curves 
we can reduce (35) to one of the forms (33) or (34). Hence equa- 
tions (35) are a necessary' and sufficient condition that the para- 
metric cuTA’cs form an isothermal-conjugate system. Referring to 
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§ 77, Vie see that the lines of curvature upon a surface of constant 
total curvature form an isothermal-conjugate system 
When equation (35) is of the form (33) or (34), we say that the 
parameters u and v are isothermal conjugate 

83 Sphencal tepresentation of conjugate systems When the 
parametric curves are conjugate, equations (IV, 69) reduce to 
- Gif - FI>I)’ - LD"^ 


From these equations and fill, 15) it follows that the angle «' 
between the parametric curves on the sphere is given by 


^ 

Vlg 


q: cos 11 ), 


where the upper sign corresponds to the case of an elliptic point 
and the lower to a hyperbolic point Hence we have the theorem 
The anfflet between two conjugate directions at a point on a sur 
face, and between the corresponding directions on the sphere, are equal 
Oi supplementarg, according as the point is hyperbolic or elliptic 


When the parametnc curves form a conjugate system, the 
Codazzi equations (V, 27) reduce to 


(36) 




and equations (V, 26) become 


(37) 


\dz D" ( j^dx\ 


Hence, when a system of curves upon the sphere is given, the 
problem of finding the surfaces with this representation of a 
conjugate system reduces to the solution of equations (36) and 
quadratures of the form (37), after A, Y, Z have been determined 
by the solution of a Riccati equation By the elimination of D 
or 2>" from equations (36) we obtain a partial diSerential equation 
of the second order 
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From the general equations (V, 28) we derive the following, 
when the parametric curves form a conjugate sj-stem;* 


(38) 


f j-iiy ^iog-p 




f22\ Z»" fl2V 

AiJ- 1^12)’ 




84. Tangential coordinates. Projective transformations. The prob- 
lem of finding the surfaces with a given representation of a con- 
jugate system is treated more readily from the point of view of 
tangential coordinates. For, from (V, 22) and {V, 34) it is seen 
that JT, r, Z, and JF are particular solutions of the equation 


(39) 


cii ov J ext y. Z J cv 


Hence every solution of this equation linearly independent of 
X, y, Z determines a surface with the given representation of a 
conjugate system, and the calculation of the coordinates rr, 2 
does not involve quadratures (§ 67). 

Conversely, it is readily seen that if the tangential coordinates 
satisfy an equation of the form 


-fa— -f6 — 
cu cv cu cv 


0 , 


the coordinate lines form a conjugate system on the surface. 


Ak an example, we determine the surfaces whose lines *of curvature are repre- 
tenied on the sphere by a family of curves of constant geodesic curvature and their 
orthogonal trajectories. If the former family be the curves r = const., and if the 
linear element on the sphere be written = £du^ 4- we must have (IV, 60) 


V£G 


tVI 

CD 


=:0(D), 


vhore ^ (t) if; jv function of v alone. By a change of the parameter t? this may be 
made equal to unity. In this case equation (89) is reducible to 




• Cf. Bianchi, Vol. I, p. 1G7. 
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The general Integral of tins equation is 

where t# denotes a constant value of «, and U and V are arbitrary functions of a 
and * lespectWely Hence 

The deterrntnatwn of ali the sur/oces vohose ttnes of cvnature are represented en 
the sphere by a family of curves of constant geodesic curvature and their orthogonsl 
UajecAones, rejai res two quadratures 

Ib order that among all the surfaces with the same represen 
tation of a conjugate sj stem there may be a surface for which the 
system is isotheTmal-conjogate, and the parametexs be isothermal 
conjugate, it is necessary that equations (36) be satisfied by 
Z>"= ± />, according as the total curvature is positive or negative 
In this case equations (36) are 

The condition of integrability is 

When this is satisfied D may be found by quadratures, and then 
the coordinates, by (37) Hence we have the theorem 

A necessary and sufficient eonditton that a family of curves upon 
the sphere represent an isothermal conjugate system on a surface, 
and that u and v he isothermal-conjugate parameters, is that 3^,^ 
satify (dO), then the surface is unique to unthm its Jiomoihetics, 
and if« coordinates are given hy quadratures 

The following theorem concerning the mvanance of conjugate 
directions and jiaymptotic lines is due to Daiboux 

When a surface is subjected to a projective transformation or a 
transformation by reciprocal polars, conjugate directions and asymp 
tottc lines are preserved 

We prove this theorem geometncally Consider a curve f7 on a 
surface jSand the developable Z> circumscribing the surface along C. 
When a projective transformation is effected upon S we obtain a 
surface 5,, corresponding point with point to S, and C goes into a 
curve CjUpon 5,, andD into a developable Dj circumscribing S, along 
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C, ; moreover, the tangents to C and correspond, as do the gener- 
ators of D and Dj. Since the generators are in eacli case tangent to 
the curves conjugate to C and respectively, the theorem is proved* 
In the case of a polar recipi’ocal transformation a plane corre- 
sponds to a point and vice versa, in such a way that a plane and a 
point of it go into a point and a plane through it. Hence S goes 
into iSj, C into D into C^, and the tangents to C and generators 
of D into the generators of and tangents to Hence the 
theorem is proved. 

EXAMPLES 


1. Show that the parametric curves on the surface 

_ Ui-i-rj .. Ui + r. _ Ifa + r, 

X — * ?/ = t Z ~ I 

u + r ir + v 

ivhere the IT’s are functionsof u alone and theV’s of v alone, form a conjugate system. 

2. On the surface x = ^ = f/eVi, 2 = Ti;, where l/i, U» are functions of 

u alone and Ti, of v alone, tlie parametric curves form a conjugate system and 
the asymptotic lines can be found by quadratures. 

3. The generators of a surface of translation form an equidistantial system 
(cf. Ex. 10. p. 187). 

4. Show that a paraboloid is a surface of translation in more than one way. 

6. The locus of the raid-points of the chords of a circular helix is a right helicoid. 

6. Discuss the surface of translation which is the locus of points dividing in 
constant ratio tlie chords of a twisted cubic. 


7. From (28) it follows that 

dx{ + dyf -f dz{ = ■ ^ — - ; 

(x-J -f 2/* + 2^)- 

consequently the transformation by reciprocal radii is conformal. 

8. Determine the condition to be satisfied by the function w so that a surface 
^itli the linear element 

as- = a- (cos- wdu- -f-jsin^tjaD-) 

riiall have the total curwaturc — 3 /a-. Show tliat if the parametric cu n-es are tlie 
lines of enn^ature, they form an isothermal-conjugate system. 

9. A necessary and sufficient condition that the linear element of a surface 
Tcferred to a conjugate system can be written 


ds^ =2 pri<t du* — 2 -f ^^dc-), 

is that the parametric curves be the characteristic lines. Find the condition imposed 
'qK>u the ennes on the unit sphere in onler that they may represeijt these lines. 

Conjugate systems and asymptotic lines are transformed into cu n*Gs of the 
^^mosort when a surface Is transformed by the general projective transformation 


X 



B 


2/ = - 


C 

D* 


A, B, C, D 


are linear functions of the new coordinates xj, yt, n. 



204 


GEODESICS 


85 Equations of geodesic lines We have defined a geodesic to 
be a curve whose geodesic curvature is leto at every point , conse 
quently its oscuhting plane at any point is perpendicular to the 
tangent plane to the surface 

hiom (IV, 49) it follows that every geodesic upon ^ surface a 


an integral 

curve of the differential 

equation 


/ flu 


dv\ 



/ „du _ dv 

\/„d»tt „d’o\ 

(«) {^r, 


ra? 




/^dxi 


dy\ 

[/8F 

1 ^VdM 

\* SGdudv 

i8G/*\n 


*) 

iU- 

2 8v)\da 

cu dada^ 2 \d«/J 

/T.du 

+G 

dif\ 

ri 8E/ 

^t?«Y 8B < 

ofw dv ^ /dF 


-Vr. 

da) 

[2™( 

vd*/"^ 2 i3 ' 

da dt V0D 

2^X5;) J'" 


If the fundamental identity 


which gives the relation between «, v, s along the curve be differ 
entiated with respect to «, we have 

0F\fdu\' dv/^8F 8 G\ du BG /dvV . 

\9v du}\dtl da \ dtij dt\ds) dv\df/ 

If this equation and (41) be solved with respect to 

and ( + G ~ U we obtain 

\ dr 08 */ 

dt'' da* 2 8v, \da} do da da 2 du)\da} ’ 

4 .r ^ 4 - ^ , I 8G /dvV_ . 

^ d^ da*'^\du 2 dvAda) ’^dudada^2 8v \ds) “ 

If these equations bo solved with respect to and we have, 
in consequence of (V, 2), 

’ s-rae)'-{3^**{?)S)’- 
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Every pair of solutions of these equations of the form 
V s=/ 2 ( 8 ), determines a geodesic on the surface, and s is its arc. 

Bui a geodesic may be defined in terms of u and v alone, without 
the introduction of the parameter s. If v=^<f){u) defines such a 
curve, then ,/dw d^v 

. .rt T T • • d^U 

Substituting these expressions in (42) and eliminating we 
have, to within the factor (dw/ds)“, 


From (42) it follows that when dit/ds is zero, 



Hence, when this condition is not satisfied, equation (43) defines 
the geodesics on a surface ; and when it is satisfied, equations (43) 
and n = const, define them. 

From the theory of differential equations it follows that there 
exists a unique integral of (43) which takes a given value for 
u = and whose first derivative takes a given value for u = 
Hence we have the fundamental theorem : 

Through cvcrg pohit on a surface there passes a nnigue geodesic 
\e\ih a given direction » 


As an example, we consider the geodesics on a surface of revolution. We have 
found (§ 40) that tlie linear element of such a surface referred to its meridians and 
parallels is of the form 

(t 5) = (1 + ^'2) 

where r = <> (u) is the equation of tlie meridian curve. If vro put 


(40) 




and indicate the inverse of this equation by u = ’we have 


and tlie meridians and parallels arc still the parametric curves, 
tions (42) arc 


(48) 


dht 




d"c ^ dui dc 
ds ds 


For this case equa- 

0 . 
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Tl e fi«t ititegw.1 ot the second 


wt ere e Is a constant ZHinl jating ds from tl Is equation and (47) and Integral ng 
-(re l>a>e 

(49) ef — ^== = ±a + Ci 

J ^ V^* ^ c* 

■where Cl Is a constant The meridians r a const correspond to the case c =5 0 
Hence we have the theorem 

The geodes cs upon a surface of revolution referred to its n-eridlans and parallrb 
can hc/ound by quadratures 

It si ould be remarked that equal on (40) defines the geodes cs upon at j surface 
app! cable to a surface of revolution 

86 Geodesic parallels Geodesic parameters From (43) it fol 
Ions that a necessary and sufficient condition that the curves 
V = const on a surface be geodesics is that 

If the parametnc system be orthogonal, this condition makes it 
necessary that J? be a function of « alone say E = t* By replacing 
J" Uduhyu we do not change the parametric lines and h becomes 
equal to unity And the linear element has the form 
^ 51 ) 

where in general G is a function of both u and i From this it 
follows that the length of the segment of a curve ir = const, between 
the curves u = and « — «, is given by 


^ ds^= J* du=il ^ — 


Since this length is independent of v it follows that the segments 
of all the geodesics t =* const included betn een -inj two orthog 
onal trajectories are of equal length In consequence of the funda- 
mental theorem we have that there is a unique family of geodesics 
which. are the orthogonal traiectoiies of a given curve C The above 
results enable us to state the following theorem of Gauss • 

ffeodenes Is drawn orthogonal to a cuneC and equal lengths he 
measured upon them from G, the locus of their ends ts an orthogonal 
trajeeiorg of the geodencs 
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This gives us a means of finding all the orthogonal trajectories 
of a family of geodesics, when one of them is known. And it sug- 
gests the name geodesic parallels for these trajectories. Refening 
to §37, we see that these are the curves there called parallels, 
and so the tJieorem of § 37 may be stated thus : 

A necessary and sxifficient condition that the curves (})^ const, be 
geodesic parallels is that 

(52) A, (^ -/(</>), 

where the differential parameter is formed ivith respect to the linear 
cleynent of the surface^ and f denotes any function. In order that (j> 
be the length of the geodesic curves measured from the curve ^ = 0, 
it is necessary and sufficient that 

(53) A, </> = !. 

^Moreover, we have seen that when a function ^ satisfies (52), a 
new function satisfjing (53) can be found by quadrature. When 
this function is taken as the linear element has the form (51). 
In this case we shall call u and v geodesic parameters, 

87. Geodesic polar coordinates. The following theorem, due to 
Gauss,* suggests an important system of geodesic parameters: 

If equal lengths be laid off from a point F on the geodesics through P, 
the locus of the end points is an orthogonal trajectory of the geodesics. 

In proving the theorem we take the geodesics for the curves 
V = const, and let u denote distances measured along these geo- 
desics fiom F, The points of a curv^e u = const, are consequently 
at the same geodesic distance from P, and so we call them geodesic 
circles. It is our problem to show that this parametric system is 
orthogonal. 

From the choice of u we know that A’ = l, and hence from (50) 
it follows that F is independent of u. At P, that is for u = 0, the 

derivatives i ^ are zero. Consequently P and G are zero 

for u = 0, and the former, being independent of 7 /, is always zero. 
Hence the theorem is proved. 

We consider such a sj'stem and two points il/o( 77 , 0), i\) 

on the geodesic circle of radius u, Tlie length of the arc 

p. 24. 
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IS given Vodv As u approaches zero the ratio 

approaches the angle between the tangents at P to the geodesics 
» a= 0 and V =* Vj. If 6 denotes this angle, we have 

'~d~~ I 

These particular geodesic cooidinates are similar to polar coordi- 
nates m the plane, and foi this leason are called geodetic polar 
coordimtea The above results may now be stated thus 

The necessary and su^cient conditions that a system of geodetic 
coordinates be polar are 


It sbottld be uoticea, ho-weter, that It maj be necessary to hunt the pan of the 
surface under consideration In order that there be a one-to-one correspondence 
between a point and a pair of coordinates For, jt may happen that two geodesics 
aiaitwig from F meet again, in which case the second point of meeting would be 
defined by two sets of cohrdinates * For example, the helices are geodesics on a 
cylinder 1^), and it is evident that any number of them can be made to pass 
tbioiigb In o points at a finite distance from one another by varying the angle under 
which they cut the elements of the cylinder Hence in using a system of geodesic 
polar coordinates with pole at P^ we consider the portion of the surface inclosed 
by a geodesic circle of radius r, where r is such that no two geodesics through F 
meet within the circle f 


When the linear element la in the foim (51), the equation 
Gauss (V, 12) reduces to 


(55> 


1 g^Vg 


of 


If JT, denotes the total curvature of thb surface at the pole P, 
which by hjpothesis is not a singular point, from (54) and 
(55) it follows that 



• Nohca Uiat the pole Is a siogular point (or aach a system, because H* « 0 for u — 0 
fDarboux (Vol II, p *08) shows that each a fonction r exists, this is saggested 
also by SM 
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Therefore, for sufficiently small values of m, we have 
VG = « 2 — I . 


6 


i = 27ru-^^^ 


Hence the circumference and area of a geodesic circle of radius u 
have the values ^ 

Jo ^ ^ 

jT dudv — 7ru^— ^ 2 ^ 

where and €« denote terms of orders higher than the third and 
fourth respectively. 

EXAMPLES 


1. Find the geodesics of nii ellipsoid of revolution. 

2. The equations x = y = v define a representation of a surface with the 
linear element dfs- = v(du’^ -f do-) upon the xy-plane in such a way that geodesics 
on the former are represented by parabolas on the latter. 

3. Find the total curvature of a surface with the linear element 

— j^2 (q^ — r-) d»- 4 - 2 VP dudp (g* — «■) dp^ 

(a- u- — 

whore R and n are constants and integrate the equation of geodesics for the surface. 

4. A twisted cun*e is a geodesic on its rectifying developable. 

6, The c volutes of a twisted curve are geodesics on its polar developable. 

6. Along a geodesic on a surface of revolution the product of the radius of the 
parallel through a point and the sine of the angle of inclination of the geodesic 
with the meridian is constant. 

7. Upon a surface of revolution a curve cannot be a geodesic and loxodromic 
at the same time unless the surface be cylindrical. 

8. Upon a helicoid the orthogonal trajeclones of the helices are geodesics and 
the other geodesics can he found by quadratures. 

9. If a family of geodesics and their orthogonal trajectories on a surface form 
an i’^othermal system, the surface is applicable to a surface of revolution, 

10. The radius of cun’ature of a geodesic on a cone of revolution at a point P 
varies «as the cube of the distance of P from the vertex. 


88. Area of a geodesic triangle. With the aid of geodesic polar 
coordinates Gauss proved the following important theorem f : 

Tfic cTcess over 1S0° of (he sum of the angles of a triangle formed 
hg geodesics on a miface of positive cnm'aiure^ or the deficit from 

♦ Bcrtratul.Journttfdr 4Vnr/«?wafi9ue.t.Ser. 1, Vol.XIH (1S48), pp.SO-8C. f L.c., p.30. 
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of the turn of the anklet of tueh a tnangU on a turf ace <f negaiixe 
curvature, u meatured ig the area of the fart of fAe tphere tcJlwH 
repretentt that triangle 


Iti the proof of this theorem Gauss made use of the equation of 
geodesic Imea in the form 

_ 1 ^\ 

"2 dv) 


, 1 F dB 


\, ^ 1 /ao FiE\. „ 


■where 0 denotes the angle which the tangent to a geodesic at a 
pomt makes with the curve 0 = const through the point This 
equation is an immediate consequence of formula {V, 81) When 
the parametnc system is polar geodesic, this becomes 


(57) 


d6=~-^-^dv 


Let ABC be a tnangle whose sides are geodesics, and let a, )3 , 7 
denote the included angles From (IV, 73) it follows that the inclosed 
area on the sphere is given by 

(58) Cl ffdudv = KHdudv, 

where c is ±1 according as the curvature is positive or negative, 
and the double mtegrals are taken over the respective areas 
Let A he the pole of a polar geodesic system and AB the curve 
tr = 0 From (56) and (58) we have 



In consequence of (54) we have, upon mtegration with respect to «, 

which, by (57), is equivalent to 

tZ = ej^ dv + ej" dO 

For, at B the geodesic BC makes the angle tt — ;8 with the curve 
t = 0, and at C it makes the angle 7 with the curve vs= <r Hence 
we have ^ = ,(* + ^ 4 .,^-.^), 

which proves the theorem 
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Because of the fojm of the second part of (58) (Z may be said 
to measure the total curvature of the geodesic triangle, so that the 
above theorem may also be stated thus ; 

The total curvature of a geodesic triangle is equal to the excess 
over 1S0°, or deficit from 180°, of the sum of the angles of the tri- 
angle, according as the curvature is positive or negative. 

Tlie extension of these theorems to the case of geodesic polygons 
is straightforumrd. 

In the preceding discussion it has been tacitly assumed tliat all the points of Oie 
triangle ABC can bo uniquely defined by polar coordinates pole at A. We 
shall show that this theorem is true, even if this assumption is 
not made. 

If the theorem is not true for ABC^ it cannot be true for 
both of the triangles ABD and ACD obtained by joining A 
and the middle point of BC ndth a geodesic AD (fig. 18). Por, 
by adding the resulLs for the two triangles, we should have the 
theorem holding for ABC, Suppose that it is not true for A BD. 

Divide the latter into two triangles and apply the same i-eason- 
ing. By continuing tliis process we should obtain a triangle as Fio. 18 

small as we please, inside of which a polar geodesic system 
would not uniquely determine each point. But a domain can be chosen about a 
point so that a unique geodesic passes through the given point and any other point 
of the domain.* Consequently the above theorem is perfectly general. 

By means of the above result we prove the theorem : 

Tivo geodesies on <i surface of negative enrvaUtre cannot meet in 
tico points a7id inclose a simply connected area. 

Suppose that two geodesics through a point A pass through a 
second point i?, the two geodesics inclosing a simply connected 
portion of the surface (fig* 19). Take any geodesic cutting these 
tr^vo segments AB in points C and D, Since 
the four angles ACD, ADC^ BCD^ BBC are 
together equal to four right angles, the sum 
of the angles of the two triangles ADCund 
BBC exceed four right angles by the sum 
of the angles at A and B, Therefore, in 
consequence of the above theorem of Gauss, the total curvature 
of the surface cannot be negative at all points of the area ABBC. 

On the contraiy, it can be shoum that for a surface of positive 
curvature geodesics through a point meet again in general. In 

♦ P.'irbou.T. Vol. II, Ji. 40S; cf. § 04 , 
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fact, the exceptional points, if tbeie are any, he in a finite portion 
of the surface, which may consist of one or more simply connected 
parts • For example, the geodesics on a sphere are great circles, 
and all of these through a point pass through the diametrically 
opposite point Again, the helices are geodesics on a cylmder 
(§ 12), and it is evident that any number of them can be made to 
pass through two points at a finite distance from one another b} 
varying the angle under which they cut the elements of the cyl 
inder Hence the domain of a system of polar geodesic coordinates 
13 restricted on a surface of positive or zero curvature 

89. Lmes of shortest length. Geodesic curvature We are now 
m a position to prove the theorem 

If two pomtg on a turf ace are tuch that only one geodetic pattet 
through them, the tegment of the geodesic measuret the thortest dit 
tance on the surface between the two points 

Take one of the points for the pole of a polar geodesic system 
and the geodesic for the curve vsssO The coordinates of the 
second point are (Wj, 0) The parametric equation of any other 
curve through the two points is of the form = and the 
length of its arc is 

jf ^l + G4>'^du 

Since G> 0, the value of this in 
tegral is necessarily greater than 
ti,, and the theorem is proied 
By means of equation (57) we derive another definition of geo- 
desic curvature Consider two points .Vand Jl/' upon a curve C, 
and the unique geodesics 5^, ^ tangent to Cat these points (fig 20) 
Let P denote the point of intersection of g and g\ and the 
angle under which they cut Liouville f has called the angle of 
geodesic contmgence, because of its analogy to tlie ordinary angle 
of coiitingence Now we shall qtove the theorem 

The limit of the ratio t'^/hs, as M' approaches J/, ta the geodesic 
cunature of C at M 

* For a proof of this the reader la referred to a menioir by H v Maagoldt In CreUe 
Vol XCl (1881) pp 2d~53 

t Journal de 2tathematii]ues Vol XVI (1851) p 132, 
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In the proof of this theorem we take for parametric curves the 
given curve C, its geodesic parallels and their geodesic orthogonals, 
the parameter u being the distance measured along the latter from C. 
Since the geodesic g meets the curve v — v^ orthogonally, the angle 
under which it meets v = v' may be denoted by 7r/2 -f S0. As Jf' 
approaches iLT, S0 approaches dO given by (57), and the sum of the 
angles of the triangle M^PQ approaches 180°. Hence approaches 

— dOy so that we have ^ 

dO 1 dVG 

iim = r- — 1 

08 as ^s/q dit 

which is the expression for the geodesic curvature of the curve C* 
90. Geodesic ellipses and hyperbolas. An important system of 
parametric lines for a surface is formed by two families of geodesic 
parallels. Such a system may be obtained by constructing the geo- 
desic parallels of two curves and which are not themselves 
geodesic parallels of one another, or by taking the two families of 
geodesic circles with centers at any two points and F^. Let xi and 

V measure the geodesic distances from and or from F^ and F^. 

They must be solutions of (53). Consequently, in terms of them, 
we must have jjj q 


If, as usual, denotes the angle between these parametric lines, 
we have, from (III, 15, 16), 




F^ 


cos <0 

‘ ~V * 

simo) 


so that the linear element has the following form, due to Weingarten : 


(59) 




c?u*+ 2 cos CO dudv 4- dv^ 


sin ct) 


Conversely, when the linear element is reducible to this form, 
xt and r are solutions of (53), and consequently the parametric 
curves are geodesic parallels. 

In terms of the parameters and defined by and 

the linear element (59) has the form 




du^ 


4- 


sim — 
2 


dv{ 


^0} 

cos- 


(60) 
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The geometrical significance of the curves of patameler «, and «, 
IS seen when the above equations are written 

(61) «jS=J(u + »), 

The curves u^ = const anti r, as const ire respectively the loci of 
points the sum ind difference of whose geodesic distances from 0, 
andO, or from and are constant In the latter case these 
curves arc analogous to ellipses and tij perbolos in the plane, the 
points -f*, and J'’, corresponding to the foci For this reason they 
are called geodesic ellipses and hyperbolas which names are given 
likewise to the curies «,= const, t, = const, when the distances 
are meisuied from two curves C, and C, From (60) follows at 
once the theorem of Weingarten * 

A system of geodesic ellipses and hyperbolas »« orthogonal 
By means of (61) equation (60) can be transformed into (59), thus 
proving that when the linear element of n surface is m the form (60) 
the parametric curves are geodesic ellipses and hyperbolas 

If G denotes the angle which the tangent to the curve r, = const 
through a point makes with the curve v = const , it follows from 

(III, 23) that „ to o « 

' * cos o = cos — •> Bin 6 — sin - 

Hence we have the theorem 

Guen any two tystemt of geodesic parallels upon a suj;fa«, the 
corresponding geodesic ellipses and hyperbolas bisect the angles 
included by the former 


91 Surfaces of Liouville Dim f inquired whether there were 
any surfaces with an isothermal system of geodesic ellipses and 
hypeibolvs A necessary and sufBcient condition that snch a bui 
face exist is that the coefficients of (60) satisfy a condition of the 
foim(§41) to 

' Tjein* — = CTjCos® ^ » 


where and F, denote functions of u, and r, respectively 
this case the linear element may he written 


(62) 




In 


•Ueter die Oberflachen fur welche einer der beidea IlauptltniBiinaBgehalbmeMer 
cine Function dea anderen 1st, CrtlU Vol LXII (186J) pp lCO-173 
lAnnah Ser 2 Vol III (18C9) pp 2bi)-'>93 
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By the change of parameters defined hy 



this linear element is transformed into 


(63) (?8- = ( + F„) + dvl), 

where and F, are functions of «„ and v„ respectively, such that 

Vr{u,) = r^{v,) = F„ («,). 


Conversely, if the linear element is in the form (63), it may be 
changed into (62) by the transformation of coordinates 


If, = 



Surfaces whose linear element is reducible to the form (63) were 
first studied by Liouville, and on that account are called surfaces of 
Liouville.* To this class belong the surfaces of revolution and the 
quadrics (§§ 96, 9T). We may state the above results in the form : 

ir7ieji tJie linear clement of a surface is in the Liouville form, the 
parametric curves are geodesic ellipses and hyperbolas ; these systems 
arc the only isothermal orthogonal families of geodesic cofiics.f 

92. Integration of the equation of geodesic lines. Having thus 
discussed the various properties of geodesic lines, and having seen 
the advantage of knowing their equations in finite form, we return 
to the consideration of their differential equation and derive certain 
theorems concerning its integration. 

Suppose, in the first place, that we know a particular first inte- 
gnd of the general equation, that is, a family of geodesics defined 
by an equation of the form 


(64) 


Mdu +Ndv — 0. 


From (IV, 58) it follows that ilT and N must satisfy the equation 
_£_ ( FK~GM d_ / FM-EK \ ^ 

WAxW - 2>dAV 4- jtrV cv \ViAV=- 2 F.VV -f- G.V'J 


• Journal (}r Vol. XI (18^6), p, JVt5, 

t The render referred to Barboa^, Vol, II, p, 20^?, lor a discussion of the conditions 
nndet Trbicb a surface Is of the liouville 
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In consequence of this equation we know that there exists a func- 
tion ^ defined bj 

/cK^ ^ ^ = FIr-G^f 

^ * da “ ^eN*~ 2 FMN'^ GU‘^ ' FMdT+GM* 

Moreover, we find that 

(66) A^4> «= 1. 

From (III, 31) and (65) it follows that the curves 0 = const are 
the orthogonal trajectoiies of the given geodesics, and from (66) 
it IS seen that (f> measures distance along the geodesics from the 
curve ^ = 0. Hence we have the theorem of Daiboux * . 

TFAen a one'parameter family of geodenct defined by a differ- 
erUial equation of the first order, the finite equation of their orthogonal 
trajeetoneg can be obtained by a quadrature, which gweg the geodesic 
parameter at the game time. 

Therefore, when the general first integral of the equation of 
geodesics is known, all the geodesic parallels can be found by 
quadratures. 

We consider now the converse problem of finding the geodesics 
when the geodesic parallels are known. Suppose that we have a 
solution of equation (66) involving an arbitrary constant a, which 
13 not additive. If this equation be differentiated with respect to 
<t, we get 

(6T) 

where the dififerential parameter is formed with respect to the linear 
element But this is a necessary and sufficient condition (§ 87) that 
the curves ^ b= const, and the curves 

(68) ^ ~ const. s= o' 

form an orthogonal system. Hence the curves defined by (68) 
are geodesics. In general, this equation involves two arbitrary 
constants, o and a\ which, as will now be shoun, enter in such 
a way that this equation gives the general integral of the differ- 
ential equation of geodesic lines 

•Letoru, Vol II p 4.K), cf also Blanch i, Vol I,p 203 
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Suppose that a appears in equation (68), and write the latter thus ; 

(69) A/r(M, V, a) = a', 

in which case equation (67) becomes 

(70) A,(^, i/^)=0. 

The direction of each of the curves (69) is given by ^ • If this 

mif Bv 

ratio be independent of a, so also by (70) is the ratio 
Write the latter in the form ' 

d<j3 .. . 8^ 

If this equation and (66) be solved for — and — i we obtain values 

^ ' dll cv 

independent of a, so that a would have been additive. Hence f 

involves a, and so also does and therefore a direction at 

du / dv 

a point («o, t’o) determines the value of a ; call it Ug. If then 
be such that = < 

the geodesic passes through the point (w^, v^) and 

has the given direction at the point. Hence all the geodesics are 
defined by equation (68)» and we have the theorem: 

Given a solution of the cq^tatioyi — involvijtg an arbitrary 

constant a, in such a xvay that ~ involves a; the equation 

da 


for all values of a* is the finite equation of the geodesics^ and the 
arc of the geodesies is measured by <f>.* 

By means of this result we establish the following theorem due 
to Jacobi : 

Tf a first integral of the differential equation of geodesic lines be 
hnoxnu the finite equation can be found by one quadrature. 

Such an integral is of the form 


• Cf. Barboux, Vol. II, p. 42S>. 
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where a is an arbitrary constant As this equation is of the form 
(64), the function defined by 

X— + (-y* + 

Vi + 2 

13 a solution of equation (66) As 4> involves a m the manner 
specified in the preceding theorem, the finite equation of the 

geodesics is ^ = a' 
d(i 

93 Geodesics on surfaces of EiouviUe The surfaces of Liouville 
(§ 91) afford an excellent application of the theorem of Jacobi 
We take the linear element m the form* 

(71) (?«*=: (£/- V) + V*dv% 

which evidently is no more general than (63) In this case equa- 
tion (66) becomes 




r 1 1 /^Vl 


u^v 

When this equation is written in the form 

UlW) 

one sees that it belongs to the class of partial differential equa 
tions admitting an integral which is the sum of functions of w 
and V alone I In order to obtain this integial, we put each side 
equal to a constant a and integrate This gives 

( 72 ) Xjyu-adu ± 

Hence the equation of geodesics is 

(73, 

Jf i? dsBoies the angle which a geodesic tbroagh a point jDabes 
with the line v «= const through the point, it follows from (III, 24) 

»nd(n)th»t 

»Cl Jlar oux To! Ill p 0 fFwaytli U/iwafjctl ^juafton# (1888) p 310 
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I£ the value of dv/du from equation (73) be substituted in' this 
equation, we obtain the following first integral of the Gauss 
equation (56): 

(74) U sin'0 + V cos°0 = a. 

This equation is due to Liouville. * 

EXAMPLES 

1. On a surface of constant curvature the area of a geodesic triangle is pro- 
portional to the difference between the sum of the angles of the triangle and 
two right angles. 

2. Show that for a developable surface the first integral of equation (60) can 
l>c found by quadratures. 

3. Given any curve C upon a surface and the developable surface which is the 
envelope of the tangent planes to the surface along C; show that the geodesic 
cur\-aturo of € is equal to the curvature of the plane curve into which C is trans- 
formed when the developable is developed upon a plane. 

4. When the plane is referred to a system of confocal ellipses and hyperbolas 
whose foci are at the distance 2 c apart, the linear element can be written 



6. A necessary and sufficient condition that ^ be a solution of Ai<p =r l Ls that 
be a perfect square. 

6. If = where 6% and $2 are functions of u and v, is a solution of 

1, the curv’cs 5i= const, are lines of length zero, and the curves Oia const. 

are their orthogonal trajectories. 

7. When the linear element of a spiral surface is in the form ds-= + 

the equation = 1 admits the solution wherc Ui is a function of u, which 
satisfies an equation of the first order wdiose integration gives thus all the geodesics 
on tlic surface. 

8. For a surface with the linear element 

ds" = V[du^ + (u + 

where T and Fi are functions of v alone, the equation Ai^ = 1 admits the solution 
(c) 4* V - determination of the functions and ^2 requiring the solu- 
tion of a differential equation of Uie first onler and quadratures. 

8. If denotes a solution of Ais^= 1 involving a nonadditive constant a, the 
linear element of the surface can be written 



where 0(A, indicates the mixed differential parameter (in, 48). 

•X.c.,p.31S. 
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94. Lines of shortest length. Envelope of geodesics, We can go 
& step farther than the first theorem of § 89 and show that whether 
one or more geodesics pass through two points and if, on a sur- 
face, the shortest distance on the surface between these points, if it 
exists, IS measured along one of these geodesics 

Thus, let V =/{u) and r =/,(w) define two curves C and C, passing 
through the points if,, if,, the parametric values of u at the points 
being «, and «, The arc of C between these points has the length 

(75) #=jr Gt/*<fu, 

where r' denotes tbe denvative of v with respect to « For con- 
venience we write the above thus 


(76) f i>(u, V, v)du. 

Furthermore, we put 

/i(w)=/00 + f“{w). 


where <»(a) la a function of « asntshing when u is equal to «, and 
and e IS a constant whose absolute value may be tahen so small 
that the curve (7, will he in any prescribed neighborhood of C 
Hence the length of the arc if, if, of C, is 

^(«t + cw')dw 

Thus 8, 18 a function of «, leducmg for « = 0 to s Hence, in order 
that the curve C be the shortest of all the near-by curves which 
pass through if, and if,, it is necessary that the derivative of », 
with respect to e be zero for e = 0 This gives 




■ Sv dv' } 


On the assumption that w admits a continuous first derivative 
KU vrAeirvali (u,, ^ coiAnruotts first uni Bectm& danYta- 

tives, the left-hand member of this equation may be integrated 
by parts with the result 


J•^ du Sr'/ 


c?u = 0} 
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for 0 ) vanishes ivhen u equals and lij. As the function w is arbi- 
triiry except for the above conditions upon it, this equation is 
equivalent to the following equation of Euler * : 


(77) 


d(f) d _ Q 

dv du dv^ 


When this result is applied to the particular form of <f> in equa- 
tion (76), have lE^„lF,^sa„ 

d I F+Gti' 81 , ^ 8ii 8g ” . n 


which is readily reducible to equation (43). 

Hence tlie shortest distance between two points, if existent^ is 
measured along a geodesic through the points. This geodesic is 
unique if the surface has negative total curvature at all points. 
For other surfaces more than one geo- 
desic may pass through the points if 
tlie latter are sufficiently far apart. We 
shall now investigate the nature of this 
problem. 

Let V =f{n^ a) define the family of geo- 
desics through a point JI/o(Wo, r^^), and let 
l)e the equation of their envel- 
ope <f. We consider two of the geodesics Cj and (fig. 21), and 
let il/j(tq, i\) and ik) denote their points of contact with the 

envelope. Suppose that the arc is greater than The 

distance from JI/q to JA, measured along Cj and <§* is equal to 

If is considered fixed and J/j variable, the position of the latter 
is determined by or. The variation of JD with is given by 



Pio. 21 


d(t 


_ ^ , f.du'' 


• -*Ve(Ao<2«ainffnienr?f Unrax atrva* incaimi ininimit'e proprietate gaudenteXf diap. it 
§ 21 (Lftusanne, 1744); ci. Bol», Lectures on the Calculus of KaKafton^, p. 22 {Chicago, 

1104 ). V . 



GEODESICS 


222 

But for u = Wj ,/*® g antl/'s g\ consequently the last terra is zero 
Integrating the first member 1^ parts, and noting that is zero for 
« — tt, and « = (§ 26), we have 

Since IS a geodesic, the expression in parenthesis is zero, and 
hence P does not vary with JIT^ This shows that the envelope of 
tlie geodesics through a point bears to them the relation which 
the evolute of a curve does to a family of normals to the curve 
Moreover, the curve ^ is not a geodesic, for at each point of it there 
IS tangent a geodesic Hence there is m arc connecting 3/, and 3/, 
which is shorter than the arc of ^ In this waj , by taking different 
points on ^ we obtain any number of arcs connecting 37^ and 
3/, which are shorter than the arc of each consisting of an arc 
of a geodesic such as C7, and the geodesic distance 3/,3/j It is then 
necessarily true that the shortest distance from 3/, to a point 3/ of 
C?j beyond 3fj is not measured along Honeier, when M lies 
within the arc 37^3A,, a domain can be chosen about so small 
that the arc of (7, is shorter than the arc MJif of any other 
curve within the domain and passing through these points * 

Another bistoncal problem associated with this problem is the following f 
GivenanarcCajolntni^ttoopointtA B on a aitr/ace , toJiTidthecurveo/thortetl 
length joining A and B and inclosing uith Co a given area 

The area la given by^J^ITduds It is evident that two functions il and Jf can 
he found in an infinity of ways such that 

S=2^-~ 

Su Sv 

By the application of Green s theorem we have 

fJSdudv dude = J* Jlfdu + fifdc, 

where the last Integral Is curvilmeat and is taken around the contour of the area 
Since Co Is fixed our problem reduces to the determlciatiou of a curve C along 
which the Integral Afdu + yde a constant, and whose are AB that la the 

•For a more complete discussion of this problem the reader is referred to Darboui 
Vol III pp 86-112 Bolia chap v 

tin fact It was In the solution of Ibis problem that Minding (Crelle Vol V (1830) 
p 297) discovered the function to which Bonnet (.fournal de { £cole PoJpfechn*'!**' 
I ol 3^ (1848) p M) gave the name geodesic curvature 
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integral + 2 Fc' + Gv'^du, is a minimum. From the calculus of variations 

"WO know that, so far as the tlifferential equations of the solution is concerned, this 
is the same problem as finding the curve C along which the integral 

-\-2Fv' + GV^du + c(3f + W)dit 

is a minimum, c being a constant. Kuler’s equation for this integral is 


F+Go' 


==)- 


6tj dv dv 


±L^ , 

<i«\V£ + 2Ft!' + GD'-/ VJE; + 2 Ft' + Go'S 


-.cH. 


Comparing this result with the formula of Bonnet (IV, 50), we see that C has con- 
stant geodesic curv’atuVc 1/c, and c evidently depends upon the magnitude of the 
area between the curves. Hence Tve have the theorem of Minding;* 

In order that a curve C joining two points shall he the shortest which, together until 
a given airve through these poirUs, incloses a portion of the surface with a given area, 
it is ncccssarg that the geodesic curvature of C he constant 


GENERAL EXAMPLES 


1, When the parametric cu n’es on the unit sphere satisfy the condition 


±\ 

i 12 

r s j 

i 12 )' „ ( 

il2 I'J 

i 12 1' 


' 1 


' 2 ! “"1 

1 1 ) 1 

1 2 )’ 


they represent the asymptotic lines on a surface whose total curvature is 

[^(u)+v^(r)P 


2. When the equations of the sphere have the form (III, S5), the parametric 

0^9 

curves arc asymptotic and the equation (22) is (1 -f* uv)-- = — 20, of which the 

general integral is 


1 -f no 




whore <f> (u) and ^ (c) denote arbitrary functions. 


3. The sections of a surface by all the planes tlirough a fixed line L in space, 
and the curves of contact of the tangent cones to the surface whose vertices are 
on L, form a conjugate system . 

4. Given a surface of translation x = «, y == c, z =: /(«) «f <^(r). Determine the 
functions / and <*> so that (pi -f pj)E = const., where Z denotes the cosine of the 
angle which the normal makes with tlie z-axis, and determine the lines of curva- 
ture on the surface. 


5. Determine the relations between the exponents in,- and tif in the equations 
X = y = z - 

so that on the surface so defined the p.arametric curves shall form a conjugate sys- 
tem, and show that the asymptotic lines can be found by quadratures. 


Lx., p. 21J7. 
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6, The enTelope of the family of plaoea 

{.Ui + n)z + {Ui + r»)y + {U% 4 F.) e + <17* 4F*) = 0, 
where the If's are functwns of u alone and the F*b of e, U a eurface upon which 
the parametric curves are plane, and form a conjugate system 

T. The condition that the pararnetrio curves form a wnjugate system on the 
envelope of the plane 

a: cos u + y am K + 8 cot u =/(u, »), 

IS that / he the sum of a function of u alone and of o alone , In this case these 
curves are plane lines of curvature 

B Find the geodesics on the surface of Ei 7, p 210, and determine theeipres- 
Bions for the wdii of curvature and torsion of a geodesic 

9 A representation of two surfaces upon one another is said to he C(3t{fomaU 
conjagaie. when it is at the same time conformal, and every conjugate system on 
one surface corresponda to a conjugate system on the other Show that the Imes of 
curvature correspond and tliat tlie characteristic lines also correspond 

10 Given a surface of revolution z=:uco8e, yz^usiao, z=/<u), and the 
function ^ defined by 



where A and c are constants, a conformal-conjugate representation of the surface 
upon a second surface xi Utccevi, Vi = uisinui, 3i = <><'Ui) is defined by 

o = ci>,, clogtti= r 

where F' denotes the function of u found by solving (i) lor 

11 If two families of geodesics cut under constant angle, the surface la 
developable 

12 If a surface with the linear element 

da* =s (ou* — ho® — c) (du* + do*), 

where a, 6, c are constants, la represented on the zy-plane by u = x, t = y, the 
geodesics correapond to the Lissajous figures defined by 

VS sm- 1 i — * Vb sm- 1 ^ = <7, 
where A, H, C are constants 

Ji, Whea l&eae Is apaa a sarfacw awn? tbsa aae /amr/y a/ geodesies vbieby 
together with their orthogonal trajectories, form an isothermal system, the curva- 
ture of the surface is constant. 

14 If the principal normals of a curve meet a fixed straight line, the curve is a 
geodesic on a surface of revolution whose axis is this line EMiOnne the case where 
the pnneipal normals meet the line under constant angle 
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16, A representation of two surfaces upon one another is said to be a geodesic 
represeniaiion when to a geodesic on one surface there corresponds a geodesic on 
the other. Show that tlic representation is geodesic when points with the same 
parametric values correspond on surfaces with the linear elements 

o o n / 1 1 \ r?dv^ 

= (,7 - rxir-i.. + d.f = , 

where the l/’s are functions of u alone, the F’s of v alone, and ft is a constant. 

16. A surface wiUi the linear element 


= (u< — tj^) [tp du* -f (p (d) do*] , 

where tp Is any function whatever, admits of a geodesic representation upon itself. 


17, A necessary and sufficient condition that an orthogonal system upon a sur- 
face may bo regarded aa geodesic, ellipses and hyperbolas in two ways, is that when 
the curves are parametric the linear element be of the Liouville form ; in this case 
these curves may be so regarded in an infinity of ways. 


18. Of all the cur\’es of equal length joining two points, the one which, together 
with a fixed curve through the points, incloses the area of greatest extent, has con- 
stant geodesic curv'ature. 


19. Iict r be any curve upon a surface, and at two near-by points P, P' draw 
the geodesics p, g' perpendicular to T; let C be the curve through P conjugate 
to p, P" the point where it meets and Q the Intersection of the tangents to p 
and g' at P and P"; tite limiting position of Q, as P' approaches P, is the center 
of geodesic curvature of r at P. 

20. Show tliat if a surface S admits of geodesic representation upon a plane in 
such a way that four families of geodesics are represented by four families of par- 
allel lines, each geodesic on the surface is represented by a straight lino (cf. Ex. 8, 
p. 209), 
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95. Confocal quadrics. Elliptic CQordiaates. Two quadrics are 
ttn^ccal when the foci, real or imaginary, of their principal sec- 
tions coincide. Hence a family of confocal quadncs is defined by 
the equation 


( 1 ) 






~=l, 


where « is the parameter of the family and a, b, c are constants, 
such that 


( 2 ) 


a* >P> 


For each value of v, positive or negative, less than a*, equation 
(1) defines a quadric which, is 


(3) 


an ellipsoid when c* > « > — oo, 
an hyperboloid of one sheet when i* > « > c*, 
an hyperboloid of two sheets when a* > « > h\ 


As « approaches ^ the smallest axis of the ellipsoid approaches 
zero Hence the surface is the portion of the zy-plane, 

counted twice, bounded by the ellipse 


(4) 


o*— e* 




= 1 , 


2 = 0 , 


Again, the surface « = J* is the portion of the z^plane, counted 
twice, hounded by the hyperbola 

which contains the center of the curve. Equations (4) and (5) 
define the /oral ellipse and /oral hyperbola of the system 
22C 
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Tlirough each point (a:, y, 2 ) in space there pass three quadrics 
of the family ; they are determined by the values of which are 
roots of the equation 

( 6 ) ^ («) = (a”— u) u) — or {Ir— v) (<r — u) 

“ '^) (a^— w) (J"— w) = 0. 

Since ^(a=)<0, 4>{b^)>0, <f>{c^<0, <f>{^co)>Q, 

the roots of equation ( 6 ), denoted by «o, ^ 3 , are contained iu 
the following intervals : 

( 7 ) > b\ >u^><r, <?> > — 00 . 


From (3) it is seen that the surfaces corresponding to Wg, are 
respectively hjq)erboloids of tw^o and one sheets and an ellipsoid. 

Fig. 22 represents three confocal quadrics; the curves on the 
ellipsoid are lines of cur- 
vature, and on the hyper- 
boloid of one sheet they are 
as)"mptotic lines. 

From the definition of 
it follows that <f)(u) is 
equal to (iq— i^) (««-“ w) (Wc“"‘* 0 * 

When <j) in ( 6 ) is replaced 
by this expression and xt 
is given successively the 
values a\ h% we obtain * Fig. 22 



( 8 ) 


^ ^ — xi^) (a- — xu) (g"— tu) 

«.) 0>'~ 

^ (6--a-)(6"-c=) 

(C°- 7t,) ((T- 11 .) (c=— «,) 


Tliese formulas express the Cartesian coordinates of a point in 
space in terms of the parameters of the three quadrics which 
pass through the points These parameters are called the elliptic 
coordinates of the point- It is evident that to each set of these 


• KlreWioff. M(chanil% p. 203. Lctpsic, 1877. 
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coordinates there correspond eight points in space, one m each 
of the eight compartments bounded by the coordinate planes. 

If one of the parameters m (8) be made constant, and the 
others where t i, be allowed to vary, these equations 
define in parametnc form the surface, also defined by equation 
(1), in which « has this constant value u, The parametric curves 
K^ = const., const are the curves of intersection of the given 
quadric and the double system of quadrics corresponding to the 
parameters Uj and u^. 

If we put 

(9) «*—«,= «, h’— c'‘~«,= e, ttj=u, M*— «, = r, 
the equation of the surface becomes 


( 10 ) 


-+^+- 

a 0 i 


and the parametnc equations (8) reduce to 


ai) 


\ (a -> i) (a ~ e) ’ 


y \(i~a)(6^c) 
\(e- 


— u)(c-t;) 
(e-a)(e-A) * 


Moreover, the quadncs which cut (10) m the parametric curves 
have the equations: 



In consequence of (3) and (9) we have that equations (10) 
or (11) define 

an ellipsoid when «>u>i>t>c>0, 
an hyperboloid of one sheet when a>n>A>0>e>t, 
an hyperboloid of two sheets when a>0>J>K>e>». 


( 13 ) 
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96. Fundamental quantities for central quadrics. By direct cal- 
culation we find from (11) 

/(^) 


(14) 


JS = - 


/(M) 


where for the sake of brevity we have put 
(15) f(0)^4:(a^e)(b^B)(c^ 

We derive also the following : 


■ 6 ). 


(16) 


and 

(17) 


hc(a — 
*Nwv(a — 


— %t) {a — v) 


{a — 6) (a — c) 


D = - 


abc u — v 


N«i;(6 — a) (6 — c) 

a6 (c — t/) (c — 
7tv(c— a) (c^b) 




a6c 16 — r 
w f{v) 


uv f{%C) 

Since F and P are zero, the parametric curves are lines of curva- 
ture. And since the change of parameters (9) did not change the 
parametric curves, we have the theorem : 

Tkc quadrics of a confocal system exit one another along lines of 
curva'xirc^ and the three surfaces through a point cut one another 
orthogonally at the point 

This result is illustrated by fig. 22. 

From (14) and (17) we have 


(18) 


Pj ’ Pj ’ PjPj 

Hence the ellipsoid and hyperboloid of two sheets have positive 
curvature at all points, whereas the curvature is negative at all 
points of the hyperboloid of one sheet. 

If formulas (16) be WTitten 


labc X 

= X / 1 

N xw a 


[abc y 

\ XIV 






abc z 
uv c 

the distance IF from the center to the tangent plane is 

1^. 

uv 
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Hence 

The tangent planes to a central quadne along a curve, at points 
of vihteh the iota? curvatiire of the surface xs the same, are eqvtaUg 
distant from the center 

From (18) vre see that the umbilical points correspond to the 
values of the parameters such that w *= v The conditions (13) 
show that this common value of u and v for an ellipsoid is h, 
and e for an hyperboloid of two sheets, whereas there are no real 
umbilical points for the hyperboloid of one sheet When these 
values are substituted in (11), we have as the coordinates of 
these points on the ellipsoid 


and on the hyperboloid of two sheets 


le(ft-c)_ 
J{a-c) * 

(21) x = 

(a- 6) 

jb(6 — e) 

Sf(ft-a) ’ 

2 s= 0 


It should be noticed that these points he on the focal hyperbola 
and focal ellipse respectively 

97 Fundamental quantities for the paraboloids. The equation 
of a paraboloid 

(22) = 

may be replaced by 

(23) y=Vr;, 2 = 


Hence the paraboloids are surfaces of translation (§ 81) whose 
generating curves are parabolas which he m perpendicular planes 
By direct calculation we find 



I =» 

4 + h*v^ + 1 4 1 

so that the equation of the lines of curvature is 


« 4- _ b ^ i /dr,Y1 

'du^ aH dUj o”*dUj^a^^\dw,/ J 
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The general integral of this equation is 

tit) 

where c is an arbitrary constant. 

When Wj and in (24) are given particular values, equation (24) 
determines two values of (?, and in general distinct. If these 
latter values be substituted in (24) successively, we obtain in finite 
form the equations of the two lines of curvature through the point 

(?q, Vj). If and be replaced by — 

spectively, we have, in consequence of (23), the two equations 

a'K)x-^u(l + ail) ? 

(25) . ^ ^ 

(1 + av) ar = V (1 av) — — • 

When these equations are solved for ar and we find that equa- 
tion (22) can be replaced by 

r . a--J 


b 

tiv^ 

h — a 

n 

ab- 


-Ibz 

- a 


and the parametric curves are the lines of curvature. 
Now wo have 

„7i - ^ 


7((l-han) 
a(a^h)v-- b 


4S' ' ’ r(l+ay) 


(28) V r v_. — V6V6 — a\/(i4-flu)(l-fqu), — Va& 

’ ’ ^/[<7 {a - 1>) K - h] [a {a -b)v~ h] 

2)^1 P (a — b) (u—v) 1 

\/[a(rt — — ?'] ~ b)v — &] it{l+aM) 

(29) i D'=0, 

//' = — 1 ji!. (ff — h) (v — r) 1 

\/ [ff {a — b) u ~ b][a(tj — b)r ~ b] ^’(l-hav) 
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From (27), (28), and (29) -we obtain 
(30) 


and 


(31) 


\a{a-~h)u — h^{a(a — 5)v — i]* 

— ='>/a*b*[a{a — J)u — S] *{a(a — S)v — i]~*, 
Pi 

— c=Va*i*ra (a — J) « — J]"* [a(a — i) w ~ 8]~* 
Pi 


From these results we find that the ratio W/z is constant along 
the curves for which the total curvature is constant 

We suppose that h is positive and greater than a From the 
first of (26) It follows that u and i> at a real point differ in 
sign, or one is equal to zero We consider the points at which 
both « and v are equal to zero There are two such points, 
and their coordinates are 


(32) 


= 0, y = ±- 


1 8-a 
^2 ah 


Evidently these points are real only on the elliptic paraboloid 
From (31) it follows that and p, are then equal, and conse- 
qnently these are the umbilical points Since at points other 
than these « and r must differ in sign, we may assnnr'* that « 
IS always positive and v negative Moreover, from /6) it is 
seen that u and i are unrestricted except in the cs<>e of the 
elliptic paraboloid, when v must be greater than —1/a 

98 Lines of curvature and asymptotic lines on quadrics From 
(14), (27), and § 91 we have the theorem 

The lines of curvature of a quadric surface form an isothermal 
system of the Ltouville type 

Bonnet • has shown that this property is characteristic of the 
quadncs There are, however, many surfaces whose lines of cunra- 
TV/ty -mti Wf 

faces The complete determination of all such surfaces has never 
been accomplished (cf Ex 3, § 66) 

* M^molre sar U tb^oria i«i sarfaces applieables «ur uae snrfaM dooatle Jovrnel ^ 
V icQlt Polvtecfmique VoLXXV (iiST) pp 121 133 
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From (17), (29), and § 82 follows the theorem: 

The Ibies of curvature of a quadric surface form an isothermal- 
conjugate system^ and consequeiitly the asymptotic lines can he found 
hy quadratures. 

We shall find the expressions for the coordinates in terms of 
the latter in another way. 

Equation (10) is equivalent to the pair of equations 



where xt and v are undetennined. For each value of u equations 

(33) define a line all of whose points lie on the surface. And to 
each point on the surface there corresponds a value of « determin- 
ing a line tlirough the point. Hence the surface is ruled, and it is 
nondevelopable, as seen from (18). Again, for each value of v 
equations (34) define a line whose points lie on the surface (10), 
and these lines are different from those of the other system. 
Hence the central quadrics are doubly ruled. These lines are 
necessarily the asymptotic lines. Consequently, if equations (33), 

(34) be solved for a:, y, 2 , thus : 

(35) = X = 

Va ur 4- 1 Vj w 4 - 1 Vc 4- 1 

we have the surface defined in terms of parameters referring to 
the asjTnptotic lines. 

In like manner equation (22) may be replaced by 


Vaa: 4- f Viy = 2 «2, 

Vaa: — z Viv — 

or 


VJLr 4- z Vjv = — » 

VJzx — z Vjy = 2 vz. 

Solving these, wo have 

(S6) V^x 

t{r — «) _ 1 

2 ur 

2 uv 2 uv 
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Aa ia the preceding case, we see that the surface is douhly ruled,* 
and the parameters m (36) refer to the asymptotic system of straight 
lines Hence : 

The aeymptotxc hne$ on any quadnc are ttraiyht Unet. 


KXAMPIES 

1 The foca\ cotjIcs of * fitrnly of confocal qoadtlcs meet the latter In the 
umbilical points 

2 Find the chatactenstic lines on the quadrics of positive curvature 

3 The normal section of an ellipsoid at a point in the direction of the curio 
along which the total curvatore is constant is an ellipse with one of its vertices 
at the point 

4 Find the equation of the form = M$ <cf § 70) when the corresponding 

o« 8o 

surface is a hyperboloid of one sheet , when a hyperbolic paraboloid 

5 Find the e volute of the hyperboloid of one sheet and derive the following 
propertiea 

(a) the surface is algebraic of the twelfth order, 

(b) the section hy a prlncipaV plane of the hyperboloid consists of a conic and 
the evotute of a conic , 

(c) these sections are edges on the surface, 

(d) the curve of intersection of the two sheets of the surface is cut by each of 
the principal planes in four ordinary points, four double points, and four cusps, 
and consequently is of the twenty-fourth order 

3 Detemnne for the evolute of a hyperbolic paraboloid the properties analogous 
to those for the surface of Ex 6 

1 Deduce the equations of the surfaces parallel to a central quadric , determine 
their order and the character of the sections of the surface by the principal planes 
of the quadne , find the normal curvature of the curves corresponding to the asymp- 
totic lines on the quadric 

99. Geodesics on quadrics. Since Uie quadrics are isothermic 
surfaces of the Liouville type, the finite equation of the geodesics 
can be found by quadratures (§ 93) From (VI, 74), (14) and (27), 

♦ Moreover, the quadric* are the only dou6/y ruled *ur/aces For consider such a sur- 
face and denote hy o, b, e three of the generators in one system A plane « tbnmgh a 
meets 6 aod c In unique points J} and C, and the line HC meets o in a point A The Ime 
ABO IS a generator of the second system, and the only one of this system in the plane a 
The other lines of this aysteni meet a In the Uoe a On this account the plane a cuts the 
surface In two lines a and ABC, that is, m a degenerate conic Hence the surface is of 
the second degree 
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it follows that the first integral of the differential equation of 
geodesics on any one of the quadrics is 

(37) u sin^^ 4- v cos“^ = a, 

where cr is a constant of integration and 6 measures the angle 
which a geodesic, determined by a value of <r, mates with the lines 
of curvature v = const. We recall that in equations (11) and (26) 
the parameter u is greater than v, except at the umbilical points, 
where they are equal. We sl}all discuss the general case first. 

Consider a particular point v^). According as a is given 

the value xt! or v\ equation (37) defines the geodesic tangent at 
jl/' to the line of curvature u = or respectively. It is 

readily seen that the other values of determining other geo- 
desics through J/', lie in the interval between xtJ and v'. More- 
over, to each value of a in this domain there correspond two 
geodesics through ilf' whose tangents are S3mimetrically placed 
with respect to the directions of the lines of curvature. From 
this result it follows also that the whole system of geodesics is 
defined by (37), when a is given the limiting values of xt and v 
and all the intermediate values. 

We write equation (37) in the form 

(88) {xt — a) sin'd -f- (u — a) cos*5 = 0, 

and consider the geodesics on a central quadric defined by this 
equation when a has a particular value a'. Suppose, first, that 
is in the domain of the values of xi. Then at each point of thase 
geodesics r<a:' and consequently from (38) xi>a\ We have seen 
that these geodesics are tangent to the line of curvature xi = a!- 
From (11) it follows that they lie within the zone of the surface 
bounded by the two branches of the curve xi = a\ When, now, 
a* is in the domain of the values of xi — cd is positive, and con- 
sequently from (38) v<a\ Hence the geodesies tangent to the 
curve v — cd lie outside the zone bounded by the two branches of 
the liTie of curvature v == (d. Similar results are true for the parabo- 
loids, with the diffei'ence, as seen from (2G), that the geodesics 
tangent to it — a' lie outside the region bounded by this curve, 
whereas the curves tangent to t? = lie inside the region bounded 
by V = a\ 
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100 Geodesics through the umbilical points There remains for 
consideration the tise where a takes the unique value which « 
and V have at the umbilical points Let it be denoted by a, so 
that the curves defined by 
(39) (u — «„) sin*^ + (« — cfg) cosV = 0 

are the umMtcal geodena We have, at once, the theorem 

Through each point on a quadric with real umhiheal pointe there 
past two umhiheal geodesics which are equally inclined to the lines 
of curvature through the point 

Hence two diametrically opposite umbilical points of an ellipsoid 
are joined by an infinity of geodesics, and no two geodesics through 
the same umbilical point meet agiin except at the diametncally 
opposite point These properties are possessed also by a familj of 
great circles on a sphere through two opposite points On the 
elliptic paraboloid and on each sheet of the hyperboloid of two 
sheets there are two families of umbilical geodesics, but no two 
of the same family meet except at the umbilical point common to 
all curves of the family 

For the ellipsoid (11) agi=h and equations (VT, 72, 73) become 

^=1 r I — fi. " i,, 

\{a — k)(« — c) 2./ \(a — v)(v— e) 

1 C I tt du r I V dv 

db 4,/ \(a — u)(«— c) u ~ 6 4^ \(a — v){p-~c)v~b 

Similar results bold for the hyperboloid of two sheets and the 
elliptic paraboloid Hence the distances of a point P from two 
umbilical points (not diametncally opposite) are of the fonn 

^>1 ~fi («) +/, (v), <f>t ~fi («) -ft i^) 

Hence we have 

The lines of curvature on the quadrics with reed wmbdiced points 
vt% -yuidicsA dkiyuus -rndt, heyyvihjdetes 'tcvhlnvdt, yuettes Jw 

101. Ellipsoid referred to a polar geodesic system A family of 
umbilical geodesics and their orthogonal trajectories constitute 
an excellent system for polar geodesic coordinates, because the 
domain w unrestricted (§ 87) except m the case of the ellipsoid, 
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and then only the diametrically opposite point must be excluded. 
We consider such a system on the ellipsoid, and let 0 denote the 
pole of the system and O', 0", O'" the other umbilical points (fig. 23). 
If we put 


(40) 


= i f\l " — ^ du — ^ fsj ■■ - dv, 

^ 2J y(a — u)(u — c) 2J y{a — v){v — c) 

1 r I it du 1 r I V 

— c) u — 6 2J \{a— — c) v 


dv 


-6 


it is readily found that 




1 

{b — It) {b ~ t;) 


By means of (11) we may reduce the linear element to the form 
(41) c?r = d(f>‘ ’h ^ 

b 


In order that the coordinates be polar geodesic, t/t must be 
replaced by another parameter measuring the angles between 
the geodesics. For the ellipsoid 
equation (39) is 

(42) («— 6)8in®0-f (r— fi)cos^0=O. 

As previously seen, 6 is half of 
one of the angles between the 
two geodesics through a point 
Jlf. As M approaches 0 along 
the geodesic joining these two 
points, the geodesic OM/O''' ap* 
proaches the section y = 0. Consequent!}’' the angle 2 6 approaches 
the angle MOO\ denoted by w, or its supplementary angle. Hence 
we have from (42) 



(48) 


lim 

ti M* r b 



0) 

2* 


IVe take in place of and indicate the relation between them 
by From (41) we have 



This expression satisfies the first of conditions (VI, 64). The 
second is 

If we make use of the formulas (III, 11) and (40), we find 

aM _2 | (fl — m)(»-^ « — b^-v ^ 
y u u~v' d4> y V M — »’ 

so that equation (44) reduces to 

By means of (43) we pass from this to 

Hence the linear element has the following form due to Koberts * : 


The second of equations (40) may now he put in the form 

1 r r ~ ~u~ du ^ C j 

2 J \(a — «)(« — c) tt — 4 2 J \(a — r)(v--e) P — 6 




where C denotes the constant of integration. In order to evaluate 
this constant, we consider the geodesic through the pomt (O, "v^, O). 
At this pomt the parameters have the values u = a, v » tf, and the 
angle a has a definite value S. Hence the above equation may be 
replaced by 

1 r ( « du 1 r I V ~dv 

2J» N(« — «)(« — c) tt — 6 2u/e \(« — »)(p--<?) » — ^ 


\ (fl — 6) (6 — e) I tan i 


*Jovmalde SfatMmatiqwifYcil Xtll (ISl^, pp 1-11 
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In like manner, for the umbilical geodesics through one of the 
other points (not diametrically opposite) we have 



It follows at onee from these formulas that if 31 is any point on 
a line of curvature m = const, or v = const., we have respectively 


tan 


3T00' 

2 


• tan 


3I0'0 

2 


const., 


tan 


3100' 


JffO'O 

cot— ^ = 


const. 


102. Properties of quadrics. From (18) it follows that for the 
central quadrics Euler’s equation (IV, 34) takes the form 



By means of (19) and (37) this reduces to 


(47) 


1 IF’ 


In like manner, we have for the paraboloids 

(48) i=:_IL[5 + aa(5_a)]. 

Hence we have : 

Along a geodesic or line of curvature on a central quadric the 
jyroduct is constant ^ a7id on a paraboloid ike ratio 

Consider any point P on a central quadric and a direction 
througli P» Let nr, y3, 7 be the direction-cosines of the latter. 
The semWiaraeter of the ellipsoid (10) parallel to this direction is 
given by 



cos^ dx ^ sin 6 ex 
cu ^/T; rv ’ 


By definition 
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and simihrly for yS and y. When the values of z, 5 ^, «, E, G from 
( 11 ) and (14) are substituted, equation (49) reduces to 
1 _ eos’ff j sm^d 

p"* u V 

By means of (19) and (37) this may be reduced to 

( 60 ) ap^W^^ahe 

From this follows the theorem of Joachimsthal 

Along a gtodeixc or a line of curvature on a central quadric the 
product of the temxrdtameter of the quadnc paralXel to the tangent 
to the curve at a jioint P aud the distance from the center to the 
tangent plane at P is constant 

From (47) and (50) we obtain the equation 

for all points on the quadnc Since IV is the same for all direc 
tiona at a point, the maximum and minimum values of p and R 
correspond Hence we have the theorem 

In the central section of a quadric parallel to the tangerd plane at 
a point P the principal axes are parallel to the directions of the lines 
of curiature at P* 

£SAMPI£S 

1 On a hyperbolic paraboloid, of which the pnncipal parabolas are equal the 
locTU of a point the *um or dtfierence of whose distances from the generators 
Uirough the verter of the paraboloid is constant, is a Ime of curvature 

2 Find the radii of curvature and torsion at the extremity of the mean diam 
etev of Ml ellipsoid of an umbilical geodesic ihiough the point 

3 Find the surfaces normal to the tangents to a family of umbilical geodesics 
on an ellipsoid, and determine the complementary surface (cf § 76) 

4 The geodesic distance of two diametrloallj opposite umbilical points on an 
elllpsoll is equal to one half tiie length of the principal section through the 
umblUcal points. 

5 Find the form of the linear element of the hyperboloid of two sheets or the 
elliptic paraboloid, when the parametric system Is polar geodesic with an umbOical 
point for pole 

6 If J/iand ^fjare two points of intersection of a geodesic through the umbilical 
point O with a line of curvature 0 es const., then 

, JAfFO .MtCro 

tan — - — cot-!- — 5= const. 

2 2 

•For a TOOre complete discussion of the geodesies on quadrics the reader isrefetted 
to a memoir by V Braunmubt in j/etd Jnnalen Vol XX(l8!i2J, pp BSO^SSC 
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7. Given a lino of curvature on an ellipsoid and the geodesies tangent to it; 
the points of intersection of pairs of these geodesics, meeting orthogonally, lie on 
a sphere. 

8. Given the geodesics tangent to two lines of curvature; the points of inter- 
section of pairs of these geodesics, meeting orthogonally, lie on a sphere. 

103, Equations of a ruled surface. A surface which can be gen- 
erated the motion of a straight line is called a ruled surface. 
Developables are ruled surfaces for which the lines, called the 
ffenerators^ are tangent to a curve. As a general thing, ruled sur- 
faces do not possess this property, and in this case they are called 
shetv surfaces. Now we make a direct study of ruled surfaces, par- 
ticularly those of the skew type, limiting our discussion to the 
case where the generators are real.* 

A ruled surface is completely determined 
by a curve upon it and the direction of the 
generators at tlieir points of meeting with 
the curve. We call the latter the directrix 
J9, and the cone formed by drawing through 
a point lines parallel to the generators the 
director-cone. If the coordinates of a point 

of JD are expressed in terms of the arc v measured 

from a point of it, and ?, ???, n are the direction-cosines of the gen- 
erator through il/g, the equations of the surface are 

(51) = z-z^ + 7iu, 

where u is the distance from 3r^ to a point 3f on the generator 
through If denotes the angle which the generator through 
Jfo makes with the tangent at to D, then 

(52) cos ^0 = 

where the accent indicates differentiation with respect to v (fig. 24). 
From (51) we find for the linear element the expression 

(53) 2 cos O^dudv -f (a^w^-|- 2 hu 
where we have put for the sake of brevity 

(54) 

• Wp »hMl tJM Uio term rxiM to specify tbo surfaetj oC the skew type, and devclomhU 
tortheothm. 
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Sioce the generators are geodesics, tbeir orthogonal trajectones 
can be found by quadratures (§92) We arrive at this result 
directly by remarking that the equation of these trajectones is 
(in, 26) du 4- cos = 0, 

and that flp is a function of v alone 

104 Line of striction Developable surfaces We shall now con 
aider the quantities which determine the relative positions of the 
generators of a ruled surface 

Let y and y' be two generators determined by parametric values 
V and V + and let (ly v denote the direction cosines of their 
''ommon perpendicular If the direction cosines of g and g be 
denoted by i, to, n , I + £f to 4- Sto, n 4- 6 w respectively, we have 
- . ( 4- TO/* 4- nv = 0, 

( (14- 5I)\ 4- (to 4- 5to) /* 4- (n 4- 5n) »’= 0, 

and consequently 

(56) X (I *• = (raStt ~ «Sffl) {nSl~~lSn) 

1 rom (54) it follows that 

nm’Y "I" + {M— ml')® == a®, 

and by Taylor’s theorem, 

(57) f 4* SI = Z 4* 1 ^v4*j^ Sv®4" 

Hence equations (56) may be replaced by 
X = - (ffin'— m'n) 4- 

(58) = 

V s= i (Zm'— Z m) 4- fj, 

where e,, e, denote expressions of the first and higher orders m Bo 
If Jf(i, y, z) and 3/' (5 4* 85, y4-<Sy, z4-Si) are the points of 
meeting of this common perpendicular with g and g' respectively 
(fig 24), the length denoted by A, is given by 


(59) 

\ n p 

or 


(GO) 

A ss \Bz 4- /i8y 4- pBz 
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From (51), after the manner of (57), we obtain 
5F = (:rj 4- ^iV) + ZSu -f <r, 

where cr involves the second and higher powers of When this 
and similar values for hy and 8i are substituted in (60), we have 


(61) 

A 

Sv 

=P + e, 


where 


< pi 


(62) 

1 

< 

P = - 

1 m 

n , 

ct 

V m! 

n' 


and € involves first and higher powers of Sr, 
(52) and (54) we have 


(63) 




a‘ 


In consequence of 


As Si; approaches zero, the point M approaches a limiting posi- 
tion (7, which is called the ceyitral point of the generator. Let a 
denote the value of u for this point. In order to find its value we 
remark that it follows from the equations (56) and (59) that 

Sx SI Sy Sm , ^2 _ Q 

Sr Sr Sr Sr Sr Sr 


If the above expressions for these quantities be substituted in this 
equation, we have in the limit, as Sr approaches zero, 

(64) 

Consequently 

(65) a = ~\. 

a 

The locus of the central points is called the line of ziriction. Its 
parametric equation is (64). Evidently S = 0 is a necessary and 
sufficient condition that the line of striction be the directrix. 
From (61) and (68) it is seen that the distance between near-by 
generators is of the second order when 

(66) sin" 5,-- 6^=0. 

Without loss of generality we may take the line of striction 
for directrix, in which case we may liave sin 6^^ 0, that is, the 
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generators are tangent to tlie ditectns. Another possibility is 
afforded by a = 0 From (54) it is seen that the only real sur 
faces satisfying this condition are cylinders Hence (cf § 4) 

A necessary and suffictent condition that a ruled surface., other than 
a cylitider, be developable is that the distance between near by genera- 
tors he of the second or higher orders , in this case the edge of regret 
Sion ts the line of stnction 

105. Central plane Parameter of distribution The tangent 
plane to a ruled surface at a point 3f necessarily contains the 
generator through 21 It has been found (§ 25) that for a devel 
opable surface this plane is tangent at all points of the generator 
TiVe shall see that in the case of stew 
surfaces the tangent plane vanes as 31 
moves along the generator We deter 
mine the character of this variation by 
finding the angle which the tangent 
plane at 3f mikes with the tangent 
plane at the central point C of the gen 
erator thiough 3r The tangent plane 
at U 13 called the central plane 
Let ^ and he two generate ra^ and 3Z31’ their common per 
pendicular (fig 25) Through the point 3r of g draw the plane 
normal to ^ , it meets g^ in Jifj, and the line through iff paiaUel 
^ ^ in .3/, The limiting positions of the planes 3t^3f and 
3VM31., as g^ approaches g, are the tangent planes at 3d and at C, 
the limiting position of M The angle between these planes, de 
noted by is equal to 3131^31^, and the angle between g and y,, 
Quoted by tr^ 13 equal to 3fJdJf^ By construction 3t3ffil^ and 
M3d3d^ are right angles Hence 

tan 

3IfI~ TaV 

In the limit 31 is the central point t?, and so we have 

tan^ = Iim , 

pdv p 

for we have d<r* = Iim (5/*+ 5m*+ 5n*) =* a*di^ 
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It is customary to write the above equation in the form 
(67) = 


The function ySthus defined is called th^ parameter of distribution. 
It is the limit of the ratio of the shortest distance between two 
generators and their included angle. As it is independent of the 
parameter we have the theorem : 

The tangent of the angle hetiveen the tangent plane to a ruled 
surface at a point M and the central plane is proportional to the 
distance of M from the central point. 

From this it follows that as M moves along a generator from — oo 
to + 00 , ^ varies from to 7r/2. Hence the tangent planes at 

the infinitely distant points are perpendicular to the central plane. 
Since y9=0 is the condition that a surface be developable, the 
tangent plane is the same at all points of the generator. 

Wo shall now derive equation (67) analytically. From (51) we find 
that the direction-cosines of the normal to the surface are of the form 


( 68 ) 




(fflZQ— m!n) u ^ 


(a*u“+ 2 bu + sin^^o)^ 
the expressions for Y and Z are similar to the above. The 
direction-cosines Aq, Yq, of the normal at the central point are 
obtained from these by replacing u by a. From this we have 

(69) cos^^SAXo 

2 (niz^ — ng^}^ +S (t??^' ~ ng') (nin^ — (u + nr) + a‘ua 
(a°«*+ 2 bu + sin®0(j)^ (a^a^+ 2 5a+ sin^d^,)^ 
a* (u — af 


which leads to 


tan"^: 




From this equation and (67) we have 
(70) 


^ Va"sin-g„- 


■d- 


1 


•*0 

I 

r 


2/!> 

m 


m n 


When the surface is defined by its linear element, /9 is thus deter- 
mined only to within an algebraic sign. We shall find, however, 
that this is not the case when the surface is defined by equations 
of the form (51). 
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To tins end we take a particular generator g for the a-aiia 
Then for g we have 

a^=a yijsa 0, ^ = tn=i 0, n =1, n'ss 0 

Let also the central plane be taken for the zz plane and the central 
point for the origin From (68) it follows that yi = 0 Since the 
origin la the central point, J = 0 and consequently f = 0 Hence 
the equation of the tangent plane at a point of g has the simple form 

(71) — zij} = 0, 

f and Tj being current coordinates If the coordinate axes have 
the usual orientation, and the angle (j) is measured positively in 
the direction from the positive x-aiis to the positive yaxis, 
from equation (71) we have 

(72) tan ^ 

Comparing this with equation (67), we find for )3 the value ai/m' 
In otd,er to obtain the same value from (70) for these particular 
values, we must take the negative sign Hence we have, m 
general, , 

(73) = i « « 

® V m' n'\ 

It 18 - seen from (72) that, as a point moves along a generator m 
the direction of u increasing, the motion of the tangent plane is 
that of a right-handed or left-handed screw, accordmg as /ff is 
negative or positive 

EXAUPX.ES 

1 Show that for the mled surface defined by 

v~^f (1-4- + * (l-l-<;<*)0, 

z s J'w^dit + vtp, 

where ^ and ^ are any functions of «, the directrix and the generators are mmimal 
Detemine TindeT what ctmdUion the esarvatnre of the surface is constant 

2 Dcteminc the condition that the diiectiix of a mied surface he a geodesic 
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3. Prove, by means of (02), that the lines of curvature of a surface F{x, V,z)=0 


are defined by 


dx, 

dy, 

cP 

cF 

cx 

cy ' 



d — , 

d — 

cz 

cy 


^ = 0 . 


4. The right Jielicoid is the only ruled surface vrhose generators are the principal 
normals of their orthogonal trajectories. Find the parameter of distribution. 

6. Prove for tlic hyperboloid of revolution of one sheet that: 

(а) the minimum circle is the line of striction and a geodesic; 

(б) the parameter of distribution is constant, 

6. Witli every point P on a ruled surface there is associated another point P' 
on the same generator, sxteh that the tangent planes at these points are petpendicular. 
Prove that the protluct OP • OP', where 0 denotes the central point, has the same 
value for all points P on the same generator, 

7. The normals to a ruled surface along a generator form a hyperbolic paraboloid. 

fe. The cross-ratio of four tangent planes to a ruled surface at points of a gen- 
erator is equal to the cross-ratio of the points. 

0. If two ruled surfaces are symmetric with respect to a plane, the values of 
the parameter of distribution for homologous generators differ only in sign. 

106. Particular form of the linear element. A number of prop- 
erties of ruled surfaces are readily obtained when the linear element 
is given a particular form, which we will now deduce. 

Lot an orthogonal trajectory of the generators be taken for the 
directrix. In this case 

( 74 ) 

If we make the change of parameters, 

(Id) u = ^ adv^ 

the linear element (53) is reducible to 

(I fi) dr ^d ir -f [{« — a) ' + t? vl. 

The angle 0 which a curve makes with the generators is 

given h}- 

(II) tan 6 = — 

Also the expression for the total curvature is 
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Hence a real mled surface has no elliptic points. All the poinb 
ate Uj*perboUc except along the generators for which /9 = 0, and 
at the infinitely distant points on each generator Consequently 
the linear element of a developable surface may be put m the form 
(7 9) ds^ = dw® 4- (« — afdv^ 

Also, m the region of the infinitely distant points of a ruled sur 
face the latter has the character of a developable surface Aa 
another consequence of (78) we have that, for the pomts of a 
generator the curvature is greatest in absolute value at the cen 
tral point, nnd that at points equally distant from the latter it 
has the same value 

When the linear element is in the form (76), the Gauss equation 
of geodesics (VI, 56) has the form 

V (w — a)* + /S*dd + (u — a) dv^ = 0 


An immediate consequence is the theorem of Bonnet 
Jf a curie upofi a ruled surface has two of the following properties., 
if has the third also, namely that if cut the generators under constant 
angle, that it he a geodesic and that it he the line if stnction 


A surface of this kind is formed by the family of straight lines 
which cut a twisted curve under constant angle and are perpen 
dicular to its principal normals A particular case is the surface 
formed of the bmormals of a curve It is readily shown from (73) 
that the parameter of distribution of this surface is equal to the 
radius of torsion of the curve 


107. Asymptotic lines. Orthogonal parametric Bystems. The gen- 
erators are necessarily .asymptotic lines on a ruled surface We 
consider now the other family of these lines From (51) and (C8) 
we find 

(80) 2)*0, 


V m' n' 
1 m n 

, i>"«l 

A A 4 

1 


xi'+V'u I 4+Fu I 
m yi+tn'u^ 
a J 4- vJ'u. n ®*“ 


Hence the differential equation of the other family of asymp- 
totic lines is of the form 


^+Lu*+JHu + 2i'>= 0, 
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where X, JJT, -Y are functions of r. As this is an equation of the 
lliccati type, we have, from § 14, the theorem of Serret: 

The four points in which each generator of a ruled mrface is cut 
Ig four curved asymptotic lines arc in constant cross-ratio. 

From § 14 it follows also that when one of these asymptotic 
lines is known the others can be found by quadratures. 

When the eurface is referred to an orthogonal system and the linear element is 
in the form (70), written 

(81) + a2 [(u ^ a)^ + /3^] 

Uic expressions (80) can be gi\en a simpler form. 

From (73) and (81) we ha\e 

fl-=a[(u-a)* + M 

From tlie equations = 0, 2x6“ — 1, 22“ == 1, 

and (64) we obtain, by differentiation, 

2x6x6' = 0, 222' = 0, 2x6'2 = - 6, 

227" = Qa', 222"=:-a2, 22'x6' = 6'-f, 
where t is defined by 22"x6 = t 

If the expression forlX' in (80) be multiplied by the determinant of the rigbt- 
liand member of (73), and the result be di\ided by its equal, — we ha\e, in 
consequence of the abo\e identities, 

JD" = - [ii- {ta"^ - aa'h) + u (2 » - aa' -bh^ + t-b']. 

If equations (74) be sohed for a and b as functions of or and and the resulting 
expressions be substituted in this equation, we have 

{»•[(« - ay + /?']+ - a) + /Scr'}, 

\\herD Uio primes indicate differentiation with respect to nj, given by (76), and r 
is defined bv 

a5/Sr=t-~6. 

a 

From the above equations it follows that the mean curvature (cf. § 62) is express- 
ible in the form 

(82) i. i ~ ’b ^3 -f ^'(u — g) ^or' 

Pi P2 [(ti - aY + 


EXAMPLES 

I. When the linear element of a ruled surface is in the form (70), the direction- 
cosines of the limiting position of the common perpendicular to two generators aro 
given by ^ -f am' r6 + rni' 
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2 Prove that the developaljle surfaces are the only ruled Burfaces with real 
geueiatois whose total curvature vs constant 

3 Show that the perpendicular upon the t-axva from any point of the cubvc 
z s «, V =; u^, a = lies in the osculating plane at the point, and find the asymp> 
totic lines on the ruled surface generated by this perpendicular 

4 Petermine the function ^ in the equations 

p = u*, 

so that the osculating plane at any point df of this curve shall pass through the 
piojection P of M on the p axis Find the asTinptotic lines on the surface gener 
ated by the line JUF 

i Show that the equations 

z s= usmc cQs<^, y = uslnflaiti^, 5=o + ucoae, 
where 8 and vC- are functions of e, define the most general ruled surface with a rec 
tllinear directrix, and prove that the equation of asymptotic lines can be integrated 
by two quadratures Discuss the case where fl va constant 

6 Concerning the curved asymptotic lines on a ruled surface the following are 
to be proved 

{a) If one of them is an orthogonal trajectory of the generators, the determina' 
tiou of the rest reduces to quadratures , 

(h) if two of tiieoj are orthogonal trajectories, they are curves of Bertrand , 

(c) if all of them are orthogonal trajectories, the surface is a right helicoid 

7 Detemlne the condition that the line of striction be an asymptotic line, and 
show tliat in. this case the other curved aaytn ptoticUnescanbe found by quadratures 

8 Find a ruled surface of the fourth degree which is generated by a line pass- 
ing thtougU the tw o 1 tnes * = 0, j/ = 0, z = 0, z-|-y-j-z = l Show that these lines 
ana the line z = 0, z-l-y-l-ar=l are double lines Find the line of Btncticm 

9 The tight helicoid is the only ruled eurface each of whose lines of curvature 
cuts the geneiators under constant angle , however, on any other ruled surface 
there are In general four lines of curvature winch have this property 

108. Mtoimhl surfaces. In 1760 Lagrange extended to double 
integrals the Euler theorems about simple integrals in the calculus 
of vaiiations.and as an example he proposed the following problem*: 

(Tiwen a closed curve C and a connected mrface S hounded hy the 
curve; to determine S fo that the inclosed area shall he a mimmum. 


If the surface be debned by the equation 
* y)i 

the problem requires the determination of f(x, y) so that the inte- 
gral (cf. Ex. 1, p 77) 

J J ^1+p'^-h g^dxdy 


(Euvre^ de La grange, Vol I, pp 354-337 Pans, 1867 
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extended over the portion of the surface bounded by C shall be a 
minimum. As shown by Lagrange, the condition for this is 


(83) 


i ( . p . — yi/ - ^=^0, 


or, in other form, 

(84) (1 + 5^ ?• — 2 -f (1 + jt>“) t = 0. 


Lagmnge left the solution of the problem in this form, and 
Meusnier,* sixteen years later, proved that this equation is 
equivalent to the vanishing of the mean curvature (§ 52), thus 
showing that the surfaces furnishing the solution of Lagrange’s 
problem are characterized by the geometrical property which now 
is usually taken as the definition of minimal surfaces; however, the 
name indicates the connection with the definition of Lagrange.f 

In what follows we purpose giving a discussion of minimal sur- 
faces from the st;indpoint of their definition as the surfaces whose 
mean curvature is zero at all the points. At each point of such a 
surface the principal radii differ only in sign, and so every point 
is a hjq^erbolic point and its Dupin indicatrix is an equilateral 
liyperbola. Consequently minimal surfaces are characterized by 
the property that their asymptotic lines form an orthogonal sys- 
tem. ^Moreover, the tangents to the two asymptotic lines at a 
point bisect the angles between the lines of curvature at the point, 
and vice versa. 

We recall the formulas giving the relations between the funda- 
mental quantities of a surface and its spherical representation 
(IV, 70): 

(85) KJJ ~ ^ - KF, - KG. 


From these we have at once the theorem : 

Tht necessary and sufficient condition that the spherical represen- 
tation of a surface he conformal is that it he minimal or a sphere. 


• Me moire 5ur la courliurc des surfaces, Memoxres Savants Ctranger^t Vol. X 

p. 477. 

1 For a historical sketch of the devclopineni of the theory of nsininjal surfaces ami a 
contplcte dUcu«wlon of them the reader is referred to the Zrc^ons of Darboux (Vol. I, pp. 
:>Tr H The In the calculus of variations involvcfl in the study of mini- 

mal surfaja^s ar« treated hy Riemann. Gmanimrlte UVrAr, p. 2S7 (Leipzig, 187G) ; and by 
Schwarz. Onammelte Abhajnilung^n, Vol. 1, pp. (Berlin, l&X)). 
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Hence isothefmal orthogonal systems on the surface axe repre- 
sented hy similar systems on the sphere, and conversely All the 
isothennal orthogonal systems on the sphere are known (§§ 35 40) 
Suppose that one of these systems is parametric and that the linear 
clement is ^ X(d»» -t- du*) 

From the general condition for mmimal surfaces (IV, 77), namely 

(86) ^i>" + - 2 = 0, 

it follows that in this case £} ^ q 


In consequence of this the Codazzi equations (V, 27) are reducible to 


(87) 


dv du ’ ^ Sf 


By eliminating Z> or we find that both J? and Z)' are integrals 
of the equation 


Hence the most general form of jD' is 

(88) ZJ'= ^(« -f tu)-f- -^(u — If), 

where and -^fr are arbitrary functions Then, from (87) we have 

(89) = = 

where e is the constant of integration To each pair of functions 
iff, there corresponds a minimal aurface whose Cartesian coordi 
nates are given by the quadratures (V, 26), namely 



and similar expressions in y and z Evidently the surface is real 
only when and are conjugate functions 

In obtaining the preceding results we have tacitly assumed that 
neither i) nor jy is zero We notice that either may he zero ind 
&en fne other is a constant, which la zero only ior the plmu 
These results may be stated thus 

JSvtry xiotKtrnal iyiUm on the sphere t« the representation of the 
lines of cnnature of a unigue nitnintal snirface and of the asymptoUe 
lines of another minimal surface 
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The converse also is true, namely: 

The spherical rcprcBcniationB of the lincB of curvature and of the 
atympioixe lines of a minimal eurface are isothermal syBtemB. 

For, if the lines of curvature are parametric, equation (8G) may 
be replaced by j) ^ jjo ^ 

where p is equal to either principal radius to within its algebraic 
sign. When these values and D^ = c5^=0 are substituted in the 
Codazzi equations (V, 27), we obtain 

cv on 

so that §1^ = 27/r, which proves the first part of the theorem (§ 41). 

When the asymptotic lines are parametric, we have 
and equations (V, 27) reduce to 



from which it follows that €1^ = 

109. Lines of curvature and asymptotic lines. Adjoint minimal 
surfaces. Wo return to the consideration of equations (87) and 
investigate first the minimal surface with its lines of curvature 
represented by an isothermal system. Without loss of generality,* 
we may tahe 

(91) iX^O. 


From (IV, 77) it follows that 


where 


1 

PxP^ 




Hence we have the theorem : 


The parameicTB of the UncB of airvature of a minimal exiiface map 
he BO chosen that the linear elements of the Bxtrface and of its spher- 
ical rc/?rf^c7itaiion have the respective forms 

ds^^ p {dir + dr^, dcr=i (dtr-f dtr^, 

P 

tehcre p is the ahsolutc value of each principal radius. 


• Auj* other vale© of the constant IcaOs to liomothetlc surfaces- 
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In like manner we may take, for the solution of equations (87), 
(92) 

Again we find . •, 

E=^G^p, 

PiPt Pi 

so that we have a result similar to the above 

The parametert of the as^^mptotie hnea of a mimmal nirfaee «wy 
be to choten that the linear elementt of the turf ace and of tt« tpheneal 
repretentation have the respective formt 

d«* =s a (dtt’ + dt!* ) , dtr* = i (du* + di;*), 

P 

vshtre p t» the absolute value of each princxpal radius 

From the symmetric form of equations (87) it follows that if 
(88) and (89) represent one set of solutions, another set is given by 

— + 2>j=s*(^ — ■^)~c 

These values are such that 

V = 0 , 

which IS the condition that asymptohc lines on either surface cor 
respond to a conjugate system on the other (§ 56) When this 
condition is satisfied by two mimmal surfaces, and the tangent 
planes at corresponding points are parallel, the two surfaces are 
said to be the adjoints of one another Hence a pair of functions 
determines a pair of adjoint minxmal surfacet When in par 
ticular, the asymptotic lines on one surface are parametric, the 
functions have the values (92), and on the other the values (91) 
It follows, then, from (90), that between the Cartesian coordinates 
of a minimal surface and its adjoint the following relations hold 

du dv cv 0u * 

and similar expressions in the y's and as, when the parametric 
tfcrres are aayiaptotiG on tho Awus ol (r, t) 

110. Minimal curves on a minimal surface The lines of length 
tero upon a minimal surface are of fundamental importance When 
they ate taken for parametric curves, the equations of the surface 
take a simple form, which we shall now obtain 
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Since the lines of length zero, or minimal linefe, axe parametric, 
we have 

(94) 

From (85) it follows that the parametric lines on the sphere also are 
minimal lines, that is, the imaginary rectilinear generators. And 
from (86) we find that J)^ is zero. Conversely, when the latter is 
zero, and the parametric lines are minimal curves, it follows from 
(IV, 33) that is equal to zero. Hence : 

A necesmry and sxiffieient condition that a surface he minimal is 
that the Ivies of length zero form a conjugate sgstem.*^ 

In consequence of (94) and (VI, 26) the point equation of a 
minimal surface, referred to its minimal lines, is 



du dv 


Hence the finite equations of the surface are of the form 

(95) = 

where are functions of u alone, and Fj, Fj, F^ are 

functions of v alone, satisfying the conditions 

(96) + F;*-fF'=+ 17=0, 

From (96) it is seen that minimal surfaces are surfaces of trans- 
lation (§ 81), and from (9G) that the generators are minimal 
curves (§ 22). In consequence of the second theorem of § 81 we 
may state this result thus: 

A mhivnal surface is the locus of the mid-pohtts of the joins of 
points on Uvo minimal curves. 

In § 22 we found that the Cartesian coordinates of any minimal 
curve are expressible in the form 

(1 + h") F{xC) du, 2 Ju F{xt) du. 

'•Tlih fojhms fitv) from t)io fm'i that nn cquilatoml hyperbola is iho only conic for 
which the iUr*\'iio:j«i with angular cootlicionts ± i ure conjugate. 
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Hence by the ebo^e theorem the following equations, doc to 
Enneper *, define a miniTnal surface referred to its mimmal lines 


(98) 


X *= ~J' (1 — u*) F(u)du 4- ^J' (1— 

y = (1 + «*)F'(ii) du - ~J (1 + r*)«I>(t>)dp, 

z= f uF{v)du-^ fv^(v)dv. 


where A and 4> are any tnalytic functions whatever Moreover, 
any minimal surface can be defined by equations of this form 
For, the only apparent lack of generality is due to the fact that 
the algebraic signs of the eaqiressions (98) are not determined 
by equations (96), and consequently the signs preceding the 
terms jn the nght-hand members of equations (98) could be 
positive or negative But it can be showii that by a suitable 
change of the parimeters md of the functions F and <f» all of 
these cases reduce to (98) Thus, for example, we consider the 
surface defined by the equations which result when the second 
terms of the right-hand members of (98) are replaced by 




In order that the surface thus defined can be brought into com- 
cidence, by a translation with the surface (98), we must have 

(1 — r*)4>^di , = (1 — !>■*) di, (1 -J - 1 4‘jdtr, = — (1 + 1 »*) ^ dv, 

= v^dv 

01 -viding these equations, member by member, we have 

1 — r'* 1 -b V* tr ’ 

from which it follows that ■< 



Substituting this value m the last of the above equations, we find 
^,(v,) = — (v), 

• Ze UtJ Tift far MathtmaUJe tind rhjtik Vol IX (1864) f VSl 
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nnd tins value satisfies the other equations. Similar results fol- 
low when another choice of signs is made. The reason for the 
particular choice made in (98) will be seen when we discuss the 
reality of the surfaces. 

Incidentally we have proved the theorem : 

When a minimal snrfacc is defined hy equations (98), the necessary 
and sufficient condition that the tivo generating curves be congruent 
is that 

(99) i .(,0 = -i<l,(-l). 

From (98) we obtain 


SO that the linear element is 


(100) da* = (1 + uvYF{^i) ^ (v) dudv. 


We find for the expressions of the direction-cosines of the normal 


( 101 ) 


-f- V , V^V „ uv — 1 

^ z= 1 X =tT ^ 1 

1 + UV 1 4 - UV 1 4 - uv 


and the linear element of the sphere is 

,5 4 dudv 



Also wo have (l-huv) 

(102) D=^-F{u), i)'=0, jD" = -4>(v), 

so that the equations of the lines of curvature and of the asymp- 
totic lines are respectively 

(103) F(u) (v) dxr = 0, 

(104) F{ti)dir-\-^{v)dv‘=^ 0. 


These equations are of such a form that w’c have the theorem : 

When a viinijnal surface is referred to its minimal lineSy the finite 
equations of the lines of curvature and asymptotic lines are given hy 
quadratures y xchich are the same in hath cases. 

In order that a surface be real its spherical representation must 
bo real. Consequent!}* u and r must be conjugate imaginaries, as 



258 


MINIMAL SUEFACES 


IS seen from. (101) and § 13, and the functions F and must be 
conjugite imaginary Hence if JUB denotes the real part of a 
function 6, all real minimal surfaces are defined by 

« = A J”(l — «*) F{it) dj., y = (1 4- «®) F{v) du, 

2 uF{u) du, 

where F(u) is any function whatever of a complex vanable w 
In like manner the equations of the lines of curvature may be 
written in the form 


(lOo) IiJ^VF(u)du = const , i Vi» (u) du = const 


111 Double minimal surfaces It is nitural to inquire whethei 
the same minimal surface can be defined in more than one wa^ by 
equations of the form (98) We assume that this is possible, and 
indicate bj and -F,(iq), ^i(w) the corresponding paiameten. 

and functions As the parameters tq, refer to the lines of length 
zero on the surface, each is a function of either w or v In order to 
determine the forms of the latter we make use of the fact that the 
positive directions of the normal to the surface in the two forma of 
parametric representation may have the same or opposite senses 
When they have the same sense, the expressions (101) and suniUr 
ones in iq and t, must he equal respectively In this case 

(106) tq= «, r,= t> 

If the senses are opposite, the respective expressions are equal to 
within algebraic signs From the resulting equations we find 



When we compare equations (98) with analogous equations m 
M, and we find that for the case (106) we must have 

= ^(«)^ *i(*'i) = ^ (v), 

and for the case (107) 

(«i) = - w* ^(v), ^>i( Vj) = - u*F{u) 
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Hence we have the theorem : 


A neccBsary and sufficient condition that two minimal surfaces^ deter- 
mined hy the pairs of functions <I> and he congruent is that 


(108, = 

to the jyoint {u, v) on one surface corresponds the jwint 


071 


the other ^ and the 7 iormals at these points are parallel hut of different 
sense. 


In general, tlie functions F and F^ as given by (108) are not the 
same. If they are, so also are and In this case the right-hand 
members of equations (98) are unaltered when u and v are replaced 
by — l/i^ and — 1/w respectively. Hence the Cartesian coordinates 

of the points (?^ v) and differ at most by constants. And 

so the regions of the surface about these points either coincide or 
can be brought into coincidence by a translation. In the latter case 
the surface is periodic and consequently transcendental. 

Suppose that it is not periodic, and consider a point i2(«o? ^o)* 
u varies continuously from to — l/r^, v varies from Vq to — 
and the point describes a closed curve on the surface by returning 
to ij. But now the positive normal is on the other side of the sur- 
face. Hence these surfaces have the property that a point can pass 
continuously from one side to the other without going through the 
surface. On this account they were called doxMc ^ninivial surfaces 
by Lie,*^ who was the first to study them. 

Prom the third tlieorem of § 110 it follows tliat double minimal 
surfaces are characterized by the property that the minimal curves 
in both systems are congruent. The equations of such a surface 
may be written 


^ = I [/i(«) ^ = HAin) 

The surface is consequently the locus of the mid-points of the 
chords of the curve 


which lies upon the surface and is the envelope of the parametric 
curves. 

* Math. Annalrri, Vol. XIV (1S7S), j>p. 



260 


MINIMAL SURFACES 


KSAUFLES 

1. The focal aheeta of a mioimat aurfaee are applicable to one another and to 
the eurface of revolution of the evolute of the catenary about the aziaof the latter 

8 Shoer thal there are no minimal surfaces ivith the minimal Unea In oee 
family straight. 

3 If two minimal surfaces correspond with parallelism ot tangent planes, the 
minimal curves on the two surfaces correspond 

4 If two mimmal surfaces correspond with paralleliam of tangent planes, and 
the ]Olns of corresponding points be divided in the same ratio, the locus of the 
points of division is a mmimal surface 

5 Show that the right helicoSdiadefined by FlM) = i>n/2«*,wherBi«i8a ml 
constant 

6 The surface for which F(u) = — ^ — is called the svrfaee qf Sekerk Find Its 

1 — tf* 

equation in the hlonge form z s/(z, y) Show that it is doubly periodic and that 
it is a surface of translation with real generators which are m perpendicular planes. 

7. By definition a mertd/au cumcon a surface is one whose spherical representa- 
tion is a great circle on the unit sphere Show that the surface of Schetk possesses 
two families of plane meridian curves. 


112. Algebraic minimal surfaces. Weierstrass * remarked that 
formulas (98) can be jiut in a form free of all quadratures. This 
19 done by replacing and 4>(tr) by /"'(u) and where 

the accents indicate differentiation, and then integrating ly 
parts. This gives 


(109) 


X ^ + uf{u) -/(u) + <^"{v) + v4>'{v) - ^(»), 

y = * - *«/'(«) + {^(«) - 1 

2 = «/'(«) -/'(«) 4- t(^"(w) - 0'(v). 


It is clear that the surface so defined is real when / and <ft are 
coniugate imaginary funotioM. In this case the above formulas 
may be written: 

r a: = iJ [(1 ~ tt»)/"(tt) + 2 uf'(u) - 2/(«)], 

(110) ] y = i2i.I(l+«V"(«)-2«/'(«)+2/(«)], 


' ii<>n<Utbtnchta dsr J?«rlin«r .ifcodcnM* (1866), p 619 



ALGEBRAIC MINIMAL SUllEACES 


261 


However, ifc is not necessaiy, as Darboux has pointed out, that 
/and ^ be conjugate imuginuries in order that the surface be real. 
For, equations (109) are unaltered if/ and 0 be replaced by 

/,(«) =/(i/) d- ^ (1 - w’) + Bi (1 -f ir) -f 2 Cu, 

0j(r) = ^(r) — ^ (1 — v^) -f- Bi (1 + v*) 2 Cv^ 

where -4, i?, C are any constants whatever. Evidently, if / and ^ 
are conjugate imaginaries, the same is not true, in general of /^ 
and ; but the surface was real for the former and consequently 
is real for the latter also. It is readily found that / and 
are conjugate imaginary functions only in case i?, C are pure 
imaginaries. 

Formulas (109) are of particular value in the study of algebraic 
surfaces. Thus, it is evident that the surface is algebraic when/ 
and (j) are algebmic. Conversely, every algebraic minimal surface 
is determined by algebraic functions /and In proving this we 
follow the method suggested by Weierstrass.f 
We establish first the following lemma: 

Crivcn a function + let t?) denote the real part 

of <S> ; if in a certain domain an algebraic relation eonets between T'*, 
and 7?, is an algebraic function of ^ it). 

If the point f == 0, t; = 0 does not lie within the domain under 
consideration, this can be effected by a change of variables without 
vitiating the argument. Assuming that this has been done, we 
develop the function 4> in a power series, thus : 

= Uo + ib, + (a, + tb,) (f -f it)) + (a,+ ib.J (f 4- viy+ • • • , 
where the a’s and J's are real constants. Evidently T' is given by 
-f + ib,) (f 4- it)) 4- i (a, + ib,) (f 4- 17;)= 4- • • - 
h (^1 ^*^i) (? - ’"7) + -f • • * . 

Let F('I', 7}) = 0 denote a rational integral relation between ‘'F, 

and t). When has been replaced by the above value, and the 
tcsulting expression is arranged in powers of ^ and 77, the coeffi- 
cient of every term is identically zero. They will continue to be 
zero when f and tj have been replaced by two complex quantities 

* VoU I, ji. i <Ifr Berliner Akadanie (18G7), pp. 511-518. 
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or and /8, provided that the development remains convergent. The 
condition for the latter la that the moduli of a and 0 be each one 
half the modulus of f + tJ?- This condition is satisfied if we take 


Now we have 
so that 


2 ^ 2t 

/S) « I * 5 ,) + i ^ (f + 117), 


0), a, J3]= + ivl ? + 17 ] = 0 . 


which proves the lemma 

In applying this lemma to real minimal surfaces we note from 

1-z 2 ' i-z 2. ’ 


consequently the left-hand members of these equations are eqml 
to «, and Vj respectively, where u = 7<i+ iv^ When the surface w 
algebraic there exists an algebraic relation between the functions 

j~2 Cartesian coordinates.* Since, then, 

theie 13 an algebraic relation between Mj, r^, and each of the 
coordinates given by (110), it follows from the lemma that each 
of the three expressions 

=* (1 - «*)/"(«) + 2 «/'(«) ^ 2/(m), 

“I (1 + JiV"(w) - 3 iu/'{u) + 2 if{u), 
^,(k)=»2i/"(«)~2/(«) 

are algebraic functions of m, and so also is/(«) ; for, 

/(«) = j 1) ^i(w) — ~ «</>,(«). 


Hence we have demonstrated the theorem of Weiexstrass: 

The «cm»ary a«d snfinent condition that equation (110) define an 
algebraic eurfiace it l'katf{u) he algebraic. 

• Por, If the earfaee h defined by P(jr, y, t) s 0, the direction^xwlnee of tho normal 
are fnncUoM of a, y, * EUimnaiing two of the Utter between T^Ti' *“'* 

F{t. V, *) = 0, we have a relation of the kind deacHbed I — ^ 1 
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113. Associate surfaces. When the equations of a minimal 
surface S are written in the abbreviated form (95), the linear 

element is ^ 2 ^dU^d F, + d U„d V„ + d U,d V,). 

This is the linear element also of a surface defined by 

where a is any constant. There are an infinity of such surfaces, 
called associate minimal surfaces. It is readily found that the direc- 
tion-cosines of the normal to any one have the values (101). Hence 
any two associate minimal surfaces defined by (111) have their tan- 
gent planes at corresponding points parallel, and are applicable. 

Of particular interest is the surface for wdiich a=^7r/2. Its 
equations are 

^i=^J (l-u-)F(v)du--^J'(l-v-)^(v)dv, ■ 

(112) ■ = (l + ir)A(M)(7w-^ J {l + ir)<i>(v)dv, 

z^=i f uF{u) du — i J' (v) dv. 

In order to show that is the adjoint (§ 109) of we have only 
to prove that the asymptotic lines on either surface correspond to 
the lines of curvature on the other. For the equations of the 
lines of curvature and asymptotic lines are 

iF{it) {v) == 0 , 

tF{n) dxd - f cF (r) dtr = 0, 

respectively. Comparing these with (103) and (104), we see that 
the desired condition is satisfied. 

From (98) and (112) we obtain the identities 

3 j ( cZir + -f f7r = dx^ -f dt/‘ + dz^, 

dydt/^+ dzdz^=: 0 . 

The latter has the following interpretation: 

On itro adjoint minimal surfaces at points corrcsjwnding xvith par^ 
alleltsm of tangcxit planes the tangents to corresponding curves are 
perpendicular. 
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From (105) ifc follows that if we put 

u + ti!<=^ J y/l'{u)du, 

the curves « = const and v = const on the surface are its lines of 
curvature Moreover, for an associate surface the lines of curva 
ture are given by 


-B [e * (m + iv)] = const , 
= const , 


^ [le * (« -j- iv)] *= const , 
a , ~ a 

w sm + V cos - s= const. 


From this result follows the theorem 

The hne» of curvature on a minimal surface attociaie to a turfaee 
S corretpmd to the curves on S which cut its lines of curvature under 
the constant angle af% 


Since equations (HI) may be written 

{ T^ = x cos a + sin a, 
y cos « + yj am a, 
cos a + 2!j^ sin n, 

the plane determined by the ongin of coordinates, a. point P on a 
minimal surface and the corresponding point on its adjoint, con 
tains the point corresponding to F on every associate iBinimal 
surface Moreover, the locus of these points ^ is an ellipse with its 
center at the origin Combining this result and the first one of 
this section, we have 

minimal surface admits of a continuous deformation into a senes 
of minimal surfaces, and each point of the surface describes an ellipse 
whose plane passes through a fixed point which is the center of the 
ellipse 

114. Formulas of Schwarz. Since the tangentplancs to a minimal 
ejisf-wifc vta. eA wre ■p'aviHftl, have 

X dx^ 4 - Ydg^ ->rZdz^=<i 


From this and the second of (IIS) we obtain the proportion 


dx. 


dy. 
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In consequence of the first of (113) the sums of the squares of the 
numerators and of the denominators are equal. And so the com- 
mon i*atio is -f 1 or —1. If the expressions for the various quanti- 
ties be substituted from (98), (101), and (112), it is found that the 
value is —1, Hence vre have 


(115) dx^ — Ydz — Zdy^ dy^ — Z dx-- Xdz^ dz^z=z Xdy -^Ydz, 
From these equations and the formulas (95), (112) we have 

2 = a: — iXj = X 4- f J Zdy^Y dz^ 

- y y i J Xdz~- Z dx^ 

2 275 =r 2 — -f ij Ydx^Xdy^ 

2 = ;r 4- ix^ = 2; — ij Zdy--Y dzj 

^ 2 Fjj = y 4- = i/ “• iJ A' dz — Z dx, 

2 Fj = 2 4- iz^ — 2 — Y dx — A" dy. 


(116) 


and 


(117) 


These equations are known as the forrmdaB of SchivarzJ^ Their 
importance is due to their ready applicability to the solution of 
the problem : 

Jb determine a minimal surface passing through a given curve 
and admitting at each point of the curve a given tangent p?rt7ie.f 

In solving this problem ^ve let C be a curve \Yhose coordinates 
a% y, z are analytic functions of a parameter U Jind let A', F, Z be 
analytic functions of t satisfying the conditions 

X- -f r-4- = 1, Xdx -f Ydy 4* ^(?2 = 0. 


♦ CrtUt, Vol. l;xxx (1S7;>), p.29t. 

t This problem Js a special ca^^e of the more geneml one solved by Caachy : To rfefer* 
mine an infe^?ra? t^rface of a dl/ferenffal eiyuafionposWn^ throv^h a cxirvt and admitting 
at ^ach point of iht cwrrc a ^*ren fcnsienf plant. For minimal surfaces the equation Is 
ISI), Cauchy shotted that such a surface exists in peneral, and that It is unique unless the 
curve is a characteristic for the equation. His researches are Inserted In Voh. XrV> XV 
of the Co^f<»s Kendus. The reader may consult also KouralevrsXi, Theorie der particllcn 
mfrerenttalgleichungen, CVeffe, Vol. IJCXX (1S75)» p. 1 ; and Gdursat, Cours d'AnaXyst. 
^oihtmaUqMf, V 0 I. n, pp, ^53-567 (TArfs. 1905). 
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K ir.i denote the values of x, y, z when t is replaced by a 
complex variable «, and x,, the values when t is replaced 
by Vy the equations 


s-»'.+n=s^+ij 

^'{Zdy^Tdz), 


^(A dz - Zdx)y 


''\Ydx^Xdy) 


define a mmuual surface winch passes through C and adnuts at 
each point foi tangent plane the plane through the point with 
direction-cosines AT, Y, Z. For, when u and v are replaced by t, 
these equations define C. And the conditions (96) and 


'^Xdlr^= 0 , 0 

are satisfied. Furthermore, the surface defined by (118) affords 
the unique solution, as is seen from (116) and (117) 

When, in parti culai, C and t are real, the equations of the real 
minimal surface, satisfying the conditions of the problem, may be 
put in the form 


5=R j^x-f- 1 j 

''\zdy~Ydz^y 

y=^^y + ij 

r{Xdg~Zdx)^, 

ss—B^ + tJ 

^'‘{Ydx-Xdy^. 


As an application of these formulas, we consider minimal surfaces contaming a 
straight line If we take the latter for the z-axis, and let ^ denote the angle which 
the normal to the surface at a point of the line makes with the x-azis, we hare 
x = ys 50 , xstf, ATsscos^, r’s=Bin^, ZssO 
Hence the equations of the surface are 

» « - fft j^'sin ^dt, 5 = RiJ'\o3 <pdi, * = B (u) 

Here ^ ia an analytic function of t, whose form determines the character of the 
surface For two points corresponding to conjugate values of u, the x-co&rdlnates 
are equal, and the s- and y-coerdlnates diSer In sign Hence 

Every sfroipht line upon a minimal surjact ts on oxis of vymmttry. 
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EXAMPLES 


1. The tangents to corresponding curves on two associate minimal surf aces malco 
jv constant angle, 

2. If corresponding directions on two applicable surfaces make a constant 
angle, the latter arc associate minimal surfaces. 

3. Siiow that the catenoid and the right helicoid are adjoint surfaces and deter- 
mine the function F{u) which defines the former. 


4. Let C he a geodesic on a minimal surface 5. Show that 
(a) the equations of the surface may be put in the form 


: = Ej^$ + tJ'xds , y = E 1^77 + i J'm ds , 2 = , 


where 77 , are the coordinates of a point on C, and X, v the direction-cosines 
of its binonnal ; 

( 6 ) if C' denotes the curve on the adjoint Si corresponding to C, the radii of first 
and second curvature of C' are the radii of second and first curvature of C ; 

(c) if C is a plane curve, the surface is symmetric with respect to its plane. 


6 . 


The surface for which JP’(u) = 1 — 


— is called the surface of Bennebcrg; it is 


a double algebraic surface of the fifteenth order and fifth class. 


GENERAL EXAMPLES 

1. The edge of regression of the developable surface circumscribed to two con- 
focal quadrics has for projections on the three principal planes the evolutes of the 
focal conics. 

2. By definition a ictraJtedral surface is one whose equations are of the form 

z = A (u — a)^{v — a)", y =: B (n — — b)**, 2 = C(u — c)”(r — c)", 

where A, B, C, m, n are any constants. Show that the parametric curves are con- 
jugate, and that the asymptotic lines can be found by quadratures ; also that when 
171 = n, the equation of tlie surface is 

{£)"'(6 _ c) + - a) + {§)"’(“ ~b) = (a-h){b- c) (a - c). 

3. Eetennino the tetrahedral surfaces, defined as in Ex. 2, upon which the 
parametric curves are the lines of curvaUire. 

4. Find the surfaces normal to the tangents to a family of umbilical geodesics 
on an elliptic paraboloid, and find the complementary surface. 

5. At every point of a geodesic circle with center at an umbilical point on the 

ellipsoid (10) (a + c - r^, 

where r is the radius vector of the point (cf. § 102). 

C. The tangent plane to the director-cone of a ruled surface along a generator 
h parallel to the tangent plane to the surface at the infinitely distant point on the 
Corresponding generator. 
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7 Upon the bjperboloid of one sheet and likewise opon the hyperbolic parab 
oloid, £ml the two lines of stiiction 

a The line of striction of a ni ed surface is an orthogonal trajectory of the 
generators only m case the latter are the bmonnals of a curye or the surface Is a 
right conoid 

8 Determine for a geodesic on a deyelopahle surface the relation existing 
between the currature, torsion and angle of inclination of the geodesic with the 
generators 

10 If A denotes the shortest distance and ix the angle between two lines fi and 
fj, and the latter re volyes about the former with a helicoidal motion of parameter a 
(cf § 6’) the locus of I] is a developable surface if a = A cot « If a = A tan a the 
surface is th^ locus of the binormals of a circular helix 

11 If the lines of curvature in one family upon a ruled surface are such that 
the segments of the generators between two curves of the family are of the same 
length, the parameter of distribution is constant and the hue of stnetion is a line 
of curvature 

12 If two ruled surfaces meet one another in a generator they are tangent to 
one another at two points of the generator or at every point m the latter case the 
central point for the common generator is the same and the parameter of distrlbu 
tion has the same value 

13 If tangents be drawn to a ruled surface at points of the line of stricUon 
and in directions perpendicular to the generators these tangents form the eo7\fu 
pate ruled surface It has the same line of stnetion as the given surface More 
over, a generator of tlie given surface the normal to the surface at the central 
pov&t C of this genervtor, and the generator of the con ugate surface through C 
are parallel to the tangent, principal normal, and binormal of a twisted curve 

14 Let C he a curve on a surface S, and Z the ruled surface funned by the 
normals to 5 along C Derive the following results 

(n) the distance between near by generators of S Is of the first order unless C is 
a line of curvature , 

(6) if r denotes the distance from the central point of a generator to the point of 
intersection -with S, ji _ _ S ^ 

(c) the tangent to C at a point M is conjugate to the tangent to the surface at M 
parallel to the line of shortest distance , 

(d) the maximum and minimum values of r are the principal radii of S, pi and 

and the above equation may be written r = ptsin*^ + p^ cos*^, where 4> is the 

angle which tlie corresponding line of shortest distance makes with the tangent to 
the line of curvature correspondmg to pt 

16 If C and C“ are two orthogonal curves on a surface, then at the point of 
iatereection (cf Ex. 14) 1111 

16 If C and C are two conjngaW curves on a surface, then at the point of 
interaection (cf Ex 14) j j ^ 1 I r _ 

Pi^ Pa' r' JS' 
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17. It two surfaces are applicable, and the radii of first and second curvature 
of evcty geodesic on one surface are equal to the radii of second and first cur\’ature 
of the corresponding geodesic on tlie other, the surfaces are minimal. 

18. The mirface for whicli F in (08) is constant, say 3, is called the minimal sur^ 
fane of Enneper; it possesses the following properties : 

(а) it is an algebraic surface of the ninth degree whose equation is unaltered 
when x, Vy z are replaced by y, x, — z respectively ; 

(б) it meets the plane x = 0 in two orthogonal straight lines ; 

(c) if we put u = (T — tp, the equations of the surface are 

' y- z = Ba^ - 3^, 

and the curres a r= const., ^ = const, are the lines of cuia-ature; 

(d) the lines of curvature are rectifiable unicursal curves of the third order and 
they are plane curves, the equations of the planes being 

x-faz — 3a — 2a^ = 0, y — pz — S/3--2^ = 0; 

(c) the lines of curvature arc represented on the unit sphere by a double family 
of circles whose planes form two pencils wdth perpendicular axes wdiich are tangent 
to the sphere at the same point; 

(/) the asymptotic lines arc twisted cubics ; 

(p) the sections of the surface by the planes x = 0 and j/ = 0 are cubics, which 
arc double cur\es on the surface and the locus of the double points of the lines of 
cunaturc ; 

(h) the associate minimal surfaces are positions of the original surface rotated 
through the angle — a/2 about the z-axis, where a has the same meaning as in § 113 

(i) the surface is the envelope of the piano normal, at the mid-point, to the join 
of any two points, one on each of the focal parabolas 

x=i-la, y = 0, z = 2a2 — 1; x = 0, y = 4/S, ^ = 1 — 2^; 

the planes normal to the two parabolas at the extremities of the join are the planes 
of the lines of curvature through the point of contact of the first plane. 

19. Find the equations of Schwarz of a minimal surface when the given curve 
is an asymptotic line. 

20. Let S and S' be two surfaces, and let tho points at which the normals are 
parallel corresi>ond ; for convenience let S and S' be referred to their common con- 
jugate system. Show that if Uie correspondence is conformal, either S and S' arc 
homothetic ; or both are minimal surfaces ; or tho parametric curves are the lines of 
curvature on both surfaces, and form an isotliermal system. 

21. Find tho cofirdinates of tlie surface which corresponds to the ellipsoid after 
the manner of Bx. 20. Show tlxat the surface is periodic, and investigate tlie points 
conesponding to the umbilical points on the ellipsoid. 

22. When tho equations of an ellipsoid are in tlie form (11), the curves u -f c = 
const lie on spheres whose centers coincide with the origin ; and at all points of 
rach a curve the product pW is constant (§ 102). 
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STOTACES or COHSTAKT TOTAL CORVATTOE W-SOREACES 
SURFACES WITH PLANE OK SPHERICAL LIKES OF CURVATURE 


115 Spherical surfaces of revolution Surfaces whose total cur 
vature K js the same at all points are called turfacet of comtant 
curvature When this constant value is zero the surface is dev el 
opable (§ 64) The noodevelopahle surfaces of this kind are called 
tphencal or p»eudo»pherical^ according as A is positive or negative 
We consider these two kinds and begin our study of them with 
the determination of surfaces of revolution of constant curvature 
When upon a Burface of revolution the curves const are 
the meridians and u == const the parallels, the Imear element is 
reducible to the form 


(1) £?s*= du*+(?de*, 

where G is a function of w alone (§ 4 b) 
Sion for the total curvature (V, 12) is 

1 g*VG 


< 2 ) 


A= — 


VG 3m* 


In this case the eipres- 


For spherical surfaces we have A'=l/a*, where a is a real constant 
Substituting this value in equation (2) and integrating we have 

{3) Vg = ccos 4- ^ 

where h and c are constants of integration From (1) it is seen 
that a change m b means simply a different choice of the parallel 
u = 0 If we take 5 « 0, the linear clement is 

0) d** = dw* 4- c* cos* 

From (III, 99, 100) it follows that the equations of the mendisn 
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and that v measures the angle between the meridian planes. 
There are three cases to be considered, according as c is equal 
to, greater than, or less than, a. 

Case I. c — a. Now 

n . 71 

r^a cos “1 z = a sin - 1 

a a 

and consequently the surface is a sphere. 

Case II. c>a. From the expression 

for z it follows that sin^— < 1 and con- 

a 

sequently r > 0. Hence the surface is 
made up of zones bounded by minimum 
parallels whose radii are equal to the 

minimum value of cos - ? and the greatest parallel of each zone is 
a 

of radius c ; as in fig. 26, where the curves represent geodesics. 



Case III. c < a. Novr r varies from 0 to c, the former correspond- 
ing to the value 7i^ maivl% where m is any odd integer. At these 
points on the axis the meridians meet the latter under the angle 

sin“*-. Hence the surface is made up of a series of spindles 

{fig. 27). For the cases II and III the expression for z can be 
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integrated in terms of elliptic functions.* 

It is readily found that these two surfaces are 
applicable to the sphere ^^dth the meridians and 
parallels of each in correspondence. Thus, if we 
write the linear element of the sphere in the form 

a 

it follows from (4) that the equations 

^ c 

7t ^ 1^, V r= - r 

a 

determine the correspondence desired. 


It is evident that for values of h other than zero we should he 


brought to the same results. However, for the sake of future 


•Cl. BiancUi, Vol. I, p. 233. 
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i-eference we write down the expressions for the linear element 
when 5 = — 7 r /2 and — 'jr/4 together with ( 4 ), thus 

f (i) <Z«* = du* + c* cos® " dv*, 


( 6 ) 


(u) (i«*= dw* + c® sin® - dv^, 

(ill) = c?«® 4 - <?® cos* ^ dA 


Let jS be a surface mth the linear element ( 6 , i) and consider 
the zone between the parallels *= const and «j = const A point 
of the zone is determined by i aloes of u and v such that 
^ II 5: ttj 2 tt i V s 0 


The parametnc Talnes of the corresponding point on the sphere 
are such that 

_ J TTtf f. 

Wn, ^ wi 0 


Hence when c < <t, the given zone on S does not cover the zone 
on the sphere between the parallels 04 = const and «^= const » 
but when c > a it not only covers it, but there is an overlapping 
116 Fseudcspbencal surfaces of revolution In order to find the 
pseudosphencal surfaces of revolution we replace K in (2) by ~\fa^ 
and integrate This gives 

= c, cobh - 4 - c, sinh ^ » 
a a 

where and c, are constants of integration We consider iirat 
the particular forms of the linear element arising when either of 
these constants is zero or both ate equal They may be written 

1 ( 1 ) t?«* = du* 4- e* cosh* - dv*, 

' ' a 

(ii) as ^14*4- c* sinh* ^ dr®, 

*■ 

(ill) d«*asd«*4'C*e‘' dt»* 

Any case other than these may be obtained by taking for Vt either 
of the values cosh^^ 4 -J^ or stnh^^ 4 -ty where h is a constant 
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By a change of the parameter u the corresponding linear elements 
are reducible to (i) or (ii). Hence the forms (7) are the most general. 
The corresponding meridian curves are defined by 


(i) r = ecosh-5 
a 

— -^sinlr^dw; 

(ii) r = csinh~» 

' a 

r-vll— — coslr — dw; 
J \ a‘ a 

u 

(iii) r = cc“, 

Z=J 


We consider these three cases in detail. 

* 71 . 

Case I. The maximum and minimum values of sinh”- are a^/c^ 

d 

and 0. Hence the maximum and minimum values of r are Va'+c* 
and c* At points of a maximum parallel the tangents to the merid- 
ians are perpendicular to the axis, and at 
points of a minimum parallel thej" are par- 
allel to the axis. Hence the former is a cus- 
pidal edge, and the latter a circle of gorge, 
so that the surface is made up of spool-like 
sections. It is represented by fig. 28, upon 
which the closed curves are geodesic circles 
and the other curves are geodesics. These 
pseudospherical surfaces are said to be of 
the hyperlolic ty })€**" 

Case II. In order that the surface be real 
c® cannot be greater than a restriction 
not necessary in either of the other cases. 

If ^Y0 put ct=nsmn:,f the maximum and 

• , 

minimum values of coslr - are cosec'cr and 1, and the correspond- 
ing values of r are a cos a and 0. The tangents to the meridians 
at points of the former circle are perpendicular to the axis, and at 
the points for -vvliicli r is zero tliey meet the axis under the angle <r. 
Hence the surface is made .up of a series of parts similar in shape 



Cf. Biaudii, Vol.I, p.22?. 
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to hour glasses Fig 29 represents one half of such a part » one of 
the curves is an asj mptotic line and the others are parallel geodesics 
The surface is called a ptevdotpkertcal surface of the elliptic type 

Case III In the preceding cases the 
equations of the mendnn curve can 
be expressed without the quadrature 
sign by means of elliptic functions * 
In this case the same can be done by 
means of tngonometnc functions For^ 
if we put g » 

sm ^ - e“, 

equations (in) of (8) become 
(9) r = oBm<^, z = fl (log tan ^ + cos 

We find that ^ is the angle which the tangent to a meridian at a 
point makes with the axis Hence the axis is an asymptote to the 
curve Since the length of the segment of a tangent between the 
pomt of contact and the intersection with the axis is r cosec ^ 
or fl, the length of the segment is independent of the point of 
contact Therefore the meridian curve is a traetnx The surface 
of revolution of a tractnx about its asymptote is called the pseudo^ 
ephere^ or the petudoephertcal surface of the 
parabolic type The surface is shown in 
fig 30, which also pictures a family of 
parallel geodesics and an asymptotic line 
If the integral (8) be wnttcn m the form 

VG= ^,003" + c.sm — 1 
^ a a 

the cases (i), (ii), (lu) of (6) are seen to 
correspond to the similar cases of (7) We 
shall find other marks of simdanty between 
these cases, but now we desire to call at- 
tention to differences 

Each of the three forms (7) determines a particular kind of 
pseudosphencal surface of revolution, and e is restnctcd in value 




'Cf BlMieW >ol I pp 220-228 
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only for the second case. On the contrary each of the three forms 
(C) serves to define any of the three types of spherical surfaces of 
revolution according to the magnitude of c. 

From (IV, 51) we find that the geodesic curvature of the par- 
allels on the surfaces with the linear elements (7) is measured by 

the expressions ^ , 1 1 

- tanh —9 - coth — » - • 

a a a a a 


Since no two of these expressions can be transformed into the 
other if be replaced by u plus a real constant, it follows that two 
pseudospherical surfaces of revolution of different types are not 
applicable to one another with meridians in correspondence. 

117. Geodesic parametric systems. Applicability. Now we shall 
show that in corresponding cases of (6) and (7) the parametric 
geodesic systems are of the same kind, and then we shall prove 
that when such a geodesic system is chosen for any surface 
of conshint cuiwature, not necessarilj’' one of revolution, the 
linear element can he brought to the corresponding form of (6) 
or (7). 

In the first place we recall that when on any surface the cur%’’es 
r=: const, are geodesics, and «= const, their orthogonal trajectories, 
the linear element is reducible to the form (1), where G is, in 
general, a function of both n and v; and the geodesic curvature 
of the curves u == const, is given by (IV, 51), namely 


( 10 ) 


1 ^ 1 gVg 


When, in particular, the curs'ature of the surface is constant, Vff 
is given by equation (2) in which K may b}' replaced by d:l/a^ 
Hence, for spherical surfaces, the general form of Vg is 

(11) Vg = (r) cos ~ ^ (v) sin - ^ 

a a 

and for pseudospherical surfaces 

( 1 2 ) {v) cosh — -f (r) sinh ^ 5 

a a 

where <fi and are, at most, functions of r. We consider novr the 
three ca<es of (G) and (T). 
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Case I From the forms (i) of (6) and (7), and from (10), it 
follows that the curve « = 0 is a geodesic and that its arc is 
measured by cv Moreover, a necessary and sufficient condition 
that the curve ii = 0 on any suiface with the Imear element (1) 
satisfy these conditions is 



( 1 gVg\ 


0 


Applying these conditions to (11) and (12), we are brought to the 
forms (i) of (6) and (7) respectively 


Case II The forms (ii) of (6) and (7) satisfy the conditions 



which are necessary and sufficient that the parametnc system be 
geodesic polar, m which cv measuies angles (cf VI, 54) When 
these conditions are applied to (11) and (12), we obtam (ii) of (6) 
and of (7) respectively 


Case III For (ui) of (6) the curve « = 0 has constant geodesic 
cuivature 1/a, and for (iii) of (7) all of the curves « = cons*^ 
have the same geodesic curvature l/a Conversely, we find from 
(11) and (12) that when this condition is satisfied on any sur 
face of constant curvature the linear element is reducible to 
one of the forms (m) We gather these results together into 
the theorem 

The linear element of any surface of constant curvature is reducible 
to the forms (i), (u), (ui) of (6) or (7) accordiny as the parametnc 
geodesics are orthogonal to a geodesic^ pass through a point, or are 
orthogonal to a curve of constant geodesic curvature 

When the linear element of a surface of constant curvature is 
in one of the forms (i), (u), (m) of (6) and (7) it is said to be of 
the hyperbolic, elliptic, or parabolic type accordingly 
The above theorem may be stated as follows 
Any spheneal surface of curvature lie? ts applicable to a sphere 
of radius a tn such a may that to a family of great circles with 
the same diameter there correspond the geodesics orthogon tl to a 
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given geodeBxc on the surfaccy or all the geodesics through any 
point of tty or those which are orthogonal to a curve of geodesic 
curvature 1/a. 

Any pseudospherical surface of curvature --l/a* is applicable to a 
jyscudospherical surface of revolution of any of the three types; 
according as the latter surface is of the hyperlolicy ellipticy or par^ 
aholic typcy to its meridians correspond on the given surface geodesics 
which arc orthogonal to a geodesic^ or pass through a j^ointy or are 
orthogonal to a curve of geodesic curvature 1/a. 

In the case of spherical surfaces one system of geodesics can 
satisfy all three conditions ; for in the case of the sphere the great 
circles with the same diameter ai*e orthogonal tn the equator^ pass 
through both poles, and are orthogonal to two small circles of 
mdius whose geodesic curvature is 1/a. But on a pseudo- 

spherical surface a geodesic sj^stera can satisfy only one of these 
conditions. Otherwise it would be possible to apply two surfaces 
of revolution of different t}q)es in such a way that meridians and 
parallels con-espond. 

From the foregoing theorems it follows that, in order to carry 
out the applicability of a surface of constant curvature upon any 
one of the surfaces of revolution, it is only necessary to find the 
geodesics on the given surface. The nature of this problem is 
set forth in the theorem : 

The determination of the geodesic lines on a surface of constant 
curvature requires the solutioii of a Riccati equation. 

In proving this theoi-em we consider first a spherical surface 
defined in terms of any parametric system. It is applicable to 
a sphere of the same curvature with center at the origin. 
7'Iie coordinates of this sphere, expressed as functions of the 
parameters a, r. can be found by the solution of a Riccati equa- 
tion (§ G5). To great circles on the sphere correspond geodesic 
lines on the spherical surface ; hence the finite equation of 
the geodesics is ax -|- -f = 0, where a, i, c are arbitrary 
constants. 

\\ hen the surface is pseudospherical we use an imaginary 
sphere of the same curwature, and tire analysis is similar. 
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118. Transfoimation. of Eazzidakis. Let a apherical surface of 
curvature 1/a* be defined in terms of isothermal<conjugate parame* 
tera. Then • 


(13) 


11 H a’ 


and the Codazzi equations (V, 13') reduce to 


(14) 


(BE 

BG 

+ 2^^ 

1 Bu 

Bu 

“ Bv 

BE 

BG 


1 8v 

Bo 

cu 


From these equations and §§ 77, 82 follows the theorem: 

The Ivnti of curvature of a spherical surface form an isothermal- 
conjugate system. 

For, a solution of these equations is 

F: — t? = const, /’=0. 


When this consUnt is zero the surface is a sphere because of (13). 

Excluding this case, we replace the above by 

(15) .E=a*co3h*m, F’=0, ff = a*8inh*6[?. 

Now 


(16) D = D" = a sinh a> cosh w. 

When these values are substituted in the Gauss equation (V, 12), 
namely 

/171 FdE'\ BT F dS 1 dGV l 

^ ^Hidvlir du H dv HE duy du\_HE Bv If Bu jl a*’ 
it 18 found that w must satisfy the equation 

(18) ^4-|^ + smhtacoshti) = 0. 


Conversely, for each solution of this equation the quantities (15) 
and (16) determine a spherical surface. 

If equations (14) be differentiated with respect to u and v respec- 
tively, and the resulting equations be added, we have 


(19) 


Bu* gr' Bu* Bv‘ 


• ni« ainliignity of sign may be neglected, as a change of sign gives a surface sym- 
metrical with respect to the origin 
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In consequence of (14) equation (17) is reducible to 

dEdG'] 


( 20 ) 




+<? 


du] 
dv 


?).i 

r / a- 


Equations (14) are unaltered if E and G be interchanged and the 
sign of be changed. The same is true of (17) because of (19) 
and (20). Hence we have : 

If the linear clement of a spherical surface referred to an isothermal- 
conjugate system of parameters he 

ds^ = E die +2F dudv G 


there exists a second spherical surface of the same curvature referred 
to a similar parametric system with the linear clement 
dsl = G dir — 2 jP dudv -h E dv’^ 

and with the same second quadratic form as the given surface; 
moreover^ the lines of curvature correspond on the two surfaces. 


The latter fact is evident from the equation of the lines of curva- 
ture (IV, 26), which reduces to Fdu‘-\‘{G--E)dudv‘-‘F dv“^Q. 
From (IV, 69) it is seen that the linear elements of the spherical 
representation of the respective surfaces are 

= -4 {G dxr— 2Fdudv-^Edv\ 
da^ d\r 2 F dudv + G dr). 


In particular we have the theorem : 

Each solution co of equation (18) determines two spherical surfaces 
of curvature 1/ar; the Ihicar clcmeiits of the surfaces are 
dr — G‘(coslra) rfir -f sinh*w<?r*), 
ds{ = (T (sinlr o) dxr 4- cosh'ct) rfy'), 
of their spherical representations 

^ <?cr r= sinlrw coslro) (7r, 

I da;^ coslrw sinlr w dr ; 


( 21 ) 


their principal radii arc respectively 

p^ — a cotb «t), p^ = a tanh a?, 

pj ~ G tanh Q?, pi — a coth w. 
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Bianchi* has given the name ITazzidahs tranBformatton to the 
relation between these two surfaces It is evident that tlie former 
theorem defines this transformation in a more general way 
119 Transformation of Rianchi We consider now a pseudo* 
sphencal surface of curvature —1/a’, defined in terms of isothermal 
conjugite parameters We have 

i/ a a 

and the Codazzi equations reduce to 

<?« at 0v St/ 01) <m 

These equations are satisfied by the values (cf §§ 77 8^ 

(22) JP=a*cos*£(i (? = o’sin*(u, 

aNhere » is a function which, because of the Gauss equation (V, 12), 
must satisfy the equation 

(23) ^ ^ = Bin o) cos w 

' ' 0w* di^ 

Conversely, every solution of this equation determines a pseudo- 
aphencal surface avbose fundamental quantities are given by 
) (22) and by 

(24) 2) — /)" = — o Bin til cos «u 

Moreover, the linear element of the sphencal representation is 

(25) dtr’ss 8in*iii£fw’+ cos*o) 

There is not a transformation for pseudosphencal surf ices Bim 
liar to the Hazzidakis transformation of sphencal aurfaecs but 
there are transformations of other kinds avhich are of great im 
ivortance One of these is invoUed m the following theorem of 
llihaucour 

Jftn the tangent planet to a pteudosphencal ntr/aee of enriature 
circlet of raihut a he detcnled mtk eentert at the ; omtt of 
contact, ihete circlet are the orthogonal trajeetonet of an infinity of 
turfaeet of r«ri nfwrr —2 /a* 

•\*l II p «7 

t Tills cboieo ot ilgo Is nuvle so that llie foUowlny formulas may ha»a tbs CUsKmi 
aiyfonn. 
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In proving this theorem \ve imagine the given surface S referred 
to its lines of curvature, and u’e associate with it the moving trihe- 
dral whose axes are tangent to the parametric lines. From (22) 

and (V, 75, 76) it follows that 

n • o do> Bco 

p — 0, 2>i — cos w, q = sm w, = 0, r = — , r, = — » 

cv oil 

^ = a cos &), = ?; = 0. 


In the tangent a*2/'plane we draw from the origin Jl a segment 
of length and let 0 denote its angle of inclination with the rwixis. 
The coordinates of the other extremity with respect to these 
axes are a cos d, a sin 6, 0, and the projections upon these axes of 
a displacement of J/j as 2f moves over S are, by (V, 51), 


a[- 


CO) J ^ A • /) 

«u-f —dr Ism ^ 


\cv 


cu 


sin 6 dO -Jr cos w dxi — 

s d d0 sin 0 ) dv +(1^ dn 4- ^ dr^cos dl, 
\cv cu } J 

a [cos o) sin d dr — sin w cos d d?/]. 


I 


We seek now tlie conditions which d must satisfy in order that the 
line iUilfj be tangent to the locus of Jl/j denoted by and that the 
tangent plane to iS\ at J/j be peiTpendicular to the tangent plane to 
S at 2L Under these conditions the direction-cosines of the tangent 
plane to with reference to the moving trihedral are 

(26) sin d, — cos d, 0, 

and since the tangent to the above displacement must be in this 
plane, we have 

(27) dd 4*^^ — sin d cos c^du 4- cos d sin o)Jdv = 0. 


As this equation mtist hold for all displacements of Jlf, it is 

equivalent to ( se dco 

_ o. _ COS o) sin d, 
cu cxf 

dO . do) . ^ 

sin o) cos d* 

dv cu 


(28) 


These equations satisf}* the condition of integrability in conse- 
quence of (23). Moreover, 5 is a solution of equation (23), as is 
seen by differentiating equations (28) with respect to u and v 
respectively and subtracting. 
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By means of (28) the above expressions for the pi-ojections of a 
displacement of 3fi can be put in the form 

a cos 0 (cos ft) cos 0du + sm o) am 6 <£«)» 
a sin 6 (cos to cos 0du-^ sin q> sin & dv), 
a (cos ft) sm 0dv~ sm to cos 0 du) 

From these it follows tint tlie linear element of Si is 
da® = a" (los 0 dM*+ sm* 0 di?*) 

In order to prove that is a pseudosphencal surface referred to 
its lines of curvature, it remains foi us to show that the sphencal 
representation of these curves forms an orthogonal system IVe 
obtain this representation with the aid of a trihedral whose vertex 
IS fixed, and which rotates so that its axes are always parallel to 
the corresponding axes of the trihedral for S The point whose 
coordinates with reference to the new trihedral- are given by (26) 
serves for the spherical representation of Sj The projections upon 
these axes of a displacement of this point are reducible, by means 
of (28), to 0 ^ 6du — sin to cos 0 dr), 

sin 0 (cos ft) sm 0 du — sm a cos 0 dv), 

~ sin ft) sm 6 du~ cos &> cos 0 dv, 
from which it follows that the Imear element is 
dw® = Bin® 0 dw® + cos® 6 dr® 

Since 0 IS a solution of (23), the surface is pseudosphencal, of 
curvature —l/o®, and the lines of curvature are parametric To 
each solution 0 of equations (28) there corresponds a surface S^ 
Darboux * has called this process of finding the tramfoi mation 
of Bianehi As the complete integral of equations (28) involves an 
arbitrary constant, theie are an infinity of surfaces as remarked 
by Ribaucour Moreover, if we put 
(29) i^ = tan|, 

these equations are of the Riccati type in ^ Hence, by § 14, 
TTAen one transform of Btancln of a pseudosphencal surface ts 
Jcnmojit the determination of the others requires only quadratures 


Vol III p 422 



TRAKSFORiMATIOK OF BIAN-CHI 283 

From (III, 24) it follows that the differential equation of the 
curves to which the lines joining corresponding points on S and 
S^ tire tangent is 

^30) cos o) sin 6 die — sin a> cos 0 rfv = 0. 

Hence, along such a curve, equation (27) reduces to 

q- ^ = 0, 

dv CH 

But from (VI, 66) it is seen that this is the Gauss equation of 
geodesics upon a surface whose first fundamental coefficients 
have the values (22). Hence : 

The curves on S to xoMcli the lines joining corresponding points on 
S and are tangent arc geodesics. 


Tho orthogonal trajectories of the curves (80) are defined hy 
(81) cosw cosffdu + sin w sin^de = 0. 


In consequence of (28) the left-hand member of this equation is an exact differential. 

If wo put V 

* tfc — — a(cosw cos0a« + sinwsin^ac). 


tho quantity is an integrating factor of the left-hand member of (30). Conse- 
quently we may define a function thus : 


d7?= a(r*f/“(coswsinSdw — sin w cos^dc). 


In terms of ^ and i? the linear element of S is expressible in tho parabolic form (7), 
(32) d52 = d^= + c^t/«di 72 


Eqmation (81) defines aho the orthogonal trajectories of the cun-es on Si to 
which the lines are tangent, and the equation of tho latter curves is 

sin w cos^du — coswsin^dr = 0. 


Tlio quantity is an integrating factor of this equation, and if we put aceordhig:y 
dj'= a£^^*(sln w cos 0du — cosw sin^do), 
the linear element of Si may be expressed in the parabolic form 
{S3) dsf = d^2 + e- « f df<J- 

As the exjircssions (S2) and (33) are of the form of the linear element of a surface of 
revolution, the finite equations of thegco<leslcs can bo found by quadratures. Hence ; 

ir^m a trans/orma/hn is Jcnoicn for a sxtrfacc^ the ftnUc araaiioti of its 

geodesies can he found hy quadrature. 

Tliis follows also from the preceding theorem and the last one of § 117. 
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120 Transfomatioa of Backlund TbetransfortnatioQofBianclu 
ii> only a particular case of a transformation discovered by Backlund,* 
by means of which from one pseudospherical surface S another ij, 
of the same curvature, can be found Moreover, on these two sur 
faces the lines of curvatuie coi respond, the jom of corresponding 
points IS tangent at these points to the surfaces and 13 of constant 
length, and the tangent planes at corresponding points meet undei 
constant angle 

We refer S to the same moving trihedral as in the preceding 
case, and let \ and 0 denote the length of and the angle 
which the latter makes with the a>avis The coordinates of V, aie 
X COS0, Xsm 0, 0, and the projections of a displacement of JU, aie 

I — X BinSdff -f a cos «dw — X sin^f— du + — dvV 

\ev su r 

Xcosdd^ + osin t»>fir + Xcosd(— “d»V 
X(cos Qi sin — sill w co’^ 0du) 

If <x denotes the constant angle between the tangent planes to 
S and at M and ilT^ respectively, since these planes are to inter 
sect in the direction cosmes of the normal to are 
Bin tr sm d, — sin or cos d, cos a- 
Hence 9 must satisfy the condition 

X Binff'dO — a sin <r (cos a> sin^rfii — sin «u cos0dv) 

+ X sm o- (~du + ~dv\ 

\dv Su ) 

+ X cos cr (sm ft) cos Bdu. — cos a sm 0dv) = O 

Smce this condition must be satisded for every displacement, it is 
equivalent to 

-*r — nftR.ft!. •un.d — sjn.ftt 

\9w 0v/ 

X sin <7 = — a Bin a sm <» cos ^ + X cos <r cos ta sin 0 

\dv du/ 

•Om Ttor med konstant oegatiT kroknlng Lunds Universiiets Arssitift Vot XIX 
(1883) An translsUon ol iWs jowt bas betn mad* by Mias EsnUy Coddlogwa 

olNevVork and privately printed 
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If tl)ese equatiojjs be differentiated with respect to v and w respect- 
ivclyt and the resulting equations be subtracted, we have 

a'sirrtr — 0, 

on tijo assumption that X is a constant. Without loss of gen- 
erality we take X = a sin o-. If this value be substituted in the 
above equations, we have 


(85) 


sin cr = sin 0 cos a? — cos <r cos 6 sin o), 


/d0 


CVJ 

?co\ 


sin cr ( (- Z— j == — cos 0 sin <0 -I- cos o- sin 0 cos co, 

^dv cxif 


and these equations satisfy the condition of integrability. If they 
be differentiated with respect to u and v j’espectively, and the 
resulting equations be subtracted, it is found that 0 is a solution 
of (23). 

In consequence of (35) the expressions (34) reduce to 

a cos 0 (cos 0 ) COS0 -f cos o* sin <0 sin 6)du 

-f a sin 0 (sin o) cos 0 — cos cr cos o) sin 0) dvy 
a cos 0(cos CO sin 0 — cos <r sin co cos 0) du 

-f a sin 0(sin co sin 0 -b cos cr cos co cos0) dv^ 
a sin cr(cosco sin0rfr — sin co cos 0c? a), 
and the linear element of is 

_ a*(cos^0c?it°-f- sin®0c??»*). 

In a manner similar to that of § 119 it can be shown that the 
spherical representation of the parametric curves is orthogonal, 
and consequently these curves are the lines of emwature on 
Equations (35) are reducible to the Riccati form by the change 
of variable (29). j\Ioreover, the general solution of these equations 
involves two constants, namely a and the constant of integration. 
Hence we have the theorem: 

i>y the {ntepration of a Jiiccati equation a double infiniti/ of psat do- 
spherical mrfacef( can he obtained from a ffiven surface of thh kind. 

We refer to this as the iramformation of Backlu 7 id^ and indicate 
it by i?^, thus putting in evidence the constant cr. 
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121. Theorem of permutabilitj. Let be a tuui>{Qrm of S by 
means of the functions o-^) Since conversely N is a transform 
of Nj, and the equations for the latter similar to (35) are reducible 
to the Riccati type, all the tnnsforma of S^ cm be found by quad 
ratures But even these quadratures can be dispensed with because 
of the following theorem of permutabtlity due to Biuiclii* 

Tf $1 an { are tramfonm Shp mean* of the riipectite pair» 
of fwictiOHS (0,, (T^) and (6, cr,), a function <f> can he found without 
quadratures which such that hp means of the pairs (tf> cr^) awii 
(ift, cr,) the surjaces and Sg respectively are transformable into a 
pseudospherical surface S' 


(36) 


By hypothesis <f> in i solution of the equations 

fdA de,\ 

iTji — 4- )= hin 9 cos p, — cos <r^ cos 9 sin p,, 

fBA ee,\ 

<r,i 1 1 ) = — cos 4 sm P, + cos o-, sm 9 cos p„ 

*\p!l ou/ r 1 * T' !• 


and also of the equations 
/e4 d6\ 

sm “'ll ^ y= 9 cos p,— cos O’, cos ^ sm p,, 
(d& BBS 


(87) 


The projections of the line on the tangents to the lines of 
carvatuie of N, and on its normal, where 31^ and M' are correspond 
ing points on S^ and S\ are 

(38) a sm o-j cos <* sm 0 -^ sm 0 

The direction-coaines of the tangents to the lines of curvature 
of S, with respect to the line JlfJlT,, the line J/Q, perpendicular to 
the latter and in the tangent plane at ilf, and the normal to S ate 


cos 0), — C 09 p, sm «u, — sm p, sm «, 

sm 61, cos p, cos 6 ), sm p, cos ft* 

From these and (38) it follows that the coordinates of M' with 
respect to and the normal to S are 

a[8iQPt+ emp,cos(<^ — w)] a[smP2Coap,8m(<^ — <»)], 

c [sm p, sm pj sm (^ — £i>)] 


Vol ir p 418 
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Hence the coordinates of J 1 I' with respect to the axes of the moving 
trihedral for S are 

f 

_ = cos dj sin. 0-1 + cos 6 ^ sin o-„ cos — co) 

^ - /I » * , t \ 

— Sin sin 0*2 cos o*^ sm (9 — «), 

* 

— = sin 6 . sin <r. -f sin sin cr« cos ((f> — c«j) 
a 

+ cos 0 y sin <r2 cos <7^ sin — o)), 

— = sin o-j sino-«sin(^ — w), 
a 

If S„ be transformed by means of 0*^ and the same function <f>, 
the coordinates a/', y', z" of the resulting surface can be obtained 
from ( 39 ) by interchanging tlie subscripts 1 and 2 . Evidently z' 
and z'' are equal. A necessary and sufficient condition that a/, y 
be equal to x", y' respectively is 

cos sin 0i(y— = 0, 

cos a/') + sin y') = 0. 

If the above values be substituted in these equations, we obtain 

[sin cos (6^2 — 0 y) — sin cos (<j> — co) 

— sin (T^ cos 0*2 sin { 0 ^ — 0^) sin (^ — &>) = sin cr^ — sin a„ cos { 0 „ — 

[sin 0*2 cos (02 — ^i)*^ sin o-jeos (<^ — w) 

-f sin 0*2 cos (Tj sin (02 — 0j) sin (<^ — w) = sin cr^ — sin cr, cos (02— 0 i)- 



Solving these equations with respect to sin(^ — <d) and cos(^ — o)), 
we cet 

° , (cos (7^ — cos 4X^)3111(0^-- 0,) 

sm (6 — w) = r = — 77i jn — V ’ 

sm o- sin (7^ cos (u^ — 0 ) -f cos cr cos <r„ — 1 


cos (6 ^co)^ 


sin cr^ sin <7^ -f (cos cr^ cos eT^ — l) cos ( 0 „ — 0,) 
sin (Tj sin 0*2 cos(02-~ 0 ^) 4 - cos o-j 0080*2 — 1 


These two expressions satisfy the condition that the sum of their 
squares be unity, and the function ^ satisfies equations ( 36 ) and 
( 37 ), Hence our hypotheses are consistent and the theorem of 
pennutability is demonstrated. 

We may replace the above equations by 
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TJie preceding result may be expressed in the following form 
When the tran^orms of a giien pHudogphertcal surface are knoxin 
all the transformations of the former can be effected by aljebran. 
processes and differenttaiton 

Thus, suppose that the complete integral of equations (35) is 
(41) d =/(«» Vi O', c), 

and that a particular integral is 

l, ffj, Cj), 

corresponding to particular 'values of the constants, and let 
denote the tiansfomi of S by means of and er^ All the trans 
formations of are determined b} the functions and c, where 



Exceptional cases arise when <r Ins the value tr^ For all values 
of c other than formula (42) gives <^ = 01 + rmr, where to is an 
odd integer When this 13 substituted in equations (36) they re- 
duce to (35) In this case S coincides with S 

We consider now the remaining case where c has the value 
whereupon the right-hand member of (42) is indeterminate In 
order to handle this case we consider e in (41) to be a function of 
er, reducing to for c = tr, If we apply the ordinary methods to 


tho function tan^=~-^^ which becomes indeterminate 
for a- = tr^, differentiating numerator and denominator with respect 


to «•, we have 


tan(i^)=«„,,(g+c'££|_^_ 


where f is an arbitrary constant It is necessaiy to verify that this 
value of satisfies the equations (30) u hich is easily done • 


cr BaneW \ol 11 p 418 
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122. Transformation of Lie. Another transformation of pseudo- 
spherical surfaces which, ho\vev»er, is analytical in character was 
discovered by Lie.^ It is immediate when the surface is referred 
to its asymptotic lines, or to any isothermal-conjugate system 
of lines. 

Since the parameters in terms of which the surface is defined in 
§ 119 are isothermal-conjugate, the parameters of the asymptotic 
lines may be given by 

(IS) = K — r=2/8. 

In terms of these curvilinear coordinates the linear elements of the 
surface and its spherical representation have the forms 

= a* (da" 4- 2 cos 2 w dad^ 4- 
da~ = da^ — 2 cos 2 a> dad^ 4 - 
and equation (2S) lakes Ike iorm 

= sin G) cos ct). 

dec op 


From the form of this equation it is evident that if g) = ^(ar, /9) be 
a solution, so also is G)j=^(a???, ^/m), where m is any constant. 
Hence from one pseudospherical surface we can obtain an infinity 
of others bj^ the irarii^foniiation of Lie. It should be remarked, 
however, that only the fundamental quantities of the new surfaces 
are thus given, and that the determination of the coordinates re- 
quires the solution of a Riccati equation which may be different 
from that for the given surface. 

Lie has called attention to the fact that every Backlund trans- 
fonimtion is a combination of transformations of Lie and Bianchi.f 
In order to prove this we effect the change of parameters (43) upon 
equations (35) and obtain 


( 44 ) 


^ //3 I \ 1 4 - COS o- . 

— (p 4- &)) = — sm (6 — G)), 

ca sin cr ' 

TTrC — . sm {0 4“ G)). 

op sin cr ' ' 


• Archw/or Math^matik otj ^^'ahtn'hUmknh, Vol. IV (IS7Q), p, 150. 

* Cf. ni'iiichi, Vo!. II, p, : Darlnuix, Vol. Ill, p, 
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la particular, for a transformation of Biancbi we have 

^ -f ta) = sin id — ffl), —{9 — to)=^ sm {9 + «) 

dec op 


Snppose that we have a pair of functions 9 and a satisfying 
thei>e equations, and that we effect upon them the Lie transforma- 
tion for which m has the value {1 + cos ff)/sm o-. This gives 




sin O' 

+ cos O' 


COSO' 

sin O' 

1 — cos <r 

BIQO- 




As these functions satisfy (44), they determine a transformation 
But 9^ may he obtained from by effectmg upon the latter 
an inverse Lie transformation, denoted hj i,‘, upon this result a 
Bianclii transformation, 5,^,, and then ft direct Lie transformation, 
i. Hence we may write eymhohcally 

which may he expressed thus 

A Baeklund tramformation 7», is the transform of a Biancht 
transformation I if means of a Lie transformation * 


EXAMPLES 


1 The asymptotic Imes on a pseud twphen cal surface are enrres of constant 
torsion 

2 FTeiy surface whose asymptotic lines are of the sanie length as their spherical 
images is a pseud osph erica! surface of curvature — 1 

3 ‘'how that on tlie iiseu lospi ere defined by (9) the curves 


t cos^ + sm*# Va*sinV-^tfp = 0, 

where 6 is a constant are geodesics and find the mdius of c« nature of these curves 
4 It hen the linear element of a pseudosphencal surface is in the parabolic 
form (til) of (7) the surface defined by 

?u CM til 

IS pseudosphencal (cf § 7C) , it w a Bianclii transform of the given surface 


• Spherical 8 irfaces admit of transformations similar to those of Lie and Baeklund 
The latter are imaginary but such comb nations of them can be made that the resulting 
snrface is real For a complete discussion of these the reader Is relerretl to chap v of 
the Letiotn of BUncbi 



5, The helicolds 
at = « cos t?, 


y s= u Bin r, 


* = r -J + ^0. 

»/ Va ~ A:-u- u- 
where a, A: are constants, are spherical surfaces. 

6. TIjd helicoid whoso meridian curve is the tractrix is called the surface of Dim. 
Find its equations when sin o- denotes the helicoidal parameter and cos c the con- 
Btant length of the segment of tlie tangent between the curve and its axis. Show 
that the surface is pseudospherical. 

7. The curves tangent to the joins of corresponding points on a pseudospherical 
surface and on a Biichlund transform are geodesics only when <r =7r/2. 

8. I^et S ho a pseudospherical surface and Si a Bianchi transform by means of 
a function e (§ 110). Show that 

X{ = cos (j (cos 5 ATi -f sin 0 Xj) — sin wX, 

A’s = sin 07 (cost? A'l -f- sin 0 X 2 ) + cos 07 A", 

X' = sin^Xi — cos^Xe, 

where Xi, X 2 , A” are direction-cosines, with respect to the a:-axis, of tlie tangents 
10 the lines of curvature on S and of the normal to S, and Xj, XA, X' are the 
similar functions for St, 

123. TT-surfaces. Fundamental quantities. Minimal surfaces 
and surfaces of constant curvature possess, in common with a 
great many other surfaces, the property that each of tlie prin- 
cipal radii is a function of the other. Surfaces of this kind were 
first studied in detail b}’' Weingarten,* and, in consequence, are 
called Weingarten surfaces^ or simply IV-srtrfaces. Since the prin- 
cipal nidii of surfaces of revolution and of the general helicoids 
are functions of a single parameter (§§ 46, 62), these are TF-surfaces. 
We shall find other surfaces of this kind, but now we consider 
the properties which are common to TP-surfaces. 

When a surface S is referred to its lines of curvature, the 
Codaz7.i equations may be given the form 

(45) _ 1 £p, ^ alog _ 1 ^ 

ev P-—Pi 

If a relation exists between p, and p., as 

/(Pl»P;)=0, 

the integration of equations (45) is reducible to quadratures, thus : 


Crolle, Vot IXII (mr>), pp. ieO-173. 
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where U and V are functions of « and v respectively Without 
changing the parametric lines the parameters can be so chosen 
that the above expiessions reduce to 

(47) V?=eJ'rf^, ^ = 

Thus S' and ^ are expressible as functions of Pi or p^, and conse- 
quently they are functions of one another This relation becomes 
more clear when we introduce an additional parameter x defined by 
f 

( 48 ) x = eJ^ 


By the elimination of p^ from this equation and (46) we have a 
relation of the form , , . 

Pi = ^{x) 

When this value is substituted m (48) we obtain 
(/c) 

where the accent indicates differentiation with respect to x From 


(47) it follows that 






When these values are substituted in the Gauss equation for 
the sphere (V, 24), the latter becomes 

±(!^ L = 0 

du\tf>^ du) dv\x^ cv/ K^' 


This equation places a restnction upon the forms of x and ^(/c) 
but it IS the only restriction for the Codazzi equations (45) are 
sati'-fied Hence we have the theorem of Weingaiten * 

nj in one liae an orthogonal system on the unit sphere for which 
the linear element la rediuibh to the form 


f49) 


d<T^ 


du* dv* 
x^ 


there exists a W surface lohose lines of cunature are represented by 
this system and whose principal radii are expressed by 

(50) Pi ~ P = ^ («) - 
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If the coordinates of the sphere, namely A', Y, Z, are known 
functions of u and v, the determination of the TF-snrface with this 
representation reduces to quadratures. For, from the formulas 
of Rodrigues (IV, 32) we have 


X 

y 

z 


r dA' , 8X' 


J OXl 


dv 

cv 

dZ 

dv 


dvj 

dv. 


The right-hand members of these equations are exact differentials, 
since the Codazzi equations (46) have been satisfied. If JT, T, 
Z are not knowm, their determination requires the solution of a 
Riccati equation. The relation between the radii of the form (46) 
is obtained by eliminating k from equations (50). 

We find readily that the fundamental quantities for the sur- 
face have the values 



And from (48), (50), and (51) we obtain 
<5 2) V^== Vg = 


Consider the quadratic form 

(53) ~ [{JW- FD) dii^ + {ED"~ GD) dudv + {FD" - GJY) dr]. 


which when equated to zero defines the lines of curvature. When 

these lines are parametric, this quadratic form is reducible by 

means of (IV, 74) to 

^ p.)dudv. 


But in consequence of (47) this is further reducible for R -surfaces to 
dndv. Since the curvature of this latter form is zero, the curvature 
of (53) also is zero, and consequently (§ 185) the form (63) is redu- 
cible by quadratures to dudi\ Hence we have the theorem of Lie: 

The lines of curvature of a IV-surfacc can hcfouytd by quadratures. 
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124 Evolute of a TT-surface The evolute of a TT-surface pos 
Besses several properties which are characteristic Referring to the 
results of § 75, we see that by means of (52) the linear elements of 
the sheets of the evolute of a JF surface are reducible to the form 


(54) 

or, in terms of x, 

(55) 


I = dpi + dv\ 

[ ds/ — dp/ + *’* dtt*, 

rd8;=<f>'W+KVi^, 


From these results and the remarks of § 46 we obtain at once 
the following theorem of Wemgarten 

-Each surface of center of a IF surface is applicable to a surface of 
revolution whose meridian curve is determined by the relation between 
the radii of the given surface 


We have also the converse theorem, likewise due to Wemgarten 

Jf a surface be applicable to a surface of reiolution the tan 
gents to the geodesics on corresponding to the meridians of the 
surface of revolution are normal to a family of parallel Ji suifaces , 
if he deformed in any manner whatever, the relation between the 
radii of these W surfaces is unaltered 


In proving this theorem we apply the results of § 76 If the 
linear element of be 

ds/ = du* + 77* dr’, 

the principal radu of S are given hy 

(66) p,«w, 

Since "both ate functions of a single parameter, a relation exists 
between them which depends upon U Rlone^ and consequently is 
unaltered xn the deformation of S^ 

From (V, 99) the projeotioos upon the moving trihedral for 
of a displacement of a point on the complementary surface 5, are 

0. + 
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In consequence of formulas (V, 48, 75) the expression U (q du + q^dv) 
is an exact differential, which will be denoted by dw. Hence the 
linear element of S„ is 

^(iydtr+ — dw\ 


(57) 


, IS 




from which it follows that also is applicable to a surface of 
revolution.* 

The last theorem of § 75 may be stated thus: 

A necessary and svfficient condition that the asymptotic lines on 
the surfaces of center of a surface S correspond is that S he 

a W-surface; vi this case to every conjugate system on or there 
corresponds a conjugate system on the other. 


From (V, 98, 98') it follows that when a? is a Tf-surface, and 
only in this case, we have 


Hence at corresponding points the curvature is of the same kind. 

An exceptional form of equation (46) is afforded by the case where 
one or both of the principal radii is constant. For the plane both 
radii are infinite ; for a circular cylinder one is infinite and the other 
lias a finite constant value. The sphere is the onl}^ surface with both 
radii finite and constant. For, if and are different constants, 
from (45) it follows that € and ^are functions of u and v respec- 
tively, which is impossible for the sphere. When one of the 
mdii is infinite, the surface is developable. There remains the case 
where one has a finite constant value; then aS is a canal surface (§ 29). 

In considering the last case we take 


then, from (48), we have 

and the linear element of the sphere is 


da- = i}t+dv\ 

/c* 


Conversely, when the linear element of the sphere is reducible to 
this form, the curves on the sphere represent the lines of curvature 
on an infinity of parallel canal surfaces. 


• Cf, Darboux, Vol. Ill, p- 320. 
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125. Surfaces of constant mean curvature. For surfaces of con 
tant total curvature the relation (46) may be written 



where o denotes a constant When this value is substituted in (48) 
we have, by integration, 


(59) 


P^^Vk^+c, 


Va!*-}- C 

SO that the linear element of the sphere is 

( 60 ) 


Conversely, when we have an orthogonal system on the sphere for 
which the Imear element is reducible to tbe form (60), it serves for 
the representation of the lines of curvature of a surface of constant 
curvature, and of an infinity of parallel surfaces 

When c IS positive, two of these parallel surfaces have constant 
mean curvature, as follows from the theorem of Bonnet (§ 73) In 
fact, tbe radii of these surfaces are 

(61) p^=^/^+~c±V^, P,= -7= | =±v^ 

If we put 

(62) e = a*, ks= a csch a>, 

and replace it by ««, the linear element (60) becomes 
d<r* = smh*ci) dw” -f cosh* w dy* 


In lite manner, if we replace « by lait, v by iv, and take 

(63) c =s fl?, /i = ai sech w, 

the linear element of the sphere is 

dtrj*= co3h*tu dK*+ 8inh*<o dK* 


For the values (62) we have, from (61), 

smhw’ ^coshw’ 

and the linear elements of tbe corresponding surfaces are 
(65) d4*= c*e**"(d«*+ di'‘) 
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Moreover^ for the values (63) the radii have the values 

^ ^ /^1 ^ ^ ’ Pi ^ ’ 

but the linear elements are the same (65). In each case the mean 
curvature is ±l/a. We state these results in the following form: 

The lines of curvature upon a surface of constant mean curvature 
form an isothermic spstemy the parameters of which can he chosen 
sn that the linear element has one of the forms (65), where w is a 
solxiiion of the cgxtation 

(67) ^ ^ + sinh co cosh w = 0. 

' ' air dv^ 

Conversely^ each solution of this equation determines two pairs of 
app>Ucahle surfaces of constant mean curvature ±l/a, ^vliose lines 
of cnrvaUire correspond^ and for which the radii of one surface 
are equal to the radii of p^^ p^ of the applicable stirface. 

It can be shown that if v) is a solution of equation (67), 

so also is 

(68) ct)j = ^ [u cos 17 — i; sin cr, u sin a + v cos o-), 

where <r is any constant whatever. Hence there exists for spherical 
surfaces a transformation analogous to the Lie transformation of 
pseudosplierical surfaces. This transformation can be given a geo- 
metrical interpretation if it is considered in connection with the sur- 
faces of constant mean curvature parallel to the spherical surfaces. 
Let denote the surface with the linear element 

(69) 

If we put 

(70) = u cos (7 — r sin cr, v, = sin o* + r cos < 7 , 
the solution (68) becomes a)j=s(^(«j, Uj), and (69) reduces to 

+ dvl). 

Hence if wo make a point («, v) on S with the linear element (65), 
in which the positive sign is taken, correspond to the point (tfj, vj 
on the surfaces are applicable, and to the lines of curvature 
« = const., r = const on S correspond on the curves 

u cos cr — 1 > sin cr = const., u sin cr + v cos <7 ?= const 
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But the latter cut the lines of curvature u = const., v = const, on 

under the angle c. Moreover, the corresponding principal radu 
of S and are equal at corresponding points. Hence we have the 
following theorem of Bonnet: • 

A Burface of constant mean curvature admits an infinity of appXi- 
cahle surfaces of the same kind with preservation of the principal 
radii at corresponding points^ and the lines of curvature on one 
surface correspond to lines on the other which cut the lines of 
curvature under constant angle. 


Weingarten has considered the IT-eurfaces whose lines of 
curvature are represented on the sphere by geodesic ellipses 
and hyperbolas. In this case the linear element of the sphere 
IS reducible to the form {§ 90) 

Bin*| cos»| 


Comparing this with (49), we have 
K = sin • 

from which it follows that 


Hence 

(Tl) 






» + Bin 01 


and the relation between the radii is found, by the elimination 
of 01 , to be 

(72) 2(pi-/i,) = sin2(p, + p,).t 


*M^n)oire sur la tb^orie des suflaces applicables gor me Rurfaca dons^e, Journal dte 
I'Eeolr PoiyUehnvfve, Cahler <3 (ISdT), PP 72 e( teq In this memoir Bonnet eolres com 
pleteljthe prolilem ot S ad ing applicable sorlaces witbcocreepondlDg principal radii equal 
When a surface possesses an Infinity of applicable surfaces of this kind, its lines of curv* 
ature form an Isothermal system 

tDarboux (Vol III, p 373} proves that these surfaces may be generated as follows 
Let C and Ci be two curves of constant torsion, differing only in sign The locus of the 
mid pomta 31 of the join ot auy points P and P\ of these curves Is a surface of trauslation 
If a line bo drawn through if parallel to the intersection of the osculating planes of C and 
Cl at Pand Pi, this line is normal to a W surface ot the above type for all positions of if 
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126, Ruled TT-surfaces. We conclude the present study of 
JT-surfaces with the solution of the problem: 

To determine the W-turfaces which are rated. 

This problem was proposed and solved simultaneously by 
Beltrami* and Dini.f We follow the method of the latter. 

In §§ 106, lOT we found that when the linear element of a 
ruled surface is in the form 

da^ 5= du^ + [(u — 

the expressions for the total and mean curvatures are 

= ■“ — 5 ’ 

where r is a function of v at roost, and 

In order that a relation exist between the principal radii it is 
necessary and sufficient that the equation 


a _ a „ a „ 

— A • — A* 

da dv dv 


■A" =0 


bo satisfied identically. If the above values be substituted, the 
resulting equation reduces to 

2{u--a) a — g) + ySgH 

dv ^ J 

^ a) rr/+ 2 - a) + 3 ^cr'll ^ 9^ . 

( / 

As this is an identical equation, it is true when u = a, in which 

case it reduces to 0. Hence )9 is a constant and the above 

equation becomes , , ^ 

/(« - a)--f 0. 

Since this equation must be true independently of the value of «, 
both and are zero. Therefore we have 

<13) a =r ev -f d, /S = c, r == 

where c, d, Tc are constants. 

The linear element is 


ds^—dir ^ [(tt — 

• .fCnnoh, Vol. TU (\8C5)^ pp. 130-150. f Jnnali, Vol. YII (1SS5), pp. 205-210. 
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lu order to interpret this result we calculate the expression 
for the tangent of the angle which the generators t> = const, 
make with the line of stnction 

tt — — d = 0. 

Prom (III, 24) we have 

tand = -j 
c 

consequently the angle is constant. Conversely, if 6 and the param- 
eter of distribution /9 be constant, a has the form (73). Hence we 
have the theorem; 

A necetiary and sufficient condition that a ruled surface he a 
Jr-sur/ace is that the parameter of distribution he constant and that 
the generators he inclined at a constant angle to the line of strtc- 
tion, which conse<piently is a geodesic, 

EXAMPLES 

1. 6bow that the heticoids are W surfaces 

a yind the form of equation (40), when the surface is minimal, and show that 
each, conformal representation of the sphere upon the plane determines a minimal 
surface 

3 Show that the tangents to the corves v = const, on a spherical surface with 
the linear element (i) of (6) are normal to a ir-^urface for which 

p, — /)j = ocot^. 

4 The hellcoids are the only ir-surfaces which are such that the curves 
pi = const meet the lines at cnrvatnre under constant angle (ef Ex 23, p 188) 

0 The asymptotic lines on the surfaces of center of a surface for which 
rt + Pi = const correspond to the minimal lines on the spherical representation 
of the surface , and, when pi ~~pi ^ const., to a rectangular system on the sphere 

127. Spherical representation of surfaces with plane lines of 
curvature in both systems. Surfaces whose lines of curvature m 
QUfi Qt botk SYstema are. ruirvea. ha.ve. Wjdl aa aia/j'X at atoA.y 

by many geometers. Since the tangents to a line of curvature and 
to its spherical representation at corresponding points are parallel, 
a plane line of curvature is represented on the sphere by a plane 
curve, that is, a circle ; and conversely, a line of curvature is plane 
when its spherical representation is a circle. 
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We consider fix'St the determination of surfaces with plane 
lines of curvature in both systems from the point of view of 
their spherical representation.* To this end we must find orthog- 
onal systems of circles on the sphere. If two circles cut one 
another orthogonally, the plane of each must pass through the 
pole of the plane of the other. Hence the planes of the circles 
of one system puss through a point in the plane of each circle 
of the second system, and consequent!}'' the planes of each family 
form a pencil, the two axes being polar reciprocal vdth respect to 
the sphere.! 

We consider separately the two cases : I, when one axis is tan- 
gent to the sphere, and therefore the other is tangent at the same 
point and peipendicular to it; II, when neither is tangent. 


Case I. We take the center of the unit sphere foe origin 0, the 
r- and y-axes parallel to the axes of the pencils, and let the coor- 
dinates of the point of contact be (0, 0, 1). The equations of the 
pencils of planes rntiy be put in the form 


(’<4) 1)= 0, — 1) = 0, 


Avhere u and v are the parameters of the respective families. 
If these equations be solved simultaneously with the equation 
of the sphere, and, as usual, X, T, Z denote coordinates of the 
latter, we have 


(75) 


In 




f/- -jf* JL. 1 






Now the linear element of the sphere is 

(76) 4(dn‘+dv^) 

(?r4- 

Case IL As in the preceding case, we take for the 2 -axis the 
common perpendicular to the axes of the pencils, and for the av 
and y-axes we take lines through 0 parallel to the axes of the 
pencils. The coordinates of the points of meeting of the latter 
^dth the 2 -axis are of the form (0, 0, a), (0, 0, 1/u). The equa- 
tions of the tw’o pencils of planes could be written in forms 

• BianeW, Xoh It, p. 25G;. Barljonx, Vol. I. p. 128, and Vol. IT, p. 160. 
t Journal lU V£coh Poli;t€chniquCf Yol. XX (1S53), pp, 137. 
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similar to (74) but the expressions for X Yy Z will be found 
to be of a more suitable form if the equations of the families 
of planes be Tmtten 


tanu 



(s-a)=* 


0 


a tanhv 





Proceeding as m Case I, we find 

Vl — a*6m w 


<T7) 


cosh V + a cos u 
Vl — ft* sinh V 
cosh V + a cos u 
_ coa It + g cosh v 
cosh 17 + a cos w 


and the hnear element is 


(78) 


a*) (du® + diT*) 

(cosh o + fl cos «)* 

From the preceding discussion we have tacitly excluded the sys 
tern of mendians and parallels As before the planes of the two 
families of circles form pencils, but now the axis of one pencil 
passes through the center of the sphere and the other is at infimty 
Hence this case corresponds to the value zero for a in Case II In 
fact if we put a = 0 m (77) the resulting equations define a sphere 
referred to a system of meridians and parallels namely 
sinh V „ tos « 


(79) 


smti 

C03ht> 




coshv 


z=: 


cosh 17 


Since the planes of the lines of cnrva ure on a surface are parallel 
to the planes of their spherical images the curves v = const on a 
surface with the representation (79) he in parallel planes and the 
planes of the curves u = const envelop a cylinder These smfaces 
are called the molding twfacet * We shall consider them later 

WL Snxtvjw. ^Ab. VoAA •A ^*unsAnAa, WA* 

By a suitable choice of coordinate axes and parameters the 
expressions for the direction cosines of the normal to a surface 
with plane Imes of curvature in both systems can be given one 

• These sarfMM were first stalled by Mongpe Jpp {cation do L Anedyse a la Qfomt 
trio }17 Paris 1849 
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of the forms (75) or (77). For the complete determination of all 
surfaces of tiiis kind it remains then for us to find the expres- 
sion for the otlier tangential coordinate 7F, that is, the distance 
from the origin to the tangent plane. The linear element of 
the sphere in both cases is of the form 


where X is such that 
(80) 


d<r = — — » 


i!L 

Bii dv 




From (VI, 39) vre see that the equation satisfied by TF is 

8^0 diogX dO aiogx ag^Q 
du dv dv du du- dv 


In consequence of (80), if we change the unknown function in 
accordance with the equation in is of the form (80). 

Hence the most general value for W is 


ir=: 


CT-fF 


where U and V are arbitrary functions of u and v respectively. 

Hence any surface with plane lines of curvature in both systems 
is the envelope of a family of planes whose equation is of the form 

(81) 2nx+2vy + v-^l)z = 2 (f7 -f F), 
or 

(82) vT^ o’ sin nx — Vl — o’ sinh t’y 4- (cos m -}- a cosh t>) 2 , 

= (^^-^ I^Vi-o*. 

The expressions for the Cartesian coordinates of these surfaces 
can be found without quadrature by the methods of § 67. Thus, 
for the surface envelope of (81) we have to solve for s, y, 2 equa- 
tion (81) and its derivatives with respect to u and v. The latter are 

(83) X -f « 2 1 = U', y -f vz = F', 

where the accents indicate differentiation. We shall not cany out 
this solution, but remark that as each of these equations contains 
a single parameter they define the planes of the lines of curvature. 
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From the form of (83) it is seen that these planes in each sys- 
tem envelop n cjlmder, and that the axes of these two cylin- 
ders are [lerpendiculai This fact was remarked by Darboux, 
who also observed that equation (81) defines the radical plane 
of the two ^phere^ 


far-f'y'4-z’+ 2Ttc+(u*— ^)z « 2 17, 

( y'+ 2 ly - («’- i^)2 = - 2 r 


These are the equations of two one-parameter families of spheres, 
Avhose centers he on the focal pinholas 


(85) 


ar, £= — «, y, = 0, ’ (1 — «’), 

^1=0, 1/3 = V, 2, 


and whose radii are determined by the arbitrary functions V and I 
The characteristics of each family are defined bj its equation and 
the corresponding equation of the pair (83) Consequently the ong 
inal surface is the locus of the point of intersection of the planes 
of these characteristics and the radical planes of the spheres 
Similar results follow for the equation (82), which defines the 
radical planes of two families of spheres whose centers are on the 
focal ellipse and hyperbola 


( 86 ) 


5*'i= sm u, y,— 0, Zj=^cos«, 

(a:,= 0, y, = ^ Vl — a* smh i, u cosh t» 


When m particular a — 0, these curves of center aie a circle and 
its axis 

Fiom the foregoing result*! it follows that these surfaces may be 
gener ited by the follovi ing geometrical methoil due to Daiboux * 

Eierj/ mrfact vnik plane lines of cunaiure in two apgtemt can he 
obtained from two singly infinite families of spheres whose centers he 
on focal conics and whose radii tary according to an arbitrary law 
The surface is the cnielope of the radical plane of two spheres S and'Z, 
belonging to two different families If one associate with S and S two 
infinitely near spheres S' and S', the radical center of these four 
spheres desenhes the surface , and the radical planes of S and ^ and 
of S and S' are the planes of the lines of curvature 


Vol I p 132 
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129. Surfaces -witli plane lines of curvature in one system. 
Surfaces of Monge. When the lines of curvature in one system 
are plane, tlie cui-ves on the sj^here are a family of circles and 
their orthogonal trajectories; and conversely. Every system of 
this kind may be obtained from a system of cireles and their 
orthogonal trajectories in a plane by a stereographic projection. 
The determination of such a system in the plane reduces to the 
integration of a Kiccati equation (E.v. 11, p. 50). Since the circles 
are curves of constant geodesic curvature we have, in consequence 
of the fust theorem of § 84, the theorem : 

The determination of all the surfaces with plane lines of curva- 
ture in one system requires the solution of a Jticcati equation and 
quadratures. 


We shall discuss at length several kinds of surfaces with plane 
lines of curvature in one system, and begin with the case wheie 
these curves are geodesics. They are consequently normal sections 
of the surface. Tlieir planes envelop a developable surface, called 
the director-devclopallc, and the lines of curvature in the other sys- 
tem are the orthogonal trajectories of these j^lnnes. Conversely, 
the locus of any simple infinity of the orthogonal trajectories of a 
one-parameter system of planes is a surface of the kind sought. 
For, the planes cut the surface orthogonally, and consequently 
they are lines of curvature and geodesics (§ 59). Since these 
planes are the osculating planp.s of the edge of regi'ession of 
the developable, the orthogonal trajectories can be found by 
quadratures (§ 17). 

Suppose that we have such a surface, and that C denotes one of 
the orthogonal trajectories of the family of plane lines of curvature. 
Let the cobrdinatc-s of C be expressed in terms of the arc of the 
curve from a point of it, which will be denoted by v. As the 
plane of each plane line of cun'ature F is normal to C at its point 
of meeting with the latter, the coordinates of a point P of F with 
reference to the moving trihedral of C aiu 0, tj, Since P describes 
an orthogonal trajectory of the planes, we must have (1, 82) 



dv 
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where t denotes the radius of torsion of C If we change the 
parameter of <? m accordance with the equation 


(8T, 

the above equations become 


|2.+ C- 

rft), 


0, -J V 

dv. 


0 


The general integral of these equations is 
(88) t; = cosVj— fTjSm Vj, ?= sm i!| + CT, cos Wj, 
where and U, are functions of the parameter « of pomts of F 
When 0 we have v^ = 0, and so the curve F in the plane through 
the point V = 0 of C has the equations ij = Uj, C = F, Hence the 
character of the functions and is determined by the foi-m of 
the curve , and conversely, the functions U, and (7, determine the 
character of the curve 

By definition (87) the function measures the angle swept 
out m the plane normal to C by the bmormal of the latter, as this 
plane moves from w = 0 to any other point Hence equations (88) 
define the same curve, in this moving plane, for each value of v, 
but It 13 defined with respect to axes which have rotated through 
the angle Hence we have the theorem 

Ant/ surface whose lines of curvature in one system are geodesics 
can he generated by a plane curve whose plane rolls, without slipping, 
over a developable surface 


These surfaces are called the surfaces of Monge, by whom they 
were first studied He proposed the problem of findmg a surface 
with one sheet of the evolute a developable It is evident that the 
above surfaces satisfy this condition Moreover, they furnish the 
only solution For, the tangents to a developable along an ele- 
ment lie in the plane tangent along this element, and if these 
isags/fts jMvwaaJ? ic s iiw? istter is csi iioasssaliy h/ 

this plane, and consequently the curve of intersection is a line of 
ouriature In particular, a molding surface {§ 127) is a surface 
of Afonge with a cylindrical director-developable 

Since every curie m the moving plane of the lines of curva 
ture generates a surf ice of Monge, a stiaight line m this plane 
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generates a developable surface of Monge, For, all the normals 
to the surface along a generator lie in a plane (§ 25). Hence : 

A 7 ieceB 8 ari/ and sufficient condition that a curve F in a plane 
normal to a curve C at a point Q generate a surface of Monge as 
the plane movesy remaining normal to the cxirvcy is that the hne 
joining a point of T to Q generate a devclopahle, 

130. Molding surfaces- When the orthogonal trajectory (7 is a 
plane curve, the planes of the curves T are perpendicular to the 
plane of (7, and consequently the director-developable is a cylinder 
whose right section is the plane evolute of C. The surface is a 
molding surface (§ 127), and all the lines of curvature of the sec- 
ond system are plane curves, — involutes of the right section of 
the cylinder. Hence a molding surface may be generated by a 
plane curve whose plane rolls without slipping over a cylinder. 
Wc shall apply the preceding formulas to this particular case. 

Since l/r is equal to zero, it follows from (88) that ?; and f are 
functions of u alone. If n be taken as a measure of the arc of the 
cur^'c r, we have, in all generality, 

rj = U, ^l-U'-dn, 

where the function U determines the form of F. If we take the 
plane of tlie cuiwe C for z = 0, and denote the coordinates 
of a point of C, the equations of the surface may be witten 


cos V, y = -f U sin r, 




d\t^ 


where r denotes the angle which the principal normal to (7 makes with 
the ;r-axis. Since 


: — cos x\ 


if denote the radius of curv’ature of C, then ds^ — Vdvy and the 
equations of the surface can be put in the following form, given by 
Darboux • : p 

3r=t7cost»-f I rsinrdr, 


y = f7sin rcosifdr, 

2= f^'l-U'^du. 


♦ Voi. I, p. lai. 
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The equations of the right section of the cjlinder are 
5 = a-g + Tcos t V cos vtfv, 
y =y, + r'’smt = ^ r'sm v<?t) 


In passing, ire remark that surfaces of revolution are molding sur 
faces, whose director-cylinder is a line , this corresponds to the 
case r =s 0 


EXAMPLES 

1 When the spherical representation of the lines of currature of a surface Is 
Isothermal and the curves in one famllj on the sphere are circles the curves In the 
Other family also are circles 

2 If the lines of curvature In one system on a minimal surface are plane those 
in Uio other system also are plane 

9 Show that the surface 

X = ao + sin u cosh V, p = e + acosuslnhe r = Vl - a* cos u cosh v 
is minimal and that its lines of curvature are plane Find the spherical representa- 
tion of these curves and determine the form of the curves 

4 Show that the surface of Fx 3 and tlie Fnneper surface (h x 18 p 200) are 
the only minimal surfaces with plane lines of curvature 

9 \\ hen the lines of curvature In one system lie In parallel planes the surface 
Is of tl e molding typo 

0 A necessary and sufficient condition that the lines of curvature In one system 
on n surface be represented on the unit sphere by great circles is that it be a sur 
face of Mongc 

7 Derive the ezpreations for the point coordinates of a molding surface by the 
mcihoil of S 07 

131. Surfaces of Joacblmsthal. Another interesting class of 
surf ices with plane lines of curvature in one system are those for 
avhich all the planes pass tliroiigh a straight line Let one of these 
lines of curvature bo denoted b} F, and one of the other system 
h) C The developable enveloping the Burfice along the latter has 
iwt \te \\’A Atr AVrts V VVftW •pw.WiS, ■oC 

intersection with C Since these elements lie in the pHnes of the 
curves F, the developable n. a cone with its vertex on the lino /?, 
through which all these planes pass This cone is tangent to the 
surface along C, and its elements are orthogonal to the latter Con 
sequentlj C is the intersection of the surface and a sphere with 
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center at the vertex of the cone wliich cuts the surface orthogo- 
nally. Hence we have the following result, due to Joachimsthal^: 

When the lines of curvature in one system lie in j>lcLnes passing 
through a line />, the lines of curvature in the second system lie 07i 
spheres xvhosc centers are on D and tohich cut the surface orthogonally. 

Such surfaces are called surfaces of JoachimsthaL Each of the 
curves of the first system is an orthogonal tmjectory of the circles 
in which the spheres are cut by its plane. Therefore, in order to 
derive the equations of such a surface, we consider first the orthog- 
onal trajectories of a family of circles whose centers are on a line. 
If the latter be taken for the 7?.axis, the circles are defined by 

f = r sin 0, 77 = r cos 9 -f- w, 

where r denotes the mdius, 6 the angle which the latter makes 
with the V’^txis, and w the distance of the center from the origin. 
Now r is a function of ?/, and 6 is independent of ?/. In order that 
these same equations may define an orthogonal trajectory of the 
circles, 6 must be such a function of u that 


cos 0 — — sin 0 — = 0, 
du du 


or 


By integration we have 
(90) 



— sin 0 = 0. 




where V denotes the constant of integration. 

Since each section of a surface of Joachimsthal by a plane 
through its axis is an orthogonal trajectory of a family of circles 
wliose centers are on this axis, the equations of the most general 
surface of this kind are of the form 

r—v sin 0 cos r, y = r sin 0 sin r, ? = n -f r cos 0, 

whem V denotes the angle which the plane through a point and 
the axis makes with the plane j/ — 0, and 0 is given b}' (90), In 
wliich now V is a function of r. 


* Ortlh, Tol. LTV (1857), pp. 1SI-1C>2, 
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When r IS constant ^ is a function of u alone, and the surface 
IS one of revolution For other forms of V the geometrical generar 
tion of the suif ices is given by the theorem 

Qtven the orthogonal trajectories of a familg of ctrcles whose eevr 
ters he on a right line V, if they he rotated about D through dif- 
ferent angles, according to a given law, the locus of the curve* t* a 
surface of Joachimsthal 

132 Surfaces veith circular lines of curvature We consider 
next surfaces whose lines of curvature in one system are circles 
Let <r denote the constant angle between the plane of the circle 
C and the tangent planes to the surface along C (cf § 69), p the 
radius of normal curvature in the direction of C, and r the radius 
of the latter Now equation (IV, 17) may be written 

(91) ^ = P sin O' 

As an immediate consequence we have the theorem 

A necessary and sufinent condition that a plane line of curvature 
be a circle is that the normal curvature of the surface ttt if* direction 
he the same at all of its points 

Since the normals to the surface along C are inclined to its plane 
under constant angle, they form a right circular cone whose vertex 
is on the axis of C Aloreover, the cone cuts the surface at right 
angles, and consequently the sphere of radius p and center at the 
vertex of the cone is tangent to the surface along C Hence the 
suiface IS the envelope of a family of spheres of variable or con 
stant radms, whose centers he on a curve 

Converselj, we have seen in § 29 that the characteristics of 
the family of spheres 

(A ~ xf+ {Y- yf + {Z~ zf = Ii\ 

where x, y, z are the coordinates of a curve expressed m terms of its 
arc, and -B is a function of the same parameter, are circles of radius 

(92) r = E(L^B>^)\ 

whose axes are tangent to the cuive of centers and whose centers 
have the coonlmites 

(03) x^^x-aRR', y^=y~^Rn, 2^=z~^RR>, 
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vrhexG a, A 7 are tlie direction-cosines of the axis, and the accent 
indicates differentiation. The normals to the envelope along a 
characteristic form a cone, and consequently these circles are lines 
of curvature \ipon it. Hence : 

A ncccssarf/ and Bujjicient condition that the lines of enrvature in 
one family he circles is that ilic surface he the envelope of a single 
infinity of spheres^ the locus of whose centers is a curve^ the radii 
being detennined hy an arbitrary law. 

From equations (91), (92) it follows that coso-. Hence the 
circles are geodesics only when R is constant, that is, for canal 
surfaces (§ 29). In this case, as is seen from (92), all the circles 
are equal. 

The circles are likewise of equal radius a when 
R “ = (5 -{- c)* -}- <1^, 

where s is the arc of the curve of centers and c is a constant of 
integration. Now equations (93) become 

= c)(r. = y — (s-f-c)/3, — («4-c)7, 

which are the equations also of an involute of the curve of centers 
(§ 21 ). This result may be stated tbus^ : 

If a string be xinivound from a curve in such a way that its moving 
CTlremity generates an involute of the curve^ and if at IF a circle 
be constructed whose center is M and whose j^lane is normal to the 
strmgy then as the string is unwound this circle generates a surface 
with a family of equal circles for lines of curvature, 

Tlic locus of the centem of the spheres enveloped by a surface is 
evidently one sheet of the evolute of the surface, and the radius 
of the sphere is the radius of normal curvature in the direction 
of the circle. Consequently this radius is a function of the 
inrameter of the spheres. Conversely, from § 75, we have that 
Avhen is a curve /A — 0 , and consequently 


Cf. Biaiiclil, Vot. n, p. 272. 
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Excluding the case oi the sphere, we have that p, is a function of 
u alone From the formulas of Rodrigues (IV, 32), 

^ ^ ^ 

dv dv ' Sv dv * dv dv * 

we have, by integration, 

2:«-p,x+Uj, y=*— 2 =— p,-2’+o; 

Hence the points of the surface lie on the spheres 

(y ~ ft*, 

and the spheres are tangent to the surface 

Since the normals to a surface along a circular line of curvature 
form a cone of revolution, the second sheet of the evolute is the 
envelope of a family of such cones The characteristics of such a 
family are conics Hence we have the theorem 

A neceitary and sufficient condition that one sheet of the evolute of 
a surface he a curve i« that the surface be the envelope of a single infinity 
of spheres , the second focal sheet is the locus of a family of conics 
133 Cyclides of Dupln From the preceding theorem it results 
that if also the second sheet of the evolute of a surface be a curie, 
it IS a conic, and then the first sheet also is a conic Moreover, these 
conics are so placed that the cone formed by join mg any point on 
one conic to all the points of the other is a cone of revolution 
A pair of focal conics is characterized by tbis pioperty And so 
we have the theorem 

A necessary and sufficient condition that the lines qf cunature in 
both families he circles is that the sheets of the evolute he a pair of 
focal conies * 

These surfaces are called the cyclides of Bupin They are the 
envelopes of two one parameter families of spheres, and all such 
envelopes are cyclides of Dupin A sphere of one family touches 
each sphere of the other family Consequently the spheres of which 
the CTjdide la the envpjQ^a are tan^pjot to tbxee si^jces. 

We shall prove the converse theorem of Duping 
The envelope of a family of spheres tangent to three fixed spheres 
IS a eyehde 

•Ct 19 p isa 

1 ApphcoifoTM d« geometrit et de inSchanique pp 200-210 Paris 1823 
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The plane determined by the centers of the three spheres cuts 
the latter in three circles. If any point on the circumference C, 
orthogonal to these circles, be taken for the pole of a transforma- 
tion by reciprocal radii (cf. § 80), C is transformed into a straight 
line L. Since angles are preserved in this transformation, the three 
fixed spheres are changed into three spheres whose centers are on Z. 
Evidently the envelope of a famil)’' of spheres tangent to these three 
spheres is a tore witli L as axis. Hence the given envelope is trans- 
formed into a tore.^ However, the latter surface is the envelope of 
a second family of spheres whose centers lie on L. Therefore, if 
the above transformation be reversed, we have a second family of 
spheres tangent to the envelope, and so tlie latter is a cyclide of 
Dupin. We shall now find the equations of these surfaces. 

Let yj, 2 j) and y^, z^) denote the coordinates of the points 
on the focal conics which are the curves of centers of the spheres, 
and Zj, the radii of the spheres. The condition of tangency is 

(94) {y, -y,Y + (z, - z, )"- = (i?, + 

We consider first the case where the evolute curves are the focal 
parabolas defined by (85). Now equation (94) reduces to 

Since J{^ luicl i?, are functions of u and v respectively, this equation 
is equivalent to 

(95) = + 

where a is an arbitrary consUint whose variation gives parallel 
surfaces. 

By the method of § 132 we find that the coordinates (^, t;, f) of 
the centei*s of the circular lines of curv’ature u = const, and the 
radius /> are r 1 

>7 = 0, 

^“2(li.,r) 1 + - i) 0 - + «')]. 

mT‘. 
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Hence if P be a point on the circle and 6 denote the angle which 
the radius to F makes with the positive direction of the normal to 
the parabola (85), the coordinates of P are 

X = f -f cos p = p8in0, « = S'— ^====COS5. 


This surface is algebraic and of the third order 

If the evolute curves are the focal ellipse and hyperbola (86), we have 

(96) Pj= i(a coaM + k), ^ (cosh v — k). 


where « is an arbitrary constant whose variation gives parallel surfaces 
This cyclide of Dupm is of the fourth degree "When in particular 
the constant a is zero, the surface is the ordinary tore, or anchor ring * 
134 Surfaces with spherical lines of curvature in one system 
Surfaces with circular lines of curvature in one system belong evi 
dently to the general class of surfaces with spherical lines of curva- 
ture in one system "We consider now surfaces of the latter kind 
Let S be such a surface referred to its lines of curvature, and 
in particular let the lines v = const he spherical The coordinates 
of the centers of the spheres as well as their radii are functions of 
V alone They will he denoted bj (!', Pj, P,) and P By Joachims 
thal's theorem (§ 59) each sphere cuts the surface under the same 
angle at all its points Hence for the family of spheres the expres- 
sion for the angle is a function of v alone , we call it V 

Since the direction-cosines of the tangent to a curve w^const are 
1 8A 1 dZ 

Sv * di ' 


when the linear element of the spherical representation is written 
dtr^sa the coordinates of S are of the form 


(9T) 


, P sin P dX , „„ Tr 

* = P.H — - + XR cos P, 

* dv 

^ , PsinPSP , _ 

y = r,+-^-+jjjc«r, 

,^r,+£^^4+fiz,o,r. 

'Je 


* For other geometrical coaatiociioM o{ the cy elides ot Dapia the reader is referred 
to the article in the Fntrylctopadii der Sfath U usenschaften Vol III 3 p 290 
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By hypothesis X, 1', Z are the direction-cosines of the normal to S ; 
consequently we roust have 

^ du ^ dv 

If the values of the derivatives obtained from (97) be reduced by 
means of (V, 22), and the results substituted in the above equa- 
tions, the first vanishes identically and the second reduces to 

( 98 ) a'f; + Yr;,+zvi + (i? cos vy~R sin r>/?= o, 

where the primes indicate differentiation with respect to v. Con- 
versely, when this condition is satisfied, equations (97) define a 
surface on which the curves v = const, are spherical. Hence : 

A neccBzary and sufficient condition that the curves v = const, of an 
orthogonal system on the unit sphere represent spherical lines of cur- 
vature upon a surface is that five functions of v, namely V^r Tg* 
Jf?, r, can he found which satisfy the corresponding equation (98). 

We note that F^, F,, and jKcosF are determined by (98) 
only to within additive constants. A change of these constants 
for the first three gives a translation of the surface. If i? cos F be 
increased by a constant, we have a new surface parallel to the 
other one. Hence * : 

If the lines of curvature in one system upon a stirface he spherical^ 
the same is true of the corresponding system on each parallel surface. 

Since equation (98) is homogeneous in the quantities F/, Fi, Fg, 
(It cos J")', Jt sin T"", the latter are determined only to within a factor 
which may he a function of r. Tliis function ma)' be chosen so 
that all the spheres pass through a point. From these results we 
Iiave the theorem of Dohrinerf : 

11 \th each surface with spherical lines of curvature in one system 
there is associated an infinity of nonparallcl surfaces of the same 
hind with the savxe spherical representation of these lines of cunuture. 
Amojig these surfaces there is at least one for which all the spheres 
pass through a pohit. At corresponding points of the loci of the cen- 
ters of spheres of tteo surfaces of the family the tangents are parallel. 

• cf. nurcht, Voi. n. p. m 


t Crdk, Vol. xen’’ (lgS3), pp. nS, 125. 
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If the values ai x^y,z fiom (97) be substituted in the formulas 
of Rodrigues (IV, 32), 

an- dx 0-X dX 

(*»> — Tv=-<‘'T.' 

and similarly for y and we obtain means of (V, 22), 

CO, 

V? ^ ^ OV 


Conversely, when for v surface referred to its lines of curvature 
the pnneipal radius is of the form 

( 100 , 

where and are any functions whatever of v, the curies 
i;s= const are spherical For, by {V, 22), 

a / 1 &1\ 1 aV^ gx 

\V^ Sv j cv du 

Consequently, from the first of (99), in which rs given the above 
value, we obtain by integration 

1 dx 

- + r., 

where F, is a function of v alone Similar results follow for y and z 
As these expressions are of the form (97), we have the theorem 
A neeesiary and su^etent condition that the Unes of eunature 
V ss const he spherical t« that le qf the form (1 00) 


EXAMPLES 

1 It Ui® lines of cwature In one eystem are plane and one is a circle, all 
are circles 

8 When the lines of currature in one family on a surface are circles, their 
spherical Images are circles whose spherical centers constitnte the spherical indl 
catnx of the tangents to the curve of centers of the spheres which are enveloped 
by the given surface Show also that each one parameter system of circles on the 
unit sphere represents the circular lines of curvature on an infinity of surfaces, 
for one of which the circles are equal 
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3. If the lines of curvainro of a snrfacc arc parametric, and tbe curves r = const, 

are spherical, we have i ^ cotF 

pffu i?sin Pi 

where ppv, pi, Jl denote the radii of geodesic curvature and normal cur\’ature in Urn 
direction c = const, and of the sphere respectively, and F denotes the angle under 
which the sphere cuts the surface. 

4. When a line of cim^aturo is spherical, the dcvelojiablo circumscribing the 
stirfacc along this line of curvature also circumscribes a spheie j and conversely, 
If such a developable circumscribes a sphere, the line of curvature lies on a sphere 
concentric with the latter (cf. Ex. 7, p. 140). 


5. Txit S be a pseudospherical surface with the spherical representation (25) of 
its linos of curvature. Show tliat a necessary and sufficient condition that the curves 
t> = const, be plane is p 

^) = 0 ; 

c‘u \sin w cvj 


show also that in this case u is given by 


cos « = 


V' - U' 


whcTQ If and F arc functions of u and v respectively, which satisfy the conditions 
tf'2 + (a ~ 2)D'2 + 6, V'^ = F< + aF2 + (a + 6 - I), 

a and b being constants, and the accent indicating differentiation, unless V' or 
V' Is -cro. 


6. When ibo lines of curvature n = const, upon a pseudospherical surface are 
plane, the linear element is reducible to the form 

tanh» (u -f v) du- secb> (u r) dv^ 

C cosh 2 u 4- J3 sinh 2u C i- A cosh 2 c + Jf sinh 2 tJ — 1 * 
where At C arc constants. Find the expressions for the principal radii. 


7, When the lines of cun^ature v = const, on a spherical surface are plane, tlie 
linear element is reducible to 

r)dit“ g* csc"(n -f t)dp^ 

A sin 2 « 4- f> — 1 A Si\n2v ^ Ji 

where A and il are coTistants. The surfaces of Yxs. 5 and C are called tJie surfaces 
of Enneper of constant curtaiitrc^ 


GENERAL EXAMPLES 

1, The lines of curvature and the asj’mpfotic lines on a surface of constant 
curvature c.nn be found by quadratures. 

2. When the linear clement of a pseudospherical surface is in the form (in) oi (7), 

the equations z = cr, j/ = gc~o determine a conformal representation of the surface 
upon the plane, which is such Uiat any geodesic on the surface is represented on 
the plane by a circle with its center on the z-axis, or by a line pcrj)endicular to 
this asK 
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5 When the linear elements of a developable surface, a spherical surface, and 
a pseudospberical surface are in the respective forms 

ds* = dtt* + u*dB*, ds»»a>((fu» + sln»wds*), di*aso*((iu*4-8mh*Hd»*), 
the finite equations of the geodesics are respectively 

^wcose + Busino + C = 0, A tanwcose + Btanueme + C=sO, 

A tanhttcose + B tanh«6lne + C=»0* 

where A, B, C are constants , if the coefScients of A and B are in any case equated 
to * and y, the resulting equations define a correspondence between the surface and 
the plane such that geodesics on the former correspond to straight lines on the latter 
Find the expression lot each linear element m terms of i and y as parameters 
d £acb surface of center of a pseudoaphencal surface la applicable to the catenoid 
a ’phe asymptotic lines on the surfaces of center of a surface of constant mean 
curvature correspond to the minimal lines on the latter 

6 Surfaces of constant mean curvature are characterized by the property that 
If u = const , V := const are the minimal curves, then B is a function of « alone 
and D" of a alone 


t Bquation (23) admits the solution w =: 0, in which case the sarface degen^ 
eiatcs into a curve Show that the general Integral of the corresponding equations 
(35) » tan f/2 = Ce , take for 8 the line a = 0, y = 0, z = a« and derive 
the equations of the transforms of S, show that the latter are surfaces of Dini 
(Cx. 6, § 122), or a pseudoephere 

* Show that the BScklund transforms of the surfaces of Dim and of the pseudo- 
sphere can be found without integration, and that If the pseudosphere be trans- 
formed by the transformation of Blanehl, the resulting surface may be defined by 


X 


2 a cosh u 
cosh^u -f- r* 


(slnv ~ rcose), 


— ^ g cosh u 

coBh*u -p c* 
2 sinhii C0Bhn\ 

C08h*« -f fl* / ’ 


(coae -f osino). 


Show that the lines of curvature v = const he in planes through the z-axls 

9 The tangents to a family of geodesics of the elliptic or hyperbolic type on a 
pseudospberical surface are normal to a W-surface , the relations between the radu 
are respecUvely o, -t. r a. -i-r 

fii ~ atunb— , />! — Pj =: ff cotIi2 . 


•where a and c ate constants (cf § 70) 

JO Show that the linear elements of the second surfaces of center of the 
Tl'^urfaces of Ex 9 are reducible to the respective forms 

s= tanh't-du* + Bech*-(i»s, tfs| » coth* -du* + C8ch»-d»*, 

and that consequently these surfaces ate applicable to surfaces of revolution 
whose meridians are defined by 

rs=^==:==8ln^, * = a^logtan^ -t- CQSip^, 

rss ; — ^= sin^, * = a (logtan^ -f- cos^V 

Vl - a»«» \ 3 / 

where x denotes a constant. 
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11, Dctertnlnc the particular form of the linear element (40), and the nature 
of the curves upon the surface to ^vhich the asymptotic lines on the sheets of 
the e volute correspond, when 

(a) = const; (6) = const. 

^ Pz Pi Pi 

12, When n ir-surface is of the type (72), the surfaces of center are applicable 
to one another and to an imaginary paraboloid of revolution. 

13. Wl'cn a ir-surfacc is of the type (72) and the linear element of the sphere 
has Uio form (VI, CO), the cun*es u + const, and u — r r= const, on the spherical 
representation are geodesic parallels whose orthogonal trajectories correspond to 
the asymptotic lines on the surfaces of center ; hence on each sheet there is a family 
of geotiesics such that the tangents at their points of meeting with an asymptotic 
lino arc parallel to a plane, which varies in general with the asymptotic line. 

14. Show that the equations 

p; = (tLT cos- + rT^sin-dt, ysraf/sm-— rT'’cos-do, 
a J a a J a 

s = yVl - a-U'^du, 

where a denotes an arbitrary’' constant, define a family of applicable moldingsurfaces. 

16. When the lines of cun*alure in one R 3 rstem on a surface are plane, and the 
lines of the wcoiid system lie on spheres which cut the surface ortliogonally, tlto 
latter is a surface of doachimsthal. 

16. The spherical lines of cun*aturo on a surface of Joachimsthal liavc constant 
geodesic cun’ature, the radius of geodesic curvature being the radius of the sphere 
on which a cun’o lies. 

17. When the lines of curvature in one system on a surface lie on concentric 
spheres, it is a surface of Mongo, whose director-developable is a cone with its 
vertex at tbe center of the spheres; and conversely. 

Ifi. The sheets of the evolute of a surface of Monge are tbe director-developable 
and a second surface of Monge, which has the same director-developable and who^ 
generating curve is the evolute of the generating curve of the given surface. 

19. If the lines of curvature in one system on a surface are plane, and two in 
the second system are plane, then all in the latter system arc plane. 

20. A surface with plane lines of cim-aturc in both sj-stoms, in one of which 
they are circles, Is 

(a) A surface of Joachimsthal. 

{b) Tire locus of the orthogonal trajectories of a family of spljercs, with centers 
on a straight line, which pass through a circle on one of the spheres. 

(c) The cnveloj>e of a family of spheres whose centers lie on a plane curve C, 
and whose radii are proportional to the distances of these centers from a straight 
line dxctl in the plane of C. 

21. If an arbitrary curve C be drawn in a plane, and the plane be made to move 
in such a way that a fixM lini» of it einTlop an arbitrary space cun*o r, and at tbe 
same tune the plane be always nonnal to the principal normal to r, the cun*e V 
dcscrilM?s a par face of Monge. 
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82. li fcU the BiancM tratistonns of a paeudosphetical surface S ate surfaces of 
Enneper (cf Ex 6, f 134), 5 is a surface of revolution 

28 When « has the value in Ex 6, § 134, the surfaces with the spherical 
representation (26), and with the linear element 

COS L, + 

where Hi is an arhitrary function of w, are surfaces of Joachimsthal 

24 If the lines of curvature in both sjstems be plane for a surface S with the 
same spherical representation of its lines oi curvature as for a pseud osphencal 
surface, S is a molding surface 

25 If S i» 4 pseudosphetical surface wUh the spherical rep«se.uta.lvau <25) of 
its lines of curvature, and the curves r = const, are plane, the function C, given by 

, . c*w Serf iu ^ 

sin 8 — + cosff + am w — = 0, 

CD^ dll fo £x> 

determines a transformation of Bianchl of 3 Into a surface Sj. for which the lines 
of curvature c = const are plane 

26 A necessary and sufficient condition that the lines of eurrature v = const 

on a pseudosphetical surface with the representation (25) of its lines of curvature 
he spherical IS that V 

cot« = r, + -^^. 


where V and T\ are functions of c alone Shovr that when u Is ■ 


1 8u 
Ein^ufu 

cit \ein-*« du/ 


(. 1 ^ 1 ) 


solution of (23) 


the curves o = const, are plane or spherical, and tliat m the latter case V and Ft 
can be found directly 


2T. Show that when w is a solution of (23) and of 

^ ^ ^ ^ /— Y- 0 

£v cuSe ?u \dv/ ’ 

**■'*'* ^ ^ curvature u ■= const, are spherical on the paeudo- 

spbencal surface with the spherical repicBentation (25) , and that when w is such, 
a function, upon the surfaces with the linear element 


ef»» = ^sinw + V^Jdu* + [ coa« + F'+F^ ) <fc*, 


where Fis a function of » alone, the curves v « const are spherical, in the former 
case the spheres cut the surface orthogonally 
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DEFORMATION OF SURFACES 

135. Problem of Minding, Surfaces of constant curvature. Ac- 
cording to § 43 two surfaces are applicahlc when a one-to-one 
correspondence can be established between them which is of 
such a nature that in the neighborhood of corresponding points 
corresponding figures are congruent or symmetric. It was seen 
that two surfaces with the same linear element are applicable, 
the parametric curves on the two surfaces being in coiTespon- 
dende. But the fact that the linear elements of two surfaces are 
unlike is not a sufiicient condition that they are not applicable ; 
in evidence of this have merely to recall the effect of a change 
of parameters, to say nothing of a change of parametric lines. 
Hence we are brought to the following problem, first proposed 
by blinding : * 

To find a ncccssarp and BXtfficicnt condition that Uvo surfaces he 
npjilicahlc. 

From the second theorem of § G4 it follows that a necessary 
condition is that the total cuiwature of the two surfaces at corre- 
sponding points be the same. We shall show that this condition 
is sufiicient for surfaces of constant curvature. 

In § 64 wc found that when K is zero at all points of a surface, 
the surface is applicable to the plane. If the plane be referred to 
the system of straight lines parallel to the rectangular axes, its 
linear clement is 

Hence the analytical problem of the application of a developable 
surface upon the plane reduces to the determination of orthogonal 
systems of geo<lcsics such tliat when these curves are parametric 
the linear element takes the above form. 


• Cn'Ue, Von XIX pp :571-aS7. 
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Rcfemng to the results of § 89, we see that m this case the 
factor must equal unity Consequently we must find a function. 
$ such that the left-hand members of the equations 

du -f = d{x + ty), 

du + = d(3r— ly) 

are exact differentials, in which case these equations give * and y 
by quadratures Hence we must have 



which ate equivalent to 

gg_ 1 g-F F dL 

gw //gw 2EHdu 2JI dv' 

gg_ 1 eg r dE 
dv 2 //gw 2EHdv 

From (V, 12) it is seen that these equations are consistent when 
/l = 0 In this case B, and consequently x and y, can he found by 
quadratures 

The additne constants of integration are of such a character 
that if x^y y, are a particular set of solutions, the most general are 
ar s= ir, cos a — y, sin a + a, t/~^o ® 

where a, a, b are arbitrary constants 

In the above manner we can effect the isometric representation 
of any developable surface upon the plane, and consequently upon 
itself or any other developable These results may be stated thus 
A developable sui^aee oj5/>hca5!!^ io iteelf, or to any other deielop- 
ahle, iM a triple tnimty of ways, and the complete determination of 
the appheahUity requires quadratures only 

Incidentally we have the two theorems 

The yeodesxcsupon o developable surface can he found by quadratures 
Jf the total curvature of a quadratic form be zeroy the quadratic 
form t$ reducible by quadratures to dadQ 
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Suppose now that the total curvature of two surfaces S, is 
l/a\ where a is a real constant Let F and ^ be points on S 
and respectively, C and geodesics through these respective 
points, and take F and for the poles and C and for the 
curves v = 0 of a polar geodesic system on these surfaces. The 
linear elements arc accordingly (VIII, 6) 

ds^ = dir -f sin* — du*, ds? = du^ -f- sin* ^ dr *. 

a a 

Hence the equations ^ ± ^ 

detenuine an isometric representation of one surface upon the 
other, in which P and C correspond to and Cj respectively. 
According as the upper or lower sign in the second equation 
is used, corresponding figures are equal or symmetric. Similar 
results obtain for pseudospherical surfaces. Hence we have: 

A ay ftco surfaces of constant curvature^ different from zero, are in 
two ways applicahle so that a given point and geodesic through it on one 
surface correspond to a given point and geodesic through it on the other* 

In particular, a surface of constant curvature can be applied to 
itself so that a given point shall go into any other point and a 
geodesic through the former into one through the latter. Combin- 
ing these results with the last theorem of § 117, we have: 

A nondevelopahle surface of constant curvature can be applied to 
itself or to any surface of the same curvature^ in a triple infi 7 iity of 
ways, and the complete realization of the applicability requires the 
solution of a liiccati equation. 

136. Solution of the problem of Minding. We proceed to the 
determination of a necessary’’ and sufficient condition that two sur- 
faces S, S* of variable curvature be applicable. Let their linear 
elements be 

dr = Fdir + 2 Fdndv ^ G dr, d«'* = F' du'- + 2 P' diddv^ + G' dr" 

By definition S and are applicable if there exist two independ- 
ent equations 

(1) ^ (u. r) = ^\u\ r^), (u, r) = ^}r^(u\ r'), 

eslablisliing a one-to-one correspondence between the surfaces of 
such a nature that by means of (1) either of the above quadratic 
form^ can be transformed into the other. 
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It 18 evident that if the two surfaces are appUcaUe, the differcn* 
tial parameters formed with respect to the two linear elements ate 
equal Hence a necessary condition is 
^2) = = Aii/r=Ai^', 

where the primes indicate functions pertaining to S' These con- 
ditions are likewise eufticient that the transformation (1) change 
eithei of the above quadratic forms into the other For, if the 
curves tf> = const , ■»/'• = const , = const , = const he taken for 

the parametric curves on S and S' respectively, the respective 
lineal elements maybe written (cf §37) 

_ A d<^ — 2 A,(^, ■'/>■) dffid^Jr + A,^ 

Aj^ Aj'i^ — ^1 (^> V^) 

A;^' A|-f'— Ai-'(^', y) 

Hence when equations (I) and (2) hold, the surfaces are applicable. 
The next step is the determination of equations of the form (1) 
Smee the curvature of two applicable surfaces at corresponding points 
18 the same, one such equation is afforded by the necessary condition 
<3) A'(u, r) =X'(u', v') 

The first of equations (2) is 

(4) 

Both members of this equation cannot vanish identically For, in 
this case the curves iL = const and A' = const would be mmunal 
{§ 37), and consequently imaginary If these two equations are 
independent of one another, that is, 

A,K^f{K), A'K'^/(K'), 

they establish a correspondence, and the condition that it be iso- 
metric IS, as seen from (2), 

A, (A”; A,K ) « a;(^:^ a'a^'), a,a^a - aJaia". 

If, however, 

( 5 ) 


A,Ar-/(A'), 


A'A'^/(K% 
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If this condition be not satisfied, the conditions that (3), (6) define 
an isometric correspondence are 

A,(7i'-, AJO = A'(A", A'/l"), A,A jr = A(A; A''." 

Finally, we consider the case where both (5) and (7) hold. Since 
the ratio of A^K and AJC is a function of A', the curves A'= const, 
and tlieir orthogonal trajectories t = const, form an isothermal sys- 
tem of lines on S (§ 41). Moreover, the function t can be found 
by quadratures, and the linear element is reducible to 

1 2 r 

( 8 ) de). 

When in particular A^K = 0, the linear element is 

In like manner the linear element of 5' is reducible to 

ds'" = {die- ■he-' dt'^), 

or, in the particular case Al/C' == 0, to 

A'==7;^WA'"+if). 

In either case the equations 

K:=^K\ t=^±tf+a, 

where a is an arbitrary constant, define the applicability of the 
surfaces. 

We have thus treated all possible cases and found that it can 
be detennined without quadrature whether two surfaces are appli- 
cable. Moreover, in the first two cases the equations defining the 
correspondence follow directly, but in the last case the determina- 
tion requires a quadrature. The last case differs also in this respect : 
the application can be effected in an infinity of ways, w^hereas in 
the first two cases it is unique. 

• 1( the Furfnc<j be rcferre<l to the curves <r=i const, ami their orthogonal trajectories, 
’Where f*- ♦ equation (d) may be replacc<l by A;<r=: and it can be shown 

is a consequence of the other conditions. Cf. I)arl>onx. 

VoK tn. 
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Farthermore^ we notice from (8) that m the third case the sor 
face S la applicable to a surface of revolution, the parallels of the 
latter corresponding to the curves X = const, of the former Con 
versely, the linear element of every surface applicable to a surface 
of revolution can be put in the form (8) For, a necessary and 
sufficient condition that a surface be applicable to a surface of 
revolution is that its linear element be reducible to 

ds* =s dw* -J- V* 

where U 18 a function of w alone (§ 46) Now 



From the second it follows that us=J’(A'), and consequently 
S ^Vben these values are substituted in the above 

equations, we have, m consequence of Lx 5, p 91, 

(9) A, A' =/(/:), A,A = ,^(A) 

Hence we have the theorem 


Equation* {9) comtitute a nectstary and tup,cient condition (hat a 
surface 6e applicable to a surface of reiohdtoji 

The equations 

t^±t'+a 

define an isometric representation of a surface with the linear ele 
ment (8) upon itself Therefore we have 

Every surface appheahU io a surface of reiolution admits of a 
continuous deformation into itself tn *ucA a uay that each citnc 
const slides over itself 


Conversely, eyury suriace appliralije ic itseli in an infixiit/ of 
ways IS applicable to a surface of involution For, if the curvature 
13 constant, the surface is applicable to a surface of revolution 
(§ 135), and the only case in which two surfaces of variable curva- 
ture are applicable m an infinity of ways is that for which condi 
tions (5) and (7) are satisfied 
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137. Deformation of minimal surfaces. These results suggest a 
means of determining the minimal surfaces applicable to a surface 
of i-evolution. In the first i^lace we inquire under what conditions 
two minimal surfaces are applicable. The latter problem reduces 
to the determination of two pairs of paiameters, n, v and and 
two pairs of functions, F{n)^ ^(r)* and satisfj’- 

the condition 

( 10 ) (1 + iivYF{u)^{v)dudv = (1 + ^ ^{v^) dtc^dv^. 

From tlie nature of this equation it follows that the equations which 
serve to establish the con*espondence between the two surfaces are 
cither of the form 


{11) 

«i=^(«). 


or 



(12) 

Mj= ,fy{v), 

t\ = ir(n). 


If either set of values for tq and be substituted in (10), and if 
after removing the common factor dndv we take the logarithmic 
derivative with respect to u and v, we obtain 

<i>Y ^ 1 

( 1 + 

As this may be WTitten 

(m\ di(^di\ _ dudv 

(1 + w)^’ 

the spherical images of corresponding parts on the two surfaces are 
equal or symmetric according as (11) or (12) obtains (§ 47). The 
latter case reduces to the former when the sense of the nomml to 
cither surface is changed. When this has been done, corresponding 
spherical images are equal and can be made to coincide by a rota- 
tion of the unit sphere about a diameter. Hence one surface can be 
so displaced in space that corresponding normals become parallel, 
in \Yhich case the two surfaces have the same representation, that 
i^iq — iq r, = r. Now equation (10) is 

i^(«)d^(r) = i^,(«)^q(r), 
which is equivalent to 

P,(h)=cF(«), ci,,(t.) = ici>(„), 

•§ 210 . 
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where e denotes a constant If the surfaces are real, c must be of 
the form c** Hence, in consequence of § 113, we have the theorem 
A mtmmat surface admits of a deformation into an 

tnjinity of minimal surfaces, which are either associate to it or can 
he made suck hy a suitable displacement 


We pass to the determination of a minimal surface which admits 
of a continuous deformation into itself and consequently is apph 
cable to a. surface of revolution In consequence of the interpre 
tation of equation (13) it follows that if a minimal surface be 
deformed contmuously mto itself, a point p on the sphere tends to 
move in. the direction of the small circle through p w hose axis is 
the momentary axis of rotation, and consequently each of these 
small circles moves over itself Fiom § 47 it follows that if the 
axis of rotation be taken for the a^xis, these small circles are the 
curves uv = const In the deformation each point of the surface 
moves along the curve A = const through it Hence A is a fane 
tion of uv From (VII, 100, 102) we have 

(l + tH;)*jf'(tt) <!'(«)* 

consequently A(«)^(r) must be % function of «tr, and hence 
uF^(u) _ r^'(t>) 

A(u) 0 (d) 

The common value of these two terms is a constant If it be 
denoted by k, we have 


F(«) = cu", <!» (v) =s 

where c and c, are constants Hence from (VII, 98) we have 
Any minimal surface applicable to a surface of revolution can he 
defined hy equations of the form 


* — cj (1— «*) u'dw 4 - ~ c^J' (1— V*) ifdv, 
(14) "I y “ f + «’) «*<f« — ^ CiJ * (1 + if)ifdv, 

z = cj ' «* ‘rfu 4* <r,y r* *de, 

where e, c,, and k are arbitrary constants 
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Since the curves JT = const, are represented on the sphere by the 
small circles ^vhose axis is the z-axis, in each finite deformation of 
the surface into itself, as well as in a very small one, the unit sphere 
undergoes a rotation about this axis. In § 47 it was seen that such 
a rotation is equivalent to replacing v by where a 

denotes the angle of rotation. Hence the continuous deformation 
of a surface (14) is defined by tlve equations resulting from the 
substitution in (14) of for Uj v respectively. 

An important property of the surfaces (14) is discovered when 
wo submit such a surface to a rotation of angle a about the 
z-axis. Let S denote the surface in its new position, and write 
its equations in the form 


(1 — (1 — tr) 4 ^ (v) di?, 


and similarly for y and i. Between the parameters u, v and v 
the following relations hold: 

and we have also 


a:==a:cosfl: — y sinar, y ^xsincc-^ y cosa^ z-=z. 


Combining these equations with (14), we find 
F {it) = cu'^c~ O (t>) = 


Hence, for the correspondence defined by n = v — r, the surface S 
is an associate of S, unless /: + 2 = 0, in which case it is the same 
surface. 

We consider the latter case, and remark that its equations 
arc (of. § 110) 







If V, V be replaced by rc”*'", and the resulting expressions be 
denoted hy Zj, we have 

(15) ysinar, j/, = a:sinar-f y cosar, 2^ = z+2i?(icr<?). 

Hence, in a continuous deformation, the surface slides over itself 
will) a helicoidal motion. Consequently it is a helicoid. jMoreover, 
it is the only minimal helicoid. For, every helicoid is applicable 
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to a surface of revolution, and each minimal surface applicable to 
a surface of revolution with the ^-aiis for the axis of revolution 
of the sphere is defined by (14). But only when « = — 2 will the 
substitution of tte**, give a set of equations such as (IS). 
Hence we have : 

The helicotdal minimal surfaces are defined by the Weierstrass 
formulas when i^(w) = c/tt*. 

And we may state the other results thus : 

If any nonhelicotdal minimal surface, which *« applicable to a 
surface of revolution, be rotated through any angle about the axis of 
the unit sphere whose small circles represent the curves const, 
oil ike surface, and a correspondence with parallelism of tangent, 
planes be established between the surfaces, they are associate; con- 
sequently the associates of such a minimal surface are superposable 

1 Tied under what conditions the surfaces, whose equations are 
jjs^rcoso, y = rslnp, *=/(r), 

X| = rcosr, yi^rsinp, zi=J'(f)+a», 
can he brought into a one-to-one correspondenoe, so that the total curvature at 
corresponding points is the same Determine under what condldou the surfaces 
are applicable 

% If the tangent planes to two applicable surfaces at corresponding points ate 
parallel, the surfaces are associate minimal surfaces 

3 Show that the equations 

X s e«u, p = e-'p, z = oe^u* -f 6 c~*d^, 
where a la a real parameter, and a and b are constants, define a family of parab- 
oloids which have the same total curvature at points with the same curvUinear 
coordinates Are these surfaces applicable to one another ? 

4 Find the geodesics on a surface with the linear element 

jj, _ — 4 e dtidn -+ 4 udo* 

4(« - 

Show that the surface is applicable to a surface of revolution, and determine the 
form of a meridian ot the latter 

5. Determine the values of the constants a and 6 In 

djs = du» + [(« -I- -h 6*] dt\ 

so that a surface with this linear element shall be applicable to 
(«) the right helicoid 
(6) the ellipsoid of revolution. 
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6. A necessary and fiiifficient condition tliat a surface be applicable to a surface 
of revolution is that each curve of a family of geodesic parallels have constant 
geodesic curvature. 

7. Show that the hclicoidal minimal surfaces are applicable to the catenoid and 
to the right helicoid. 

138. Second general problem of deformation. We have seen that 
it can always be determined whether or not two given surfaces are 
applicable to one another. The solution of this problem was an 
important contribution to the theor}" of deformation. An equally 
important problem, but a more difficult one, is the following : 

To determine all the mrfaces ajyplicahle to a gwen one* 

This problem was proposed by the French Academy in 1859, and 
has been studied by the most distinguished geometers ever since. 
Although it lias not been solved in the general case, its profound study 
has led to many interesting results, some of which we shall derive. 

If the linear element of the given surface be 

Ed\r-\- 2 -f 

every surface applicable to it is determined by this form and by a 
second, namely Ddir-f 2 D^dxtdv whose coefficients satisfy 

the Gauss and Codazzi equations (§ 64). Convei*sely, even" set of 
solutions Z>, of these equations defines a surface applicable 

to the given one, and the determination of the Cartesian coordinates 
of the corresponding surface requires the solution of a Riccati equa- 
tion. But neither the Codazzi equations, nor a Riccati equation, can 
be integrated in the general case with our present knowledge of 
differential equations. Later we shall make use of this metliod in 
the stud}" of particular cases, but for the present wc proceed to 
the exposition of another means of attacking the general pi'ohlem. 

When the values of J>, E\ obtained from the Gauss equations 
(V, 7) are substituted in the equation the result- 

ing equation is reducible, in consequence of the identity 
(cf. Ex. 6, p, 120), to 
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This equation, «hich is satisfied also bj y and 2 , involves only 
Ly F, G and their derivatives and consequently its integration 
will give the complete solution of the problem It is linear in 


}_8u* cv‘ Wu dvj J ’ do 

studied by Ampere Hence 


c^x 


have the theorem 


The determination 0 / all surfaces applicable to a gnen one requires 
the integration of a partial differential equation of the second order 
of the Ampere type 


In consequence of (16) and (V, 36) we have that the coordinates 
of a surface with the linear element 

(17) £?«’’ = A 2 Fdudv + G dv^ 

are integrals of 

(18) A„d = (l-A,0)A, 

the differential parameters being formed mth respect to (17) We 
shall find that when one of these coordinates is known the other 
two can be found by quadratures 

Our general problem may be stated thus 

Giien three functions Ey G of u and v, to find all functions 
XyV Z of It and V which satisfy the itioii 

d 2 ?+ dy’H- dz^=Fdn'‘+ dudv + Gdo\ 
where du and dv may he chosen arbiiraril j 


Darboux * observed that as the equation may be wntteu 
(19) dF-^d!f=^Eduf+2Fdudv + Gdi^-dz\ 

whose left-hand member is the linear element of the plane or of a 
developable surface, the total curvature of the quadratic form 

must be zero (§ 64) 

In order to find the condition for this, we assume that 2 is 
known, and take for parametric lines the curves z const and their 


iff ToJ m p 
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orthogonal trajectories for v — const. With this choice of parame* 
ters the right-hand member of (19) reduces to {E — l)rf2^+ 

The condition that the curvature of this form be zero is 



where K denotes the curvature of the surface. But this is the 
condition also that 2 be a solution of (18) when the differential 
parameters are formed with respect to However, the 

members of equation (18) are differential parameters ; consequently' 
2 is a solution of this equation whatever be the parametric curves* 
By reversing the above steps we prove the theorem : 

^V^len z is any integral of (he equation (18), the quadratic form (20) 
ha^ zero curvature. 


When such a solution is known we can find by quadratures 
(cf. § 135) two functions a*, y such that the quadratic form (20) is 
equal to ctr-fdj/, provided that 




that is. AjZ < 1. Hence we have the theorem : 

If z he a (solution of = (1 *— Aj^)/r such that A^s <1, it is one 
of (he rectangular coordinates of a surface unth the given linear ele- 
ment ^ and the other two coordinates can he obtained hy quadratures. 


139. Deformations which change a curve on the surface into a 
given curve in space. We consider the problem : 

Can a surface he deformed in such a manner that a given curve 0 
upon it comes into conicidcnce with a given curve F in space P 

Let the surface be referred to a family of curves mihogonal to O 
and to their orthogonal trajectories, C being the curve r = 0, and 
its arc being the parameter u, so that E — 1 for v = 0. The same 
conditions hold for T on the deform. 
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Since the geodesic curvature of C is unaltered in the deformation 
(§68), it follows from the equation {IV, 47) for the new surface, 
namely 

(21) P~Pf Bin 5»i 

that the deformation is impossible, if the currature of T at any 
point IS less than the geodesic curvature of C at the corresponding 
point Since both p and are known, equation (21) determines 
w, and consequently the direction of the normal to the new surface 
along r IS fixed This being the case, the direction of the tangents 
to the curves « = const on the new surface at points of F can be 
found, and so we have the values of — for v = 0, 

dx dv dz 

as well as — ■. — for Vi= 0, the latter being the direction-cosmes 

du d\i du 

of the tangent to F 1/ these expressions he differentiated with 
respect to «, we obtain the values of ^ 

bit bwbt' biibv Bum 

for w = 0 Since Jf’=0 and JTssl for t) = 0, the Gauss equations 
(V, 7) for » = 0 are 



All the terms of the first two equations have been determined 
except D and D , hence the latter are given by these equations 
Since the total curvature X is unalteied by the deformation, it is 
known at all points of F, consequently 2)'^ is given by 2f*A = 
2>J9"— 2)'*, unless 2) is zero, in winch case F is an asymptotic line 
and p When D'i% found we can obtain the value of ^ from 
the last of equations (22) From the method of derivation of equa 
tion (16) it follows that tbe above process is equivalent to finding 
the value of from equation (16), which is possible unless 2) = 0 
Excliuling this exceptional case, we remark that if equations (22) 
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1)0 dilTerentiated with respect to u, we obtain the values of all the 

derivatives of xot the third order for v = 0 except -r^* The latter 

dv^ 

may be obtained from the equation which results from the differ- 
entiation of equation (16) with respect to v. By continuing this 
process we obtain the values for r = 0 of the derivatives of x of all 
orders, and likewise of y and 2 . If we indicate by subscript null 
the values of functions, when u = r = 0, the expansions 


(23) a: = 



and similar expansions for y and z, are convergent in general, as 
Cauchy has sho^^^l,* and x, y^ z thus defined are the solutions of 
equation (16) which for t? = 0 satisfy the given conditions. Hence : 

A surface S can he deformed in such a manner that a curve C upon 
it comes wto coincidejice with a given curve F, provided that the 
curvature of T at each point is greater than the geodesic curvature 
of C at the corresponding j}oinU 


There remains the exceptional case p = If the desired def- 
ormation is possible, F is an asymptotic line on the deform, and 
consequently, by Enneper s theorem (§ 59), its radius of torsion 
must satisfy the condition = — l/7i. Hence when C is given, F 
is determined, if it is to be an asymptotic line. 

If F satisfies these conditions, the value of for = 0 is arbi- 
trary, as wo have seen. But when it has been chosen, the further 
determination of the values of the derivatives of y^ z of higher 
order for r = 0 is unique, it being the same as that pursued in 
the general case. Hence equation (16) admits as solution a family 
of tliese surfaces, de])ending upon an arbitrary function. For all 
of these surfaces the directions of the tangent planes at each 
point of F are the same. Hence we have the theorem: 

Given a curve C xipon a surface S : there exists in space a unique 
curve F with which 0 can be brought into coincidence by a deforma- 
(ion of S in an infinity of tcays ; moreover^ all the new surfaces are 
tangeiit to one another along F. 


• C(. Goun.it, VinWgnxtion d^Hquationz clucz dirivecs parMlts du second 

orri.v, cbni^. Vu VcltU, 
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It <7 is an asymptotic line on S, it may bo taken for F; hence: 

A Burface may he subjected to a continuous deformation during 
which a gtten asymptotic line ts unaltered irt form and cojitinues to 
be fl 7 i asymptotic line on each deform. 

This result suggests the problem : 

Can a surface he subjected to a continuous deformation in which a 
cum other than an asymptotic line is unaltered f 

By hypothesis the curvature is not changed and the geodesic 
curvature is necessarily invariant, hence from (21) we have that 
sin w must ha^v e the same value for all the surfaces. If 6> is the 
same for all surfaces, the tangent plane is the same, and consequently 
the expansions (23) are the same. Hence all the surfaces coincide 
in this case. However, there are always two values of for which 
sin u has the same value, unless u is a right angle. Hence it is 
possible to have two applicable surfaces passing through a curve 
whose points are self-correspondent, but not an infinity of such 
eurfaces. Therefore : 

An asymptotic hne ts the only curie on a surface which can remain 
unaltered in a continuous deformation 

140. Lines of curvature m correspondence. We inquire whether 
a surface S can be deformed in such a manner that a given curve 
C upon it may become a line of curvature on the new surface. 
Suppose it is possible, and let F denote this line of curvature. 
The radii of curvature and tomion of F must satisfy (21) and 
1/t — dio/ds = 0 (cf § 59), where is the same for F as for C. If 
we choose for £7 any function wh.itevei, the functions p and t are 
thus determined, and F is unique. Since 15 fixes the direction of the 
tangent plane to the new surface along F, there is only one deform 
of S of the hind desired for each choice of E7 (cf. § 139). Hence ; 

A surface can be deformed in an infinity of ways so that a gtten 
curve upon it becomes a line of curvature on the deform. 

This result suggests the following problem of Bonnet*: 

To determine the surfaces which can be deformed with preservation 
of their lines of curvature. 

• M^moire «ur la thtfone des surfaces appltcables sur une surface donaee, Journal d» 
rSeoIe Folyteehniqve, Catuer 42 (1867), p 58 
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We follow the metliod of Bonnet in making use of the funda- 
mental equations in the form (V, 48, 55). We assume that the lines 
of curvature are parametric. In this case these equations reduce to 


(24) 


g;>, 


07 

dr 

du 

-qr^. 

II 

'i<§ 

dv 


1 dVJj 


1 dVa 


Vff ov 

’ ’' 1 = 

Va 


ar, 


From these equations it follows that if S and are two apj)licable 
surfaces referred to corresponding lines of curv’’ature, the functions 
r and have the same value for both surfaces, and consequently 
the same is true of the product qj)^. Hence our problem reduces 
to the determination of two sets of functions 2 ?^, q ; p[^ q\ satisfying 
the above equations. In consequence of the identity 

(25) pW=Piq^ 

we have from the first two of (24) 


(26) 


P\ 


cj^ 

dn 


dll ’ 


^ €V 


? 


07 


of ^Yhich the integrals are 7 '*= 7 '*f where /(v) 

and <^{«) are functions of r and n respectively. The parameters 
V may be chosen so that these functions become constants a, 
and consequently 

(27) = 2K + u, f' = ^ + /S. 

If these equations bo multiplied together, the resulting equation is 
reducible by means of (25) to either of the forms 

(28) -f q‘a + = 0 , + q^"oc — ary 9 = 0 . 

From the first we see that a and yS cannot both be positive if S is real, 
and from the second that tliey cannot both be negative. We assume 
that <r is negative and ^ positive, and without loss of generality write 

(29) = = + 

The first of (28) reduces Xo pi — In conformity with this 
we introduce a function o), thus 

p^ = cosh CO, 7 = sinh co. 

Then equations (29) may l>c replaced by 

2 )J= sinh CO, cf^ cosh co. 
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Moreover, the fundamental equations (24) reduce to 

1 8a> ^ 1 sVg 

Sv~^’^ Vt? Va 

^ “ — sinh os cosh os 
8 m* 8y* 

Comparing these results with § 118, we see that the spherical 
representation of lines of curvature of the surfaces S and S' respec- 
tively IS the same as of the Imes of curvature of a sphencal surface 
and of its Hazaidakis transform Conversely^ we have that every 
surface of this kind admits of an applicable surface with lines of 
curvature in correspondence 

The preceding investigation rested on the hypothesis that neither 
the first nor second of equations (24) vanishes identically Suppose 
that the second vanishes , then 7 is a function of u alone, say ^(u) 
Since the product p^q differs from the total curvature only by a 
factor (cf I 70), pj cannot be zero , therefore r = 0 and 
Equation (25) 13 now of the form ^j^(u)— ^j<^(u) If he elimi 
nated from this equation and the first of (27), it 19 found that^j 
also 13 a function of u alone Hence the curves v = const on the 
sphere are great circles with a common diameter, and therefore S 
IS a mr/ace (§130) The parameter « may be chosen so 

that we may take y = 1 a nd U , then from (27) and (25) we 
find p(=:Vtr*+ a, q'=s UfVu*+ ax where a is an arbitrary constant 
Hence we have the theorem 

A neeeesary and sufficient condition that a surface admit of an 
applieahle surface with lines of curvature in correspondence is that 
the surface have the same spherical representation of its lines of cur~- 
vature as a sphencal surface 2, or be a molding surface , in the first 
ease there is one applicable surface, and the spherical representation 
of its lines of curvature is the same as of the Hazzidakis transform 
qfS,, IK the second ease there is an infinity of applicable surfaces * 

141 Conjugate systems in correspondence. When two surfaces 
are applicable to one another, there is a system of corresponding 
lines which is conjugate for both surfaces (cf § 56) The results 
of § 140 show that for a given conjugate system on a surface S 


Cf Ex « p 319 
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there is not in general a surface applicable to S with the corre- 
sponding system conjugate. We inquire under what conditions a 
given conjugate system of S possesses this property. 

Let S be referred to the given conjugate system. If the corre- 
sponding system on an applicable surface is conjugate, we have 

for the total curvature of the two surfaces is the same. We replace 
this equation by the two 

j 9, = tanli e . A = coth 6 . 

thus defining a function 6, The Codazzi equations for S are 


Since these equations must be satisfied by and we have 


« i=-{ 


111 
2 J D 


coth 6. 


Tlie condition of integrability of (30) is reducible to 

As the two roots of this equation differ only in sign, and thus lead 
to symmetric surfaces, we need consider only one. If it be substi- 
tuted in (30), we obtain two conditions upon 7^, G; D, I>*\ which 
arc necessary in order that S admit of an applicable surface of the 
kind sought. Hence in general there is no solution of the problem. 
However, if the two expressions in the brackets of (31) vanish 
identicall)% the conditions of integrability of equations (30) are 
completel)’ satisfied, and S admits of an infinity of applicable sur- 
faces upon which the coordinate curv^es form a conjugate system. 
Consequently we have the theorem : 

Jf a conjttgate system on a mrfacc S corresponds to a conjugate 
system on more than one surface applicable to it corresponds to a 
covnujate system on an injinity of surfaces applicable to S. 
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We shall give this result another interpretation by considering 
the spherical representation of S From (VI 38) we have 

(-) 

where the symbols are formed with respect to the linear ele 
ment of the spherical representation of S If we substitute these 
values in (30), we get 

0W I 2 J 1 1 J 


and the condition that these equations have an integral involvmg 
a parameter becomes 


(33) 




The first of these equations is the condition that the curves 
upon the sphere represent the asymptotic lines upon a certain sur 
face E (cf § 78) Moreover, if A denotes the total curvature of 
2, and we put K=: — l/p\ we have 

Now equations (33) are equiv'ilent to (34), and 
8'*logp ^ aiogp 8logp ._Q 
duel Bn Bv ’ 

which reduces to = 0 As the general integral of this equation 

IS p‘=<l>(u) + y^{v), where ^ and are arbitrary functions of u and 
V respecUvelj , ue have the following theorem due to Bimclu* 

A necestar^ and euffiaent condition that a turf ace S admit a eon 
tinuaiit deformation in which a conjugate system remains conjugate 
ts that the spherical representation of this system he that of the atymp 
totie lines of a surface whose total curvature-, expressed w, terms of 
parameters referring to these lines, ts of the form 

(35) K 

[<^.(«)+i|«-(r)]* 

•^nnaH Ser 2 Vol X\ III (1800) p 320 alsoiezfon* Vol II p 83 
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The pseudospherical surfaces afford an example of surfaces with 
A" of tliis form. In this case ^ and ^jr are constants, so that equa- 

{ 121' ri2V 

^ j- ==1^ 2 J which, in consequence of 
(32), are equivalent to these are the condi- 


tions that the parametric curves on S be geodesics. A surface with 
a conjugate system of geodesics is called a surface of J’bsij. We 
state tliese results thus : 


A surface of Voss admits of a contirumis deformation in which the 
geodesic conjrigate system is preserved ; consequently all the new sitr^ 
faces are of the same kind. 


EXAMPLES 

1. Show that every Integral of the equation Ai0 =1 is an integral of the funda- 
wontal equation (18). 

2. On a right helicoid the helices are asymptotic lines. Find the surfaces appli- 
cable to the helicoid in such a way that one of the helices is unaltered in form and 
continues to be an asymptotic line. 

3. A surface applicable to a surface of revolution with the lines of curvature 
on the two surfaces in correspondence is a surface of revolution. 

4 . Show that the equations 

x=icrcos-, y = #crsin^, z J Vl — 

define a family of applicable surfaces of revolution with lines of curvature in corre- 
spondence. Discuss the effect of a variation of the parameter k. 

5. Let S denote a surface parallel to a spherical surface S. Pind the surface 
applicable to 5 with preservation of the lines of cun^ature. 

6. If Si ami St be applicable surfaces referred to the common conjugate sys- 
tem, their coordinates xi, t/i, 2 i ; a:-, 2 - are solutions of the same point equation 

(cf. VI, 20), and the function -f + rf — (xs *f yf -f also Is a solution. 

7. Show lliat the locms of a point which divides in constant ratio the join of 
corresponding points on the surfaces Si and St of Ex. C Is a surface upon which the 
parametric lines form a conjugate system. Under what condition is this surface 
applicable to Si and Sj ? 

B. Tim tciralnxlral surface 

r = wf (a -f w)* (a a. t)^ y R(6 -p (6 4- r)^ 2 = C(c -f tz)^{c + r)^, 
admits of an infinity of deforms 

= .41(01 4* t:)^ Vi = J5i(bi 4- + r)^ 2i = Ci(ci 4* u)? (Cx + 

The curves v r upon these surfaces are congruent, and consequently each is an 
asymptotic line on the .surface through IL 
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9 U the eqaaiions of & atuface are of the form 

* ss Ti Fi, V = tTj Fi, * =s Ft, 

the equations 

a:i»VUi + P,* + A-1F| cos^, +^a + A — IFisinS, 


where A denotea a constant, define a family of applicable surfaces upon which the 
parametnc lines form a conjugate system 


10 Show that the equations of the quadrics can be put in the form of Ex 9, 
and apply the results to this case 


142. Asymptotic lines in correspondence. Deformation of a ruled 
surface. We have seen {§ 139) that a surface can be subjected to 
a continuous deformation, in which an asymptotic line remains 
asymptotic. We ask whether two surfaces are applicable with 
the asymptotic lines in one system corresponding to asymptotic 
lines of the other. We assume that there are two such surfaces, S, 
/S„ and we take the corresponding asymptotic lines for the curves 
V = const, and their orthogonal trajectories for « = const. In con- 
sequence of this choice and the fact that the total curvature o£ the 
two surfaces is the same, we have 
(36) Z)=A=0, F=0, 7y = D'y 

The Codazzi equations (V, IS') for S reduce to 

8 / ^ alogg D' ^ 1 BE P' Q 

8 / 2?" \ S / D' \ glogA' D' aIog\(g D" ^ 


Because of (36) the Codazzi equation for analogous to the first 
of (37) will differ from the latter only in the last term. Hence we 
must have either 2)", or E=f{u). In the former case the sur- 
faces S and are congruent. Hence we are brought to the second, 
which is the condition that the curves v = const, be geodesics. As 
the latter are asymptotic lines also, they are straight, and conse- 
quently S must be a ruled surface. By changing the parameter «, 
we have 1, and equations (87) reduce to 

a »' h\Vg) iAvg) 
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By a suitable choice of the parameter v the first of these equations 
may be replaced by D'=1 /Vg, and the second becomes 

where <f> is an arbitrary function. These results establish the fol- 
lowing theorem of Bonnet: 

A neceBzary and Bujjicient condition that a surface admit an 
applicable zurfacc with the azymptotic linez in one zyztcvi on each 
zurface corresponding iz that the mrface he ruled; moreover^ a 
rtded zurface admits of a continuouz deformation in which the 
generators remain straight. 

To this may be added the theorem : 

Jf two surfaces are applicable and the asymptotic lines in both 
systems on each surface are in correspondence^ the surfaces are con- 
gruent^ or symmetric. 

This is readily proved when the asymptotic lines are taken as 
parametric. 

We shall establish the second part of the above theorem in 
another manner. For this purpose we take the equations of the 
ruled surface in the form (§ 103) 

( 88 ) x^T^+lu, z-z^+nu, 

where y^y are the coordinates of the directrix C expressed as 
functions of its arc r, and 7, n are the direction-cosines of the 
generators, also functions of v. They satisfy the conditions 

(33) + = 

where the accents indicate differentiation wdth respect to v. 
Furthermore, the linear element is 

(40) {?r= cfu“-f 2 cos -f(a*ir-f 2 hu -f l)dv^ 

where 

(41) J ^ ^ 

\ cos = T^l -f yl^m -f r 'n. 

Hence if w'e have a ruled surface with the linear element (40), the 
problem of finding a ruled surface applicable to it, with the gener- 
ators of the two surfaces corresponding, reduces to the determi- 
nation of six functions of i% namely x< 5 , z^; 7, w, n, satisfying 
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the five conditions (39), (41) From this it follows that there is an 
arbitrary function of v involved m the problem, and consequently 
theie 13 an infinity of ruled surfaces with the linear element (40) 
There are two general ways in which the choice of this arbi 
trary function may be made, — either as determming the form of 
the director-cone of the required surface, or by a property of the 
directrix We consider these two cases 

143 Method of Minding Ihe first case was studied by Mmd 
Jig * He took I m n m the form 

(42) I cos (f> cos m = cos <f> sin yfr, n = sin 

which evidently satisfy the second of (39) The first of (41) 
reduces to 

(43) 0'* + ^ * cos^ ^ = a* 

If we solve equations (39) and (41) for resulting 

expressions are reducible by means of (VII, 63) to 

(44) a-'= I cos ±(Tn7i' — m'n)Va^ sm’*dj — 4*], 

and analogous expressions for and Hence, if ^ be an arbi 
trary function of v, and yfr be given by 



the functions y^, z,,, obtained from (44) by quadratures, together 
with I, m, n from (42), determine a ruled surface with the linear 
element (40) 

Each choice of 0 gives a different director-cone, which is deter 
mined by the curve in which the cone cuts the unit sphere, whose 
center is at the vertex of the cone Such a cuive is defined by a 
relation /(i^, ''^)=0, so that instead of choosing <f> arbitranly we 
may take / as arbitrary , for, by combining equations (43) and 
/((ft, ffr) = 0, we obtain the expressions foi ^ and yfr as functions 
of t Hence 

A ruled surface may he deformed in such a nay that the director 
cone iaket an arbitrary form 


'CnlU Vol X\TO{1838) pp ‘W-SOS 
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the given ruled surface is nonclevelopable, the radicand 
in (44) is different from zero, and consequently there are two dif- 
ferent sets of functions Hence there are two applicable 

ruled surfaces with the same director-cone. If the parametei-s of 
distribution of these two surfaces be calculated by (VII, 73), they 
are found to differ only in sign. Hence we have the theorem of 
Beltrami : ♦ 

A ruled surface admits of an applicable ruled surface sucli that 
corresponding generators are parallel^ and the parameters of distri- 
hutio7i differ oixly in sign, 

144. Particular deformations of ruled surfaces. By means of the 
preceding results we prove the theorem : 

A ntled mrfacc may he deformed in an infinity of ways so that a 
given curve becomes plane. 

Let the given curve be taken for the directrix of the original 
surface. Assuming that a deform of the kind desired exists, we 
take its plane for the xy-plane. From (44) we have 

a^n cos in'±(Zw'— Vm)^cr sin'd^— 6'= 0, 
which, in consequence of (42) and (43), reduces to 

b cos(f > . ^'-f- sin (f> cos ^ ± cos Vorsin 6^= 0. 

The integral of this equation involves an arbitrary constant, and 
thus the theorem is proved. 

The preceding example belongs to the class of problems whose 
general statement is ns follows: 

To defomn a ruled surface into a ruled surface in such a way that 
the deform of a given curve € on the original surface shall possess a 
certain property on the rcsxdting sxirface. 

We consider this general problem. Let the deform of C be the 
directrix of the requii-ed surface, and let jS,,, 7 ^; n^-, /x,, 

denote the direction-cosines of its tangent, principal normal, and 
hinormal. If <r denotes the angle between the osculating plane to 
the curve and the tangent plane to the surface, we have 

(4®) ? = «’o cos 0, -f sin (/„ cos <r -f- Xj sin &), 

* Vo). Vll (lSr>ri), p. 115. 



a46 


DEFORMATION OF SURFACES 


and Bunilar expressions ior m and n When these values are sub- 
stituted in the first two of equations (41), the resulting equations 
are reducible, by means of the Frenet formulas (I, 60), to 


(47) 


Pcos^a , , , smo-sin^al* 

2 + (cos 0 - sm H 2 j 

. F/ oxt coso-smftl* * M 

4- 1 (am <r sin ^) — = a*— b\ 


These are two equations of condition on o-, p, r, as {unctions of v 
Each set of solutions determines a solution of the problem, for, 
the directrix is determined by expressions for p and t, and equa- 
tions (46) give the diTection-cosines of the generators 

We leave it to the reader to prove the above theorem by this 
means, and we proceed to the proof of the theorem 

A ruled turfaee may be d^ormcd tn siteA a manner that a gnen 
curve C becomes an asymptotic tine on the new ruled surface 


On the deform we must have tr = 0 or <r = «*, so that from (47) 



the sign being fixed by the fact that p is necessarily positive The 
second of (47) reduces to 

1 _ b* 

T ^ 8in*0j 


If the curve with these intrinsic equations be constructed, and in 
the osculating plane at each point the line be drawn which makes 
the angle with the tangent, the locus of these lines is a ruled 
surface satisfying the given conditions 

When the curve C is an orthogonal trajectory of the generators, 
the same is true of its deform Hence 

A ruled surface may be deformed in such a way that all the gener- 
ators become the principal normals of the deform of any one of their 
orthogonal trajectories 

Having thus considered the deformation of ruled surfaces in 
which the generators remain straight, we inquire whether two 
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ruled surfaces are applicable with the generators of each corre- 
sponding to curves on the other. Assume that it is possible, and 
let V — const, be the generators of S and u = const, the curves 
on S corresponding to the generators of From (V, 13') it 
follows that the conditions for this are respectively 

(48) 

Avhere ^= — l/p^ But equations (48) are the necessaiy and 
sufficient conditions that there be a surface 2 applicable to S 
and upon winch the asymptotic lines are parametric (cf. VI, 3). 
But the curves r = const, and 7^ = const, are geodesics on S and 
and consequently on 2. Therefore 2 is doubly ruled. Hence : 

j(f two rtded surfaces S and are applicable to one another^ the 
generators correspond unless the surfaces are applicable to a quadric 
with the generators of S and corresponding to the two different 
systems of generators of the quadric. 


EXA3MPLES 


1. A ruled mirfaco can bo deformed into another ruled surface in such a way 
that a geodesic becomes a straight line, 

2. A ruled surface formed by the binormals of a curve C can be deformed into 
a right conoid ; tho latter is the right helicoid when the torsion of O is constant 
Provo tho converse also. 


3. 


On tho hyperboloid of revolution, defined by 

a: u tj , tj y u , V 

- = — cos - 4- mn - , - = — sin — cos 

c A c c c A c 


V 

—t 

c 


z u 

5~a’ 


whore A® = + cP, the circle of gorge is a geodesic, which is met by the generators 

under the angle cos^^c/A. 


4, Show that the ruled surface which results from the deformation of the 
hyperboloid of Ex, S, in which the circle of gorge becomes straight, is given by 


X = 





6. Show that the ruled surface to which the hyperboloid of Ex, 8 is applicable 
with parallelism of corresponding generators is the helicoid 


X u t — cP , r 

- = -co3--+ -8in-» 

C A C c 


y u j V 
- = — sin - < 


c" * cP r 2 u . 2 c . 

- cos •* I — 0, 

c2 4 . C d A A3 ’ 


C A c 

and tliat tlie circle of gorge of the former corresponds to a helix upon the latter, 
6. When the directrix is a geodesic, equations (47) reduce to 


sin • ^0 h = 0, 


^cos^o sin go \3_ „ 
i P ~ ~r~ ) 
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7 When an hyperboloid of devolution of one sheet h deformed into another 
ruled surface, the circle of gorge becomes a Bertrand curve and the generators 
are parallel to the corresponding binormals of the conjugate Bertrand curve 

8 A ruled surface can be deformed in such a way that a given curve is made 
to Be upon a sphere of arbitrary radius 

9 When a ruled surface admits a continuous deformation into itself the total 
curvature of the surface Is constant along the line of striction, the generators meet the 
latter under constant angle, and the parameter of distribution is constant (cf § 126) 

10 Two applicable ruled surfaces whose corresponding generators are parallel 
cannot be obtained from one another by a continuous deformation 


GENERAL EXAMPLES 


1 Determine the systems of coordinate lines in the plane such that the linear 

element of the plane is ^ 

where U and V are functions of u and u respectively 

2 Solve for the sphere the problem similar to Tx 1 

3 Determine the functions 0 (u) and ^ (u) so that the hellcoids, defined by 
* = aVl7a- b^cos?^^, y = a - b^sin^!-^. r = b5 + ^. 


elitll be applicable to the surface whose equations are 

ai = I7co3t, y = Usmr>, z = J Vl - If 
where U Is any function of u 

4 Apply the method of Ex. 3 to find hebcoids applicable to the pseudosphere , 
to the catenoid 


The equations 

x = oV2«-2 


y 



a 




define a parabotoid of revolution Show that surfaces applicable to it are defined by 

* = —fi't’i +y* (/*4fa — /sd/*) — y* 

y — "2 ~/«^i + J — /id/s) ~ J {^jd^i — 0id^2)J, 

* = ~fi^i + J (/id/a —/idfi) — J (^id^i — ^d^i)J 


where a la a real constant, and the / s and ^’s are functions of a parameter a and 
p respectively »odh "toat 

/* +d? == i* 0* + = I, fti>i +ft<Pi ‘¥/t<Pt — t* 

6 Investigate the special case of Ex. 5 for which a and p are conjugate Imaginary 
functions, and ^ 2 + a_2a» , .2-a-2«« . 

/i = ;= — . /a = f = — . /g«(r, 

2V2« 2v2a 

and the ^’a are functions conjugate Imaginary to tbe/’s. 
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7. Show that the surface of translation 

X‘=‘ a(cosu + co9*r), y = a(6mu 4- sintj), z = c(u + r) 
is applicable to a surface of revolution. 

8. Show that the minimal surfaces applicable to a spiral surface (Ex. 22, p. 161) 

arc determined by the functions F(u) = + 4>(t)) = and that the asso- 

ciate .surfaces are similar to the given one. 

9. If the coefficients F, F, G of the linear element of a surface are homogeneous 
functions of it and v of order — 2, the surface is applicable to a surface of revolution. 

10. If X, y, z are the coordinates of a surface S referred to a conjugate system^ 
the ecjiiations 

= 

du cu c u cu cu du * dv dv dv cv Bv 

are integrable if F and Q satisfy the conditions 

where the Christoffel symbols are formed with respect to the linear element of S. 
SUoNv on cooriWnates x% 'y', x', p3.Tame.trw curves. 

fonn a conjugate system, and that the normals to 5 and S' at corresponding points, 
are parallel. 

11. Show that for the surface 

z = J' A/i(u)du -f <pi{v), y = J' X/2(u)du + ^2(c), ^ = J' V 8 (w)du + (pzi'c), 

where X is any function of u and r, and/i, ; 0i, ^2, 03 are functions of u and 
V respectively, the parametric curves form a conjugate system. Apply the results 
of Ex. 10 to this surface, and discuss the case for which X is independent of r. 

12. If S and Si are two applicable surfaces, and SJ denotes the surface corre- 
sponding to Si in the same manner as S' to S in Ex. 10 and by means of the same 
functions P and Q, then S' and Sf are applicable surfaces. 

13. If X, V, z and Xi, yi, Zi are the coordinates of a pair of applicable surfaces 
S and Si, a second pair of applicable surfaces S' and Sf is defined by 

x" = X -f -f 2i) - ^:(y + yi), xj =r xi - h{z 4- Zi) 4- k(y 4- yi), 

/ 1= y 4. A:(x 4- Xi) - y (z 4- Zi), yl = yi - k{z 4- Xi) 4- g{z 4- Zi), 

z' = z 4- y(y + yj) ^ h(x + Xi), zi = zi - y (y 4- Vi) + /i (x 4- xi), 

where y, /i, and k are constants. Show that the line segments joining correspond- 
hig points of S and S' are equal and parallel to those for Si and Si ; that tlie lines 
joining corresponding points on S and Si meet the similar lines for S' and Si ; and 
that the common conjugate system on S and Si corresponds to the common conju- 
gate fu’stem on S' and Si. 

14. Apply tiie results of Ex. 13 to the surfaces of translation 


X 4- 2 ar, y rr 2 4- — 2 ar — 2 Vb’ 4- 3u^du, z =: 2 bu, 

Xj = n5 4- 2 - 2 oc ~ 2 J 3 ti-d«, yj = — 4- 2 J* 3u^du, 

'‘ = 2/Va--3c^dr. 

Show that when y x= X = 0, X* — l, tlie surface S' is an elliptic paraboloid. 
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16 Sbow that the equations 

* =/ yf- V= JVl-o»i7'*d«, z=iaU + Z, 

where the accent indicates differentiation with respect to the ailment, define a 
family of applicable surfaces of translation Apply the results of Ex. 12 to this case 
18 Show that when S and 8^ in Exs 12 and 13 are surfaces of translation, and 
their generating curves correspond, the eame la true of 5 and SJ 

IT If lines be drawn through points of a Bertrand curve parallel to the blnor 
mals of the conjugate curve, their locus is applicable to a surface of revolution 
18 If a real ruled surface is applicable to a surface of revolution, it is applicable 
to the right helicoid or to a hyperboloid of revolution of one sheet (cl Ex 9, § 144) 
18 A ruled surface can be deformed in an infinity of ways so that a curve not 
orthogonal to the generators shall be a line of curvature on the new ruled surface, 
unless the given curve is a geodesic , in the latter case the deformation is unique 
and the line of curvature is plane 

20 Let P be any point of a twisted curve C, and 3fi, points on the principal 

normal to C such that / /, rf. \ 

PJfi = - P3f, = 0 Bin/ J ~ 4 6j, 

where a, b are constants and p is the radius of curvature of C The loci of the Hues 
through 3fi and jW, parallel to the tangent to (7 at P are applicable ruled surfacea 

21 On the surface whose equations are 

x = «, y=/(ii)^» 4f'(i)), *=/(u)I^(p)-e#'(t)]4ii'(B)-i»^», 
the parametric curves form a conjugate system, the curves u = const lie in planes 
parallel to the yr-plane, and the curves n = const In planes parallel to the x-axis , 
hence the tangents to the curves « = const, at their points of Intersection with a 
curve n = const ate parallel 

82 Inves tigate the character of the surfaces of Ex 21 In the following cases 
(a), 4 , (») = Vc* + i , (b), 0 (b) = const , (c), ^ (») = 0 , (d), /(«) = a« + 6 
23. If the equations of Ex 21 be written 

X = u, y =5/{u) <fti (B) 4 vtt{s), Z =/(u) ^( b) 4 
the most general applicable surfaces of the same kind with parametric curves cor- 
responding are defined by 

Xi~f •'/T+Tf^du, Vi =/(«)4 'i{b) + Zi =/{«)♦, {») 4 '*'!(«), 

where s is a parameter, and the functions ♦j, ’J'l, 'pf satisfy the conditions 

+ •hvl'i) — 4 4^Vi) ^ 

— PjPj 
~ 4>»*i 

Show also that the determination of 4>i and Pj requires only a quadrature 
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DEFORMATION OF SURFACES. THE METHOD OF WEINGARTEN 

145. Reduced form of the linear element. Weingarten has re- 
marked that when we reduce the determination of all surfaces appli- 
cable to a given one to the solution of the equation (IX, 18), namely 

( 1 ) AJ = {l~A,e)K, 

we make no use of our knowledge of the given surface, and in 
reality are trying to solve the problem of finding all the surfaces 
with an assigned linear element. In his celebrated memoir, Snr la 
deformation dee surfaces^* which was awarded the grand prize of 
the French Academy in 1894, Weingarten ‘showed that by taking 
account of the given surface the above equation can be replaced 
by another which can be solved in several important cases. This 
chapter is devoted to the exposition of this method. We begin by 
determining a particular moving trihedral for the given surface. 

It follows from (VII, 64) that the necessary and sufficient con- 
dition that the directrix of a ruled surface be the line of striction is 

(2) b = xl^V+ 2/Xd- 0. 

The functions If w,' ?t' are proportional to the direction-cosines of 
the curve in which the director-cone of the surface meets the unit 
sphere with center at the vertex of the cone. We call this curve 
the spherical uidicatrix of the surface. From (2) and the identity 

IV + Tnnz'-I- 727i'= 0 

it is seen that the tangent to tlie spherical indicatrix is perpen- 
dicular to tlie tangent plane to the surface at the corresponding 
point of the line of striction. This fact is going to enable us 
to determine under what conditions a ruled surface 2, tangent 
to a curved surface S along a curs’e (7, admits the latter for 
its lino of striction. 

■ -Ic/fl MathematiCfj^ Vol. XX (1800), pp. 150-200. 
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We suppose that the parameters «, v are any \vhateTer> and that 
the surface is leferred to a moving trihedral We consider the 
luled surf ice foined l>y the rraxis of the trihedral as the origin 
of the latter describes the cuive C The point (1, 0, 0) of a second 
trihedral parallel to this one, but with origin fixed, describes the 
spherical indicatnx of 2 From equations (V, 51) we find that the 
components of a displacement of this point are 

0, rdu + r,£fv, ~~(qdu 4- qidv) 

In order that the displacement he perpendicular to the tangent 
plane to 2 it the corresponding point of (7, that is, perpendicular 
to the ay plane of the moving trihedral, ue must haie 
(3) rdu + r^dt=0 


Hence if a tTihedral T be associated with a surface S m any man 
ner, as t!ic vertex of T describes an integral curve of equation (3), 
the X axis of T generates a ruled surface whose line of stnction is 
this curve 

When the parametric lines on S are given, and also the angle If 
which the x axis of Tmal.es with the tangent to the curve const , 
the functions r and are completely determined, as follows from 
(V, 52, 55) They are 


( 4 ) 


^ Al2J du Al2J dv‘ 


Hence if ZT" be given the value 

(5) + 

where ^ (u) denotes an arbitrary function of «, the function Tj is zero, 
and as the vertex of the trihedral describes a curve «=* const , the 
avaxis describes a ruled surface whose line of stnction is this curve 
Suppose now that the trihedral is such thatrjSsO From (V, 48,64) 
it follows that 

( 6 ) f = 

consequently 

( 7 ) r^JJ^^dv + ^|r(u), 

•where ^ is an arhitTaTy function of « 
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Let the right-hand member of (7) be denoted by /(u, v), and change 
the parameters of the surface in accordance with the equations 

v). 

From § 32 and equation (7) it follows that 




dv 




Since K is unaltered by the transformation, in terms of the new 
coordinates IT^K is equal to unity, and hence from (6) we have 
r = Vj. Therefore* the coordinate CTirves and the moving trihedral 
of a surface can be chosen in such a way that 
(8) ri=0, r = t;, irK=l. 

In this case we say that the linear element of the surface is in its 
reduced fomu It should be remarked that for surfaces of negative 
curvature the parameters are imaginary. 

146. General formulas. If Fj, ; Ag, Fo, A”, F, Z denote 
the direction-cosines of the axes of the moving trihedral with 
respect to fixed axes, we have, from (V, 47), 


(9) 


f C/Aj „ ^A^ ^ 3 A 


SA”, 8X„ 8A' ,, 

O,. o,. 


^ dv dv ^ * dv 

The rotations^), Pj, q, q^ satisfy equations (V, 48) in the reduced form 

M-ra-1- 

The coordinates x, y, z ot S with reference to these fixed axes are 
given by f ^ 

\x=J + 7?X) du + + v,X„) dv, 

z = J + vZ,) du + (l,Z, + 7?,^,) dv, 

r+r=A’, V{+vl=G, 


<U) 


where 

( 12 ) 

and 


(18) 




dy. 


£5 

?<’ du ^ cv du 

./J’?,— + -<??, = 0. 


: v|,. 
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the differential parameters betn^ formed mth respect to (23), renders 
the following erpression and «wntZar ones in y and z total differentials 

(25) v,)X,{u\ v^) + v{u,, 

sphere 1 

and the surface whose coordinates are the functions x^y z thus defined 
has the linear element (21) 

Before proving this theoiem vre remark that the parameters «' 
and v' may be chosen either as known functions of u and », or in 
such a way that the linear element (14) shall have a particular 
form. In the former case Xj, X,, are known as functions of «' 
and v', and m the second their determination requiies the solution 
of a Riccati equation However, in what follows we assume that 
Xj, Xj, Xj are known 

Suppose now that «' and i' are any parameters whatever, and 
that we have a solution «, of equation (24), where the differential 
paratnetera are formed with respect to (23) Let Vj denote the 
quantity (A^uJ-* Both and are functions of m' and and 
consequently the latter are expressible as functions of the former 
We express X,, I'^, Z, as functions of and v, and determine the 
correaponding linear element of the unit sphere, which we write 

(26) da* *= dtt* + 2 dn,dv, + dr* 


In terms of «j and v, we have 




/f* 


A,(X,,«J = 


‘ dUj 


ifi 


From these expressions it follows that if we put 


X,=» 
we have 

( 37 ) 






2 ^. 


2-v, 

XA,«’ 




0 , 

0 



METHOD OP WEINGARTEN 


857 


Hence if we put 

X = - Z,Y^, Y = - X^Z,, Z =^X^Y^ - Y^X^, 

the functions X^, X^, . • . , ^ satisfy a set of equations similar to equa- 
tions (V, 47). 

In consequence of (27) the corresponding rotations have the values 








It is readily shown that these functions satisfy equations similar 
to (10), 

Since the functions are of the same form in (26) as 

in (21), equations similar to the first two of equations (13) are neces- 
sarily satisfied. Hence the only other equation to be satisfied, in 
order that the expressions (25) be exact differentials, is 

(28) Vi)—PiV Oh, vj + gji («j, v^) - vj = 0. 

But it can be shown that the coefficients of (26) are expressible in 
the form ^ ->, 21-2 ^ p-a 

so that by means of differential parameters of formed with 
respect to (26) the equation (28) can be given the form (17). 
Hence all the conditions are satisfied, and the theorem of Wein- 
garten has been established. 

148. Other forms of the theorem of Weingarten. It is readily 
found that equations (22) are satisfied by the expressions 


^ aii" av 

-A 

du dv 


o 


where is any function of u and v. Since now 
equation (17) reduces to 
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This equation will be simplified still more hy the introduction 
of two new parameters which ate suggeeted by the following 
coosideratiotis 

As previously defined, the functions Xj, X,, are the direction- 
cosines of lines tangent to the given surface S in such a way that 
the ruled surface formed by these tangents at points of a curve 
w = const has this curve for its line of stnction Moreover, from 
the theorem of Weingarten it follows that the functions X^, F,, 
have the same significance for the surface appbcahle to S which 
corresponds to a particular solution of equation (17) 

But Xj, y,, F, may be taken also as the direction-cosines of the 
normals to a large group of surfaces, as shown in § 67 In partic- 
ular, we consider the surface S which is the envelope of the plane 
X^a: + Y^y + ZjZ = u 

Each solution of equation (17) determines such a surface If x, y, 2 
denote the coordinates of the point of contact of this plane with 2, 
we have from (V, 32) 

(32) S=ttXi-f-Aj(«, X,). 

which, in consequence of (19), may be wntten 

(32) x = uX^ + -X^ 

Hence the point of contact of 2 lies in the plane through the origin 
parallel to the tangent plane to 5 at the corresponding point 
If the square of the distance of the point of contact from the 
origin be denoted by 2 y, and the distance from the origin to the 
tangent plane by p,* we have 

(33) 2 y = z“=su*+i> p = u 

From (V, 35, 37) it follows that the principal radii of 2 are 
given by 

/S4\ f = - (A,« + 2 «), 

' ' 1 PiP» + “*» 

* Tbe reader will observe that the funetioos p and o' thos defined are different from 
tbe rotations designated by tbe aame letters As this notation la generally employed in 
the treatment of the theorem of Weingarten, it has seemed best to retain it even at the 
risk of a conlnslon of notation 
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where the differential parameters are formed with respect to (14). 
From these equations we have 


(85) 


{ A3« = -(p,+/>2)-2m, 

( A„jK = 4- (^i +/>-)« + 


We shall now effect a change of parameters, using p and y 
defined by (33) as the new ones. By direct calculation we obtain 


(36) 


du dp dq 


d4> 1 

dv dq' 


d'^4) _d% , o„ 

du' ^dpdq 


df'^ dq 


dudv v'‘\dpdq dq" / 


^ ctr i)“ d^ V* dq 


By means of the equations (33) and (36) the fundamental equa- 
tion (31) can be reduced to 


( 87 ) 


d"6 


Hl 

dpdq 


(Pi+P=) + 


¥ 


= 0 . 


This is the form in which the fundamental equation was first con- 
sidered by Weingarten.* The method of §§ 146, 147 was a subse- 
quent development. 

In terms of the parameters p and q the formulas (29) become 


(38) 


dp^ 




d"<f, 


dpdq 


-p -:r^i 


= V2 


q-p 


^, = -(2?-/) 


\cpcq dcp) 


= -(2?-/)’ 


\dpdq 
d"^ 


+p 


H 


If these values and the expression for Aj(«, Xj) given by (82) be 
substituted in (20), it is reducible to 


X 




1±. 

dpdq 



ricnduf, Vol. CXII (1691), p. COT. 
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Hence the equations for S may be written 



and consequently the linear element of S is of the form 

Since these various expressions and equations differ only in form 
from those which figure in the theorem of Weingarten, the latter is 
just as true for these new equations We remark also that the nght* 
band member of (40) depends only upon the form of 4> Hence we 
have the theorem of Weingarten in the form 

^ tn equation (37) ts a definite fiundton oj p and ihx» 
equation definee a large group of iurfacet uitA the same ipheneal 
repretentation^ the functione p^ and denoting the principal radtt, 
and p and 2q the distance from the ongtn to the tangent plane and 
the square of the distance to the point of contact Each surface 2 
satisfying this condition gives by quadratures (39) a surface mth the 
linear element (40) Conversely^ each surface mth this linear element 
stands m such relation to some surface satisfying the corresponding 
equation (37) 


As a corollary to the preceding results, we have the theorem 
The linear element of any surface S reduethle to the form 

(41) ds^ = 2 ^ dudv + 2 ^ dr*. 

du dv 

tohere t» a function of u and v 


For, we have seen that the linear element of any surface is 
reducible to the form (40) If, then, we change the parameters by 
means of the equations 


(42) 

we have 


dp 


dq 


(43) 


(?«' = (i«* + 2 + 2 y dt>’. 
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From (42) it follows that 

du = ^ dj) + dq, 
dp- ^ dpdq ^ 

and consequently 

(44) 
where 


dv ■■ 


^iLdp+^d,. 

dp dq dq’’ 


r^_^A 

' dxr ■d(f ' 
g? _ ^ 

du dp dq ’ 


<’P. 


d‘^<f> 


dv 


dpdq 
dv dp^ ’ 


A, 


1 ^ d^(f> d^ / d^4> y, 

A dp' dq^ 


From (44) it is seen that = and consequently the inverse 
of equations (42) are of the form 


(46) 




— 


_ 


du 


cv 


Hence equation (43) is of the form (41), as was to be proved. 
Moreover, equations (44) reduce to 

__ d^(f> 


(46) = 

' ' did dq- 


-A, 


d’^p^ d^(f) , 

— -- = r^A. 


du dv dp dq ' dv^ dp‘^ 

In terms of these parameters i/, v equations (39) reduce to 
(47) dr + I'dr, dy = -f ydy, dz ^ Z^dxL +zdv^ 


Hence the coordinates of 2 are given by 
dx 


(48) 


T = • 


CV 


- <^y 

cv 


^ dz 

Z = — 1 

dv 


and the direction-cosines of the normal to 2 are 


(49) 









& 

cu 


that is, the normals to 2 are parallel to the corresponding tangents 
to the curves t;= const on S. Hence we have the following theorem : 

ir^cn the linear clcmc7it of a surface is in the form (41), the sur- 
face 2 whose coordinates arc piven hp (48) has the same spherical 
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representation of its normals as the tangents to the curves v = const 
on S If p and Sq denote the distance from the origin to the tangent 
plane to 2 and the square of the distance to the point of contact, they 
have the values {45) Moreover, if the change of parameters defined 
hg these equations he expressed tn the inverse form 


(SO) 


d4> 

dp 


V 


it 

Bq' 


the principal radii of 2 satiny the condition 


(51) 




e*<f) 


a/ 


0 , 


and the coordinates of 8 are given hy quadratures of the form 


(62, & = 


Moreover, every surface with the same representation as 2, and whose 
functions /jj, pj, p, q satisfy (51) /or the same <}>, determines by equa- 
tions of the form (52) a surface applicable to S* 


149. Surfaces applicable to a surface of revolution When the 
linear element o! a surface applicable to a surface of revolution 
13 written 

(53) ds^ = du^ + p* (Wj) dv^, 

and the aj-axis of the moving trihedral is tangent to the curve 
V = const , the function r is equal to zero, as follows from (4) 

In order to obtain the conditions (8), we effect the transformation, 
of variable 

"“‘'it V*=~«p 

so that the linear element becomes 


(54) ds* = p* rfw* + dv* 

element in the reduced form we must take 


(55) 


t)=p'(— r) 


*For a direct proof of this theorem the reader is referred to a metnoii hjQomast, 
Sol nn tbforime de Sf Weiogartea, eC »ur U tbeorie dee eurfacee epplicablee Tovlousa 
Annates, Vol V (1891) , also Darbooi, Vol fV, p 316, and Bianchi, Vol II, p 198 
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From these results and (32') we find that the coordinates of the 
surface 2 are given by 

p' Bill p ^ p' P 

z — — — — + h — 

p' oUi p dv^ 

and the direction-cosines of the normals to 2 are 

T-1^ 

^~pdv,' ^ pdv,' ‘ pay, 

Also* %ve have 

(56) ^=2^xAi=t;„ 2q='^^=v^+^- 

Hence we have the theorem: 


To a curve which is the deform of a meridian of a surface of revo- 
lution there corresponds on the sxtrface 2 a curve such that the tangent 
planes to 2 at points of the curve are at a constant distance from the 
origin^ and to a deform of a parallel there corresponds a curve such 
that the projection of the radius vector upon the tangent plane at a 
point is constant 


For the present case = 0 ; consequently we have* from (38), 


dpdq'^^ df 


= 0. 


This equation is satisfied b}" 

(57) <f)(p, q)=f(2q^p% 

where f is any function whatever. In terms of this function we 
have, from (38), 

(58) ^ - 2/, ^ 4 (2 ? 

where the accents indicate differentiation with respect to the 
argument, 2^— 

By means of (55) the linear element (54) can be transformed into 

ds“=: o>* (tj)c?w4 — "—dvr^ 
the function o>(r) being defined by 



364 


DEIOBMATION OF SURFACES 


Since <? = fi= 0, we have 
f = «{«)» 




and we know that r =* v Now equations (58) become 

«(„) = - 2/'. iv)^4v{2q 

and these are consistent because of the relation 2y— p*s=l/i;*, 
which results from (56) Hence we have the theorem 

When 9) is a functio7i of 2 ?—/»’, the corresponding surface 8 
I* to a surface of revolution^ the tangents to the deforms of 

the parallels being parallel to the corresponding normals to 2 


If we give ^ the form (57) and put = 2/', the Imear element 
of S IS 


(69) ds^ = (2 ? ~ jo*) + "^^dp^ 

ns follows from (40) or (68) 

150 Minimal lines on the sphere parametric In § 147 we re 
marked tliat the parametric curves on the sphere may be any what- 
ever An mteresting case is that m which they are the imaginary 
generatrices In § 35 we saw that the parameters of these lines, 
say a and ;8, can be so chosen that 


(60) X,= 
Consequently 

(61) 


£fX»+ dY^+dZ^:^ j dad^ 


From (32) we find that the coordinates of 2, the envelope of 
Xp> + + Z^z ~p = 0, 


the plane 
are 


(62) 


5=yZ,+a|£ + «&- 


From these we obtain 

(68) 2j=/+(l + «5)'|| 
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By means of (34) the expressions for p ^+ and p^p„ in terms 
of p and its derivatives ndth respect to a and ^ can be readily 
found, and thus the fundamental equation (37) put in a new form. 
However, it is not with the general case that we shall now concern 
ourselves, but with a particular form of the function (f>(p, q)- 
This function has been considered by Weingarten* ; it is 


(64) 9)=pg-^-(^{p)- 

In this case 


a = -2y. 


\P)^ 


'^4> 

dpcq 


so that equation (37) reduces to 

(65) P,+P„ = -(2^ + 5"(;7)), 

which, in consequence of (84), may be written 


(66) 


c^p ^"{p) 
dad^~ (I + a^f 



0 , 


When the values from (62) are substituted in (52), we obtain 
^x = u -J + 1 [(1 - ^ + (1 - ^) ^] ^P^ 


(67) 

where 

( 68 ) 




From (42) and (64) we have 

u=:q—p-~a,’(p), v—p. 

Hence the linear element (43) of S is, in this case, 
(t>9) dtr = du® + 2 V (f iidv + 2 -f v® + 5'(e)] dn®. 


Jcia ^^a^hcmQ^;ca, Vol. XX p» las. 
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However, from (68) it 13 seen that 

(70) + 
so that (69) may be written 

(71) = dul 4- 2 + 5'(tf)] rfv* 

Oathenng together these results, we have the theorem 

The determination of all the surfaces with the linear element (71) 
reduces to the mteffration of the equation 


(72) 


B^p «> (p) 


BaB^ (1+a/S)* 


The integral of this equation for o>(p) arbitrary is not known 
However, the integral 13 known m certain cases We consider 
several of these 

151 Surfaces of Goursat Surfaces applicable to certain parab- 
oloids When we take 


(73) 

m being any constant, equation (72) becomes 


(74) 


m(l — «i)p 
dad/3 " {l + afff 


The general integral of this equation can be found by the method 
of Laplace,* in fimte form or m terms of defimte integrals, accord 
mg as m 13 integral or not. 

The Imear element of the surface S is 


(75) £?«*=£?«/ -f- [2 t^^+^n(l — m)^>*J(^w* 

And the surfaces S are such that 

(76) p^+p^+2p — m{m—l)p, 

fhat 13, the sum oi the principal radii is proportional to the dis 
tance of the tangent plane from a hzed point These surfaces 
were first studied by Goursatjf and are called, consequently, the 
surfaces of G-oursat 


• ParbottX Vol 11 p £3 


t Amenean Journal Vol X (1888) p J87 
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D«irboux has remarked^ that equation (71) is similar to the linear 
element of ruled surfaces (VII, 53), In fact, if the equations of a 
ruled surface are ^mtten in the form 

(77) y = z = 2o + 7iUi, 

where • • •; ?, w, n are functions of v alone, which now is not 
necessarily the arc of the directrix, the linear element of the 
surface will have the form (71), provided that 

(78) 2i==:l, 2a:'2=2«'(v), 2x^r=-l, 2i'*=0. 


In consequence of the equations 

it follows that a ruled surface of this kind admits an isotropic 
plane director. If this plane be a; *4- iy = 0, that is, if 

Z';7n':n'=l:f:0, 

we have 

lt=V^ 7n — iV^ 71 = 1, 


where V is a function of v. By means of these values and equa- 
tions (78), we can put (77) in the form 


(79) 




=/ 


dv 

r' 


a: — zy = 2 Fzij -f 2^ V^oj'dv 


dv, 


V 



dv. 


We shall find that among these surfaces there is an imaginary 
paraboloid to which are applicable certain surfaces to which Wein- 
garten called attention. To this end we consider the function 


(80) S'(jp) = ~-V^y — 2 ATd 

where k denotes a constant. Now equation (66) becomes 


( 81 ) 


. gp 

^P__ j^ie '^‘—1 

• Tol. IV, p. 333. 
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In consequence of the identitj 

the preceding eqU'\Uon is equiwlent to 

e'^ (1+0)8)* 

If we put 

e« = e'^(l+rt;8), 

this equation tales the Liouville form 


of which the general integral is 

where A and B are functions of a and /S respectively, and the 
accents indicate differentiation with respect to these Hence the 
general integml of (81) is 

Va ^ (1 + ff/3) ’ 
and the linear element of S is 

(82) du* + 2 (iq- - 2 ;ee 

If now, m addition to (80) we take 

the equations (79) take such, a form that 

(83) (z+tt/)xs=^fcz 

Hence the surfaces with the linear element (82) are apphcablo to 
the imaginary paraboloid (83) The generator « + *ys=0 of this 
paraboloid m the plane at infinity is tangent to the imaginary 
circle at the point (x y z=l t 0), which is a different point 
from that in which the plane at infinity touches the surface, 
that IS, the point of intersection of the two generatore 
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Another interesting case is afforded when m in (73) has the 
value 2. Then S'(v) = — 1’°, and equation (71) becomes 

(84) ds- = dul + 2 (iq — v^) dv". 

If we take r=v/V^, we obtain from equations (79) 

3;+zy=V^r, 3: — ly = z = 7 q — — > 

from which we find, by tbe elimination of iq and v, 

(85) {x + hj)z-K{x—iy). 

The generator z + iy = 0 in the plane at infinity on the paraboloid 
(85) is tangent to the imaginary circle at the point (a;:y:z = l:t:0), 
just ns in tJie case of the paraboloid (83), but the paraboloid (85) is 
tangent to the plane at infinity at the same point. 


GENERAL EXAMPLES 

1. A moving trihedral can be associated with a surface In an infinitjf of ways so 
that as the vertex of the trilicdral describes a curve u = const, tlie a:-axis generates 
a ruled surface wdiose line of striction is tliis curve. 


2. The tangents to the cur\'os r = const, on a surface at the points where these 
curves are met by an integral curs’e of the equation 



0 


form a ruled surface for which tiie latter cun'c is the line of striction. 


3. If the mled surface formed by an infinity of tangents to a surface S has the 
locus of the points of contact for its lino of striction, this relation is unaltered by 
deformations of S. 


4. Sliow that if D, J)\ D" are the second fundamental coefficients of a sur- 
face with Uio linear element (53), Uie equation of tlie lines of curvature of tlie 
associated surface 2 is reducible to 

Ddux^irdvi ITdUx^^jy'dvi 

^dui pp'dvi 

P 

5. Show that the surface 2 associated by the metliod of Wclngartcn with a sur- 
face S applicable to a surface of revolution corrcsjionds with parallelism of tangent 
planes to Ujo surface S' complementary to S with respect to the deforms of tlie 
meridians; and that the lines of curvature on 2 and S' correspond. 
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6 Show that when ^ has the form (67), equation (61) Is rednelble to 

(/>i + J>) (rt + J>) = F(2 ? - p*) , 

hence the determination of atl the surfaces applicable to surfaces of revolution is 
eqi^valent to the determination of those surfaces S which are such that If 3fi and 
Jifj are the centers of principal curvature of S at a point if, and N is the projection 
of the origin 0 on the normal at if, the product Nifi Nift is a function of ON 

7 Given any surface S applicable to a surface of revolution Draw through a 
fixed point 0 segments parallel to the tangents to the deforms of the meridians 
and of lengths proportional to the radii of the corresponding parallels, and through 
the extremities of these segments draw lines parallel to tlie normals to 5 Show 
that these lines form a normal congruence whose orthogonal surfaces Z have the 
same spherical representation of their lines of curvature as S and are integral ear 
faces of the equation of Ex. 6 

6 Let S he a surface applicable to a surface of revolution aud B the surface 
complementary to 8 with respect to the deforms of the meridians , let also Z and 
Z be surfaces associated with S and S respectively after the manner of Ex 7 
Bhow that corresponding normals to Z and Z are perpendicular to one another, 
and that the common perpendicular to these normals passes through the origin and 
IS divided by it into two segments which are functions of one another 
9 Show that a surface determined by the equation 
2 5 + * + (pi + pi)P + nPs = 0, 

where k Is a constant, possesses the property that the sphere described on the seg- 
ment of each normal between the centers of principal curvature with this segment 
for diameter cuts the sphere with center at the ongm and of radius V± « in great 
circles, orthogonally, or passes through the origin, according as « is positive, nega- 
tive, or zero These surfaces are called the surfaces of .ButncAl 

10 Show that for the surfaces of Bianchi the function ^ (p, $) is of the form 

^ =VZq - p» + IT, 

and that the linear element of the associated surface S applicable to a surface 
of revolution is / 1 \ 

ds* = + yf>*diP 

Show also that according as s = 0, >0, or<D the linear element of S la reducible 
to the respective forms 

da* = du* + e*“d5*, ds* = tanh*u du* -)- sech*iid5*, ds* = coth*udu* -f- csch*ttdB* 
On account of this result and Ex 10, p 318, the surfaces of Bianchi are said to he 
of the parabolic, elZiptte, or hyperbolic type, according as « = 0, > 0, or <0 

11 Let S he a paeudosphexical surface with its linear element la the form 
(Vm, 32), and Si the Bianchi transfonn whose linear element is (VIII, S3} Find 
the coordinates 2 , y, s of the surface Z associated with 8i by the method of Wein- 
gartcn, and show that by means of Ex. 8, p 291, the expression for z la reducible to 

I 

2 = oe« (cos 9Xi + sm tfXj) + fX, 

where Ji, 2r*, X are the direction-cosines with respect to the z-axis of the tangents 
to the lines of curvature of 8 and of the normal to the latter 
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12. ShoTT* that the surfaces S aud S of Er. 11 have the same spherical represeu- 
tation of their lines of curvature, that S is a surface of Bianchi of the parabolic 
type, and that consequently there is an infinity of these surfaces of the parabolic 
type which have the same spherical representation of their lines of curvature as a 
given pseudospherical surface S, 

13. Show that if Si and are two surfaces of Bianchi of the parabolic type 
which have the same spherical representation of their lines of curvature, the locus 
of a point which divides in constant ratio the line joining corresponding points of 
2i and 22 is a surface of Bianchi with the same representation of its lines of cur- 
vature, and that it is of the elliptic or hyperbolic typo according as the point divides 
the segment internally or externally. 

14. When S is a pseudospherical surface with its linear element in the form 
S2), the coordinates 2ci, pi, zi of tlio surface 2 determined by the method 

of Weingarten are reducible to 

A 

xi = (ae « cos ^ + 1? sin -f (ae « sin 0 — tj cos 6) Xu , 
and analogous expressions for and zi, where Xi, Xi, Zi; X 2 , Z 2 are the 
direction-cosines of the tangents to the lines of curvature of S. Show also that 2 
has the same spherical representation of its lines of curvature as the surface Si with, 
the linear element (VIII, 38). 


15. Derive from the equations 

’¥yYx + zZi = p, -f. 52 =r 2 g, 

by means of (44), (48), and (49), the equations 


X — — A- 


= A 


52 ^ 

op^ 


where x, y, z arc the coordinates of S, 

16. Show that the equations for 2 similar to (IV, 27) are reducible to 


c*x , , c)*x , ^ 

du + — dtj-f r 
tudv cv^ 


/^x , v*z , 

( — -du H do 

\SU2 


’) = o, 


and similar expressions in y and z. Derive therefrom (cf. Ex. 16) the equations 
jydu 4-D"do + f{Ddu -f lYdv) = 0, 




du — ^do — du — L^do\ = 0, 
^p2 \2g^ eptq J 


where D, JX, D" are the second fundamental coefficients of 5. 


17. Show tliat the lines of curvature on 2 correspond to a conjugate system on 
5 (cf. Ei. 10). 

1 8. Show that for the surface 2 wc have 


c*x cXi 

= *~ PiPt “z — » 
cp eg 


?x_aXi , ,aXi 

eg cp eg 


19. Let She the surface defined by (07) and 5i the surface whose coordinates am 


xi=rx~uiXi, yi^y-uiVi, 2i = r-ui2i. 

Show that Sj i<? an involute of S, that the cur\‘eap = const, are geodesics on S and 
lines of cun-aturo on Si, and iliat the radii of principal curvature of Si are 
p 1 = Pi =r - [t/i 4 . 2S'(p)]. 
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$0 Show that when m In (73) ib 0 or 1, the fucction p is the sum of two arbi 
trary fanctions of a and fi respectively, that tho linear element of S is 
da* ss du/ + 2 Wide*, 

that 5 18 an erolnte of a minimal surface (ci £x, 19), and that the mean evolate of 
2 Is a point 

21 Show that when m In (73) la 2, the general integral of equation (74) is 
P +/iO) - 2 . 

where /i and/i are arbitrary functions of a and p respectively Show also that the 
surface 2 is minimal (cf § 161) 

83 Show that the mean evoiute of a surface of Gouraat is a surface of Gouraat 
homothetic to the given one 


23 Show that when c (p) = J ap\ then 

p = a log(l + ap) +/i(a) +/t{P), 

where /i and/i are arbltraty functions that the linear element of S is 
da* = du^® + 2 («i + an) do®, 
and that the mean evolute of S is a sphere 


24 Show that the surfaces 8 of Er 23 are applicable to tho surfaces of revolu 
tion So whose equations are 


„=/v;? 

that when 
0{J’. = + '”7^* 


XB = miC08— I po = aiiam— 
a a 

where (t is an arbitrary constant Show also that when a = t 

38 Show that when 


a* - o*dtt, 

la. So IS a paraboloid 


the eurfacca 2 are aphericT,! or pseudospbCTicai according as m is positive or nega- 
tive , also that the surfaces S are applicable to the surface 


x + iv = v x — — — — me, z = «, 

whirh 13 a paraboloid tangent to the plane at infinity at a point of the circle at 
infinity 
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INFINITESIMAL DEFORMATION OF SURFACES 

152. General problem. Tlie preceding chapters deal with pairs 
of isometric surfaces which are such that in order that one may 
he applied to the other a finite deformation is necessary. In 
the present chapter we shall be concerned with the infinitesimal 
deformations which constitute the intermediate steps in such a 
finite deformation. 

Let x^y^z \ a/, y\ respectively be the coordinates of a surface 
^ and a surface the latter being obtained from the former by a 
very small deformation. If we put 

(1) y = 

where c denotes a small constant and y^^ z^ are determined func- 
tions of u and v, these functions are proportional to the direction- 
cosines of the line through corresponding points of Smd From 
these equations we have 

dz^-\- 2 €(dxdx^‘i- dydy^^i- dzdz^ 

4“ (^^'1 4- dy { 4- dz ^). 

If the functions satisfy the condition 

(2) dx dx^^ -f dy dy^ + dz dz^ = 0. 

corresponding small lengths on S and #$' are equal to within terms 
of the second order in e. When e is taken so small that e* may be 
neglected, tlie surface defined by (1) is said to arise from S by 
an vifinitcsmal deformation of the latter. In such a deformation 
each point of S undergoes a displacement along the line through 
it whose direction-cosines are proportional to z^. These lines 
are called the gencratnccs of the deformation. 

It is evident that the problem of infinitesimal deformation is 
equivalent to tlie solution of equation (2). Since a-j, are 
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functions of u and r, they may be taken for the coordinates of a 
surface Equation (2) expresses the fact that the tangent to 
any curve on S is perpendicular to the tangent to the correspond 
ing curve on at the homologous point We say that m this case 
S and 5, correspond with orthogonality of corresponding linear ele- 
ments And 80 we have 

The problem of the infinitesimal deformation of a surface S is 
equivalent to the determination of the surfaces corresponding to it 
with orthogonality of linear elements 


153 Characteristic function We proceed to the determination 
of these surfaces and to this end replace equation (2) by the 
equivalent system 


( 3 ) 


^ 0a: ^ dx ^ dx^ ^ dx dx^ ^ 

^ 3« ^ ’ ^dv dv ’ ^ cu dv ^ ^ dv 8u 


Wemgarten • replaced the last of these equations by the two 
^ 0a: 0a;, , _ ^ 0a: dx. 

thus defining a function <f>, which Bianchi has called the character 
istic function , as usual If = VjSG ~ 

If the first of equations (3) be differentiated with respect to v, 
and the second with respect to u, we have 

^dududv ^ du dudv~ ’ 0t> 0« cv 0i 0u<7tf " 


With the aid of these identities, of the formulas (V, 3), and of the 
Gauss equationb {V, 7), the equations obtained by the differentia 
tion of equations (4) with respect to u and v respectively are 
reducible to 

0u H 



dv H 


Crtlh \ol C(1887) pp 200-310 
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Excluding the case where is a developable surface, we solve these 
equations for and obtain 


( 5 ) 



d'^±-d^4- 

du Bv 


KH 


S dll dv 

dv^ KH 


where K denotes the total curvature of S. If we solve equations 
(3), (4), and (5) for the derivatives of with respect to u 

and V, we obtain 



and similar expressions in and Hence, when the characteristic 
function is known, the surface can be obtained by quadratures. 
Our problem reduces therefore to the determination of 
If equations (5) be differentiated with respect to v and respec- 
tively, and the resulting equations be subtracted from one another, 
we have 


£ 

dv 





1 cu 

1+1 

du dv I 

\ KJ{ 1 

dn ' 

i / 


dA. 

^ dv dit ^ 


dx^ dX 
du dv 


When the derivatives of A*”, Z in tlie right-hand member are 
replaced by the expressions (V, 8), the above equation reduces to 



Bv ^”1 I ^ 
Kjr 


Id" A ^2)’ A] 

I du dv 1 

1 2FD’- 

-EP'-GJ) 

\ A'if j 

H 




Bianchi calls this the c/turacfcristic equation. 

In consequence of {IV, 73, 74) equation (7) is reducible to 


( 8 ) 




Bv cu 

7f 


" Bu dv 

// 



N 





376 INFINITESIJfAL DEFOEMATION 

\rhere ^ are the coefficients of the linear element of the 

sphencal representation of 5, namely 
(9) (?<r*as € ^^dudv + ^dt?' 

and /y=V(^^— 5 ?* 


By means of (V, 27) equation (8) is reducible to 


•where the Chnstoffel symbols are formed with respect to (9) 

Since JT, Y, Z are solutions of equations (V, 22), they are solu 
tions of (10), and consequently also of equation (7) Therefore the 
latter equation may be wntten 


\ dv ^ dv / \ ^ “ 8u J 


.ax\ i H 


But this IS the condition of integrability of equations (6) Hence 
we have the theorem 

Each solution of the characteristic equation determines a surface 
and consequently an infinitesimal deformation of JS 


154 Asymptotic lines parametric When the asymptotic lines 
on S are parametric, equation (10) is reducible, m consequence of 
(VI, 16), to 

(111 ^+l£M£a+il>2£e!4+^i = o, 


dll 2 8u dv 


where 




!L 

D> 


If we put 
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e being +1 or — 1 according as the curvature of S is positive or 
negative, equation (11) becomes 


./I 


\-y/p dltdv 

Since A", F, Z are solutions of (11), the functions 
are solutions of (12). 






Now equations (6) may be put in the form 


(13) 


dx^ 

diL 


V, e 

dll dxi\ 


dx^ 


e 


dv^ dd 
dv dv 


The reader should compare these equations with the Lelieuvre 
formulas (§ 79), which give the expressions for the derivatives of 
the coordinates of S in terms of Vg. 

From these results it follows that any three solutions of an 
equation of the foim ^0 

“ Muy 

dll dv 

wliere M is- any function of n and r, determine a surface jS upon 
which the parametric curves are the asymptotic lines, and every 
other solution linearly independent of these three gives by quad- 
ratures an infinitesimal deformation of S 


EXAMPLES 

!♦ A noce&sarj' and sufficient condition that two surfaces satisfying Uie condi- 
tion (2) be applicable is that tbej’ bo minimal surfaces adjoint to one another. 

2. If X, i/, 2 and Xj, 7/1, zi satisfy tlic condition (2), so also do 77, and 171, 
h, the latter being given by 

I CfiX -f biV Ci2 -f diy Zi = Cih “f «2t7l -f ^3^1 -f Cu 

17 =: o«x h>y -f + ds, 3/1 ^ 

i" = 03X -4- h^y -4- C32 -f ds, 2i = Cif I + C2171 -f Csh + Cs* 

whore aj, Oj, ♦ • ., C|, r-, cj are constants. 

3. jV necessary condition that tlm locus of the point (xi, Vi, zi) be a curve is 
tliat S be a dcveloimble surface. In this case any orthogonal trajectory of the 
tangent planes to S satisfies the condition. 

4. Investigate the cases ^ = 0 and c, where c Is a constant different from zero. 

6. If and S{ correspond to S with ortliogonality of linear elements, so also 

do^s the locals of a point dividing in constant ratio the line joining corresponding 
points on ^51 and Sf. 
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155. Associate surfaces The expressions m the parentheses of 
equation (10) differ only in sign from the second fundamental co 
efficients, D,, of the surface N, enveloped by the plane 

(14) Xar+ry + Z2 = .^* 

Hence equation (10) may be written 

(15) i)"A + DDJ' - 2 jyDl, ^ 0 

This 13 the condition that to the asymptotic lines upon either 
of the surfaces S, there corresponds a conjugate system on 
the other (§ 56) Biancbi applies the term associate to two sur 
faces whose tangent planes at corresponding points are parallel, 
and for which the asymptotic lines on either correspond to a 
conjugate system on the other Since the converse of the pre- 
ceding results are readily shown to be true, we have the theorem 
of Bianchif 

]Vhen two surfaces are associate the expression for the distance 
from a fixed point in space to the tangent plane to one is the ehar^ 
actenstic function for an infinitesimal deformation of the other 

Hence the problems of infinitesimal deformation and of the 
determination of surfaces associate to a given one are equivalent 
We consider the latter problem 

Smce the tangent planes to S and at corresponding points 
are parallel, we have 

^ du ^ dv' 8v ^ ^ dv 

and similar equations in and Zg, where jii, «t, t are functions 
of u and v to he determined 1 

If these equations be multiplied by — , — » -S and added, and 
8X 8Y dZ du du du 

likewise by — > and added, we obtain 

Sv dv dv 

n 6^ j A = Ai> - /^D', A' = «--P’ - r2)>\ 

*Cf {67 iLeiiom Vol II p 9 

t The negatWfe svgaa betote »nd r taten so that sabseqaeat lesnlts may ha»» a 

suitable form 
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where Z>o, are the second fundamental quantities for S^. 

When these values are substituted in (15), we find 

(17) 


Consequently the above equations reduce to 


( 18 ) 


dXf. ' dx dx dx^ dx ^ dx 

— a—, A — * 

8u du dv dv du dv 


If we make use of the Gauss equations (V, 7), the condition of 
integrability of equations (18) is reducible to 


dv 


where A and B are determinate functions. Since similar equations 
hold in y and z, both A and B must be identically zero. Calculating 
the expressions for these functions, we have the following equations 
to be satisfied by A, and cr : 


( 19 ) 


r> _ . • 


{ dji 

dv 




To these equations we must add 

(20) 2 Ai)'- crD = 0, 

obtained from the last of (16). The determination of the asso- 
ciate surfaces of a given surface referred to any parametric sj^stem 
requires the integration of this system of equations. Moreover, 
cverj' set of solutions leads to an associate surface. We shall now 
consider several cases in which the parametric curves are of a 
particular kind. 

156. Particular parametric curves. Suppose that S is a sur- 
face upon which the parametric curves form a conjugate system. 
Wc inquire under what conditions there exists an associate sur- 
face upon which also the corresponding curves form a conjugate 
system. 
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infinitesimal deformafion 


On this hypothesis ^^e have, from (16), 

= tf = 0, 

80 that equations (19) reduce to 

which are consistent only when 


( 22 ) 




that 13, -when the point equation of 5, namely 

a^e n2\se fi2\s0 

Sudv \lJ^u^\2idv 


has equal invariants (cf § 165) 

Conieraely, when condition (22) is satisfied, the function X 
given by the quadratures (21) makes the equations 

(23) 


Bii du 


dv Bv 


compatible, and thus the coordinates of an associate surface are 
obtained by quadratures Hence we have the theorem of Cosserat* 


The ni^mteaimaJ d^OTTnation ef a mrface S the sar/ie problem 
as the determtnatton of the conjugate eysteme with equal point tnian- 
ants on S 


Since the relation between 5 and is reciprocal and tlie 
parametric curves are conjugate for both surfaces, these curves on 
N, also have equal point invariants 

If iS be referred to its asymptotic lines, the corresponding lines 
on N, form a conjugate system In this case, as la seen from (16), 
X IS zero and equations (18) reduce to 
Bx 


Bu ^ Bv 


7 


moreover, equations (19) become 


( 25 ) 


TouJoww^nuaJw \ol anO803),N 60 
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Tho solution of this system is the same problem as the intcgra* 
tion of a partial differential equation of the second ordei\ as is 
seen by the elimination of either unknown. When a solution of 
tlio former is obtained, the corresponding value of the other 
unknown is given directly by one of equations (25). 

We make an application of these results to a ruled surface^ 
wJ)ich we suppose to be referred to its asymptotic lines. If the 
curves V = const, are the generators, they are geodesics, and conse- 
quently (VI, 50) 

l2J^ 


Now can be found by a quadrature. When this value is sub- 
stituted in the second of equations (25), we have a linear equa- 
tion in O', and consequently cr also can be obtained by quadratures. 
Hence we have the theorem: 

Whe 7 i the curved asymptotic Imcs on a ruled mrface are hnotviiy 
its associate surfaces can he found hy quadratures. 

If Sq were referred to its asymptotic lines, we should have 
equations similar to (24). These equations may be interpreted 
as follows: 

The tangent to an asymptotic line on one of two associate surfaces 
is parallel to the directioyi conjugate to the corresponding curve on 
the other surface. 


EXAMPXES 

1. If two lusociate surfaces are applicable to one another, they are minimal 
surfaces. 

2. Every surface of translation admits an associate mirface of translation such 
that the generatrices of tho two surfaces constitute the common conjugate system. 

3. The surfaces associate to a sphere are minimal. 

4. When the eqiuitions of tho right helicoid are 

X = u cos r, 2 / = u sin r, z =s or, 
the characteristic functionof any infinitesimal deformation is 
where U and V are arbitrary functions of u and v respectively. Find the surfaces 
Si and So, and show that tho latter are molding surfaces. 

5. If So and So are associate surfaces of a surface S, Uie locus of a point 
dividing in constant ratio tlie joins of corresponding points of So and So Is an 
ass^Dciate of S. 
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157. Relations between three surfaces S, 5^ S,. Having thus 
discussetl the various ways in which the problem of infinitesimal 
deformation may be attacked, we proceed to the consideration of 
other properties which ate possessed by a set of three surfacea 
S,, S, 

We recall the differential equation 

dxdx^ + dydyi+ d^d^^~ 0, 
and remark that it may be replaced by the three 
(26) dx^ = z^dy — y^dz, dy^= x^^dz — z^dx, dz^^y^dx — x^dy, 
if the functions x^, y,, 2 , are such a form that the conditions of 
mtegrability of equations (26) are satisfied These conditions are 


dy 

dz^ 

dz 

SVo 

dy 

dz. 

dz dy. 

Su 

Zv 

du 

dv 

dv 

dfu 

dv du 

dz 

dx^ 

dx 

dx. 

dz 

dx. 

dx dz. 

du 

dv 

du 

dv~ 

dv 

du 

dv Su 

dx 



dj,_ 

_ dx 


dy dx. 

du 

dv 

du 

dv 

^iv 

du 

dv du 


dx dy dz 


If these equations be multiplied ^7 ^ 

dx dy dz 


respectively and 


added, and likewise by — , 
by (IV, 2), 


and by X, F, Z, we obtain. 


(27) 

(28) 


5 

^dx, 

du 

= 0, 



= 0 , 

X 

Y 

Z 1 


X 

T 

z 

dx 

dy_ 

dz 


dx 

dy 

dz 

du 

cu 

du 1 


dv 

dv 

cv 

dx. 


dz,\ 


dx. 


dz. 

dv 

dv 

dv < 


du 

du 

du 


From the first two of these equations it follows that the locus of 
the point with coordinates Xg, y,, z^ corresponds to S with paral* 
lelism of tangent planes 

In order to interpret the last of these equations we recall 
from §61 that 

g 9(r, Z) a d(Z, X) a 3(X, Y) 

//^d(u,t)’ /f d{u,v)' /fd{u,v)' 
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■where a is ±1 accoiiiing as the curvature of the surface is positive 
or negative. If we substitute these values in the left-hand mem- 
bers of the following equations, and add and subtract 

dx ^ 

and — from these equations respectively, the resulting 

cv du Bv 

expressions are reducible to the form of the righbhand members 


(29) 


Bu 


//(r- 

\ \ dv 



dv J 
dv) 


By means of these and similar identities, equation (28) can be 
transformed into 

^ dll dll ^ dv dv dll dv ^ dv dii) 


Since this equation is equivalent to (15) because of (27), the 

quantities Zq in (26) are the coordinates of jSq. Hence 

when a surface is known, the coordinates of the comspond- 
ing surface are readily found. 

This result enables us to find anotlier property of and 
If -Yj, Yj, denote the direction-cosines of the normal to 
they are given by 

X =z — ^(^1^ g]) I" = i_ z - — 

" ‘ //, B(u, V) ’ ’ 7/j 8(u, V) ’ ' Nj a(«, V) ’ 

where 77, = V Aj(?, — I'f, A,, N,, G, being the coefficients of the 

linear element of S^. If the values of the derivatives of y^, z,, 

as given by (26), be substituted in these expressions, we have, 
in consequence of (1-4), 


(30) 


5' ^0-^^ j 




.hIL 

■ 77, 






As an immediate consequence we have the theorem: 

A normal io is parallel to the radius i^ector of at the corre- 
spond intj point. 
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By means of (SO) we find readily the expressions for the second 
fundamental coefficients Dj, -Dj, I>1 of S^ If we notice that 






and substitute the values from (6) ami (30) lu 


A" 


du ’ 


we obtam 


du I 

^ u. dx. 


^ dv du 


(31) 




From these expressions follow 
(32) + 

1 A A' + A'A- 2 A A' = 0 

Combining this result with (15), we have 

The «i*ynipt£>fiff lines upon any one of a group of three surfaces 
iS, <S,, correspond to a conjugate system on the other two, 
or, m other words 

The system of lines which is conjugate for any two of three surfaces 
S, S^y corresponds to the asymptotic lines on the other 
If the curvature of S be negative, its asymptotic lines are real, 
and consequently the common conjugate system on 5, and 5^ is 
real If these lines be parametric, the second of equations (32) 
reduces to AA'+M'A=Q 

As an odd number of the four quantities in this equation must 
be negative, either or has positive curvature and the other 
negatiie Similar results follow if we begin with the assumption 
that 5, or has negative curvature 

If the curvature of if be positive, the conjugate system common 
to it and S, is real (cf § 56), consequently the asymptotic lines 
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on Sq are real, and the curvature of the latter is negative. But 
we saw that when the curvature of Sq is negative, and of S positive, 
that of also is negative. Hence : 

Given a set of three surfaces N, one and only one of them 

has positive curvature. 

Suppose that S is referred to the conjugate system corresponding 
to asymptotic lines on 4 %. The point equation of S is 

dudv 1 1 / 1 2 i at) 

We shall prove that this is the point equation of also. 

If we differentiate the equation 

dx. dy dz 

du Git du 

ulth respect to and make use of the fact that y and z are solu- 
tions of (33), we have, in consequence of (26), 

^3), fdz^ dy 8.yo dz\ /12\ dx^ fl2~t dx, 

dudv du dv du) 1 1 / ^24 L 2 / 

But the expression in parenthesis is zero in consequence of equa- 
tions similar to (24), and hence is a solution of (33). 

Since the parametric ounces on are its asymptotic lines, the 
spherical representation of and consequently of S must satisfy 
the condition ^ d fl2Y 

Hence wo have the theorem of Cosserat: 

The problem of infinitesimal deformation of a surface is the same 
as the determination of the conjugate systems nith equal tangential 
invariants upon the surface, 

158. Surfaces resulting from an infinitesimal deformation. We 
pass to the consideration of tlie surface arising from an infini- 
tesimal deformation of S, Its coordinates are given by 

(34) y = i' + c?/j, 2 '=z + €Zj, 

where e is a small constant whose powers higher than the first are 
neglected. Since the fundamental quantities of the first order for 
5, namely E’, F\ G\ are equal to the corresponding ones for .S, bv 
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means of (26) the expressions for the direction-cosmes X', 2? 

of the normal to S’ are reducible to 
(36) X’^X+i{U^~~Zy^ 

and Bimilar expressions for Y' and Z’. 

The denvatives of X' with respect to « and w are reducible by 
means of (29) to 

dx' ax, / ar dz\€a{^,dx „ ax\ 

dx' 8X, / sr ez\ taf^,,dx „,sx\ 

where a is ±1 according as the curvature of S^ is positive or negative. 
When these results are combined with (26) and (34), we obtam 

V — ~ = V — — + — V — — -2? — ^ 

-^aii aw'^//^a« V “aw “aw/ 

L "laM su 8u qu) ^“Vaw aw aw aw/J 

The last expression is identically zero, as one sees by writing it 
out in full From this and similar expressions for 

'51^— > and the values for the second fundamental 

^ aw aw ^ dv aw 

coeflBcients of S’ can bo given m the form 


(36) 


aw aw //' 


■A-®'). 


>' = i)'+ ^ (D"!) -D'D') ^ D' 4- ^ - 




We know that //” is equal to ±HK according as the curvature 
of S 13 positive or negative (cf § 60) Also, by § 157, one and only 
one of three surfaces S, S^, S,, has positive curvature Recalling 
that a m the above formulas is ± 1 according as the curvature of 
So 13 positive or negative, we can, in consequence of (31), writ© 
equations (36) in the form 

where the upper sign holds when S^ has positive curvature. 
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From these equations it is seen that and can be zero sim- 
ultaneously only when D[ is zero. Hence we have: 

The unique conjugate system tvhich remains conjugate in an injini- 
tcsimal deformation of a surface is the one corresponding to a conju- 
gate system on /Sj, or, what is the same thing^ to the asymptotic lines 
on Sq. 

In particular, in order that the curves of this conjugate system 
be the lines of curvature, it is necessary and sufficient that the 
spherical representation be orthogonal, and consequently that Sf^ be 
a minimal surface (cf. § 55). Prom this it follows that the spherical 
representation of the lines of curvature of S is isothermal. Con- 
versely, if a surface is of this kind, there is a unique minimal sur- 
face with the same representation of its asymptotic lines, and this 
surface can be found by quadratures. Hence the required infinites- 
imal deformation of the given surface can be effected by quadra- 
tures (26), and so we have the theorem of Weingarten *: 

A necessary and sufficient condition that a surface admit an injini- 
tcsimal deformation xoliich preserves its lines of curvature is that the 
spherical representation of the latter he isothermal; when such a 
surface is expressed in terms of parameters referring to its lines of 
curvature^ the deformation can be effected by quadratures. 


159. Isothermic surfaces. By means of the results of § 158 we 
obtain an important theorem concerning surfaces whose lines of 
curvature form an isothermal system. They are called isothermic 
surfaces (cf, Exs. 1, 3, p. 159). 

From equations (23) it follows that if the common conjugate 
system on two associate surfaces is orthogonal for one it is the 
same for the other. In this case equation (22) reduces to 


du dv 


logf = 0, 


of which the general integral is 


E U 
G V' 

where U and V are functions of u and v respectively. Hence the 
lines of curvature on S form an isothermal system (cf. § 41). 


• Sitsvno^bfrichte <fcr Kojiig^ Akadanie zu Bcrlirif ISSG. 
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If the parameters be isothermic and the linear element wnttea 
ds*sa r(d«*+ di/’) 

it iollo-svs from (21) that 

(87) \-i- 

and equations (23) become 

^_l££ ^ 

du rhi Bv r Bv 

From these results we derive the following theorem of Bour* and 
Chi IS toff el 

the linear element of an isotAertrtic mrface referred to it« line* 
of cunature be jgt ^ ^ ^ 

a second tsothermte surface can be found by quadratures It ts asso- 
ciate to the given one and its linear element ts 

if«p*= ^ (rfu*+ dv^) 

From equations (16) and (17) it follows that the equation of the 
common conjugate system (IV, 43) on two associate surfaces jS S„ 
18 reducible to 

(38) 2 \ dudr 4- cr t7r*= 0 

The preceding results tell us that a necessaty and sufficient condi 
tion that jS be an isothermic surface is that there he a set of solo 
tions of equations (19) such that (38) is the equation of the lines 
of curvature on S Hence there must be a function p such that 
p.=^p{ED^Fl>) 2 \=^p{ED -GD) <t:=p{FI> -^GI/) 

satisfy equations (19) f Upon substitution we are brought to two 
equations of the form 

g^ogP _ jg 
Bu d» 

where cc and /9 are determinate functions of « and v In order that 
S hft isftthftrxoin thean fnnntuMis, vsnsJt, saJoaf.'j ih.% 

Bv du 

When it 13 satisfied, p and consequently p,\(r are given by quad 
xatures , 

• Jovrnai de I Ecole Eolyteehmgve Cahier 39 (1833) p US 
t Cf n ancbi Vol 11 p 30 
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Consider furthermore the form 
(S9) 2 X dudv -f <r dv^* 

From (37) it is seen that when tlie lines of curvature are para- 
metric, this expression reduces to 2 dudv. Hence its curvature is 
zero (cf. V, 12), and consequently the curvature of (39) is zero. 
From § 135 it follows that this form is reducible to du^d\\ by quad- 
ratures. Hence we have the theorem of Weingarten: 

The lines of curvature upon an isothermic surface can be found by 
quadratures. 


Wo conclude this discussion of isothermic surfaces with the proof of a theorem 
of Kibaucour. He introduced the term limit imrfaces of a group of applicable sur- 
faces to designate the members of the group whose mean curvature is a maximum 
or minimum. According to Rlbaucour, 

Tfie limit surfaces of a group of applicable surfaces are isothermic. 


In proving it wo consider a member S of the group referred to its lines of cur- 
vature. Its mean curvature is given by D/E + Jy'/G. In consequence of equations 
(30) tlio mean cun^ature of a near-by surface is, to within terms of higher order, 

D" 


+ ^ 
E G 


A 


G ^ /i 




<?/ 


A nDcesSiiiy and sufficient condition that the mean curvature of 5 bo a maximum 
or minimum is consequently / n T)"\ 

“(f-i'}"'' 


Excluding the case of the sphere for which the expression in parenthesis is zero, 
■ae have tlmt D^ is zero. Hence the common conjugate system of S and 5o is com- 
posed of lines of cur^^ature on the former, and therefore S is isothermic. 


GENERAL EXAMPLES 

1. If X, y, z and Xi, yj, 2 \ are the coordinates of two surfaces corresponding with 

orthogonality of linear elements, tho coordinates of a pair of applicable surfaces 
nrc given by i + tz,, vi~y + tyu fi = z + <2i, 

f, =z-tci, vz = y-iVi, fb = z-tei, 
where t h any constant. 

2. If two surfaces are applicable, the locus of the mid-point of the line joining 
corres|>onding points admits of an infinitesimal deformation in which this line Is 
tlic generatrix, 

3. Whatever be the surface 5, the characteristic equation (7) admits the solu- 
tion <» = aX-f bV-i- cX, where a, b, c are constants. Show that So is tlic point 
(fit, b, c) and that equations (20) become 

zi 'sr cy — br -f- d, yi = oz — cz -f e, Zi = 6x — cy -f /, 
where d, c,/are constants; that con‘^^qucnlIy Si is a plane, and tliat the infinitesi- 
mal defonnation is in reality an infinitesimal displacement 
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4 Determine the form of the resulte of Exs. 1, 2, where ^ hae the value of Ex 3 

5 Show that the first fundamental coefficients £i, Fi, Gi of a surface Si are of 

the form \ ! fS S<4\* 


Fi = Fo* + — - — fi— -i/— Vjy— -ly 
‘ ^ eo ^uA ei> 

Gj S= (ly^ - Lr — y 

^ ^ //«A* \ 20 2«/ 




8 Let Z denote the locus of the point which bisects the segment of the normal 
to a surface S between the centers of principal curvature of the latter In order 
that the lines on S corresponding to the lines of curvature on S shall form a conju 
gate system, it is necessary and sufficient that S correspond to a minimal surface 
with orthogonality of linear elements, and that the latter surface and S correspond 
with parallelism of tangent planes 

t Show that when the spherical representation of the asymptotic lines of a sut 
face S satisfies the condition ^ (Hi 2 (221 

« i 2 1 1 ! ’ 


equations (25) admit two pairs of solutions which are such tiiat r and m = — ^ 
On the two associate surfaces Sa tlius found by quadratures the paintsctiic 
systems are isothermal conjugate, and So and Sg are associates of one another 

8 Show that the equation of Ex 7 is a necessary and sufficient condition that 
two surfaces associate to S be associate to one another 

9 Show that when the sphere is referred to its minimal lines, the condition of 
} X 7 IS satisfied and investigate this case 

10 On any surface associate to a pseudospberlcal surface the curves correspond 
ing to the asymptotic hues of the latter are geodesics A surface with a conjugate 
system of geodesics is called a surface of Voss (cf § 170) 

11 Determine whether minimal surfaces and the surfaces associate to pseudo- 
spherical surfaces are the only surfaces of Voss. 

12 When the equations of a central quadne are In the form (VH, 35), the asso- 
ciate surfaces are given by 

sCgsVaj^J U(l - + y V(1 - , 

yo = 2 V5^y*7/« du -I- j'Vv duj , 

Zo = sVe^J‘ U(l + u‘>)dii-f r(l-(.ES)dBj, 

whereU and V are arbitrary functions of w and e respectively , hence the associates 
ate surfaces of translation 


13 When the equations ol a paraboloid ate in the form 

x=Va(w-(-r), y=V5(«-t), * = 2 i*b, 

the associate surfaces are surfaces of translation whose generators are plane curves , 
tbeir equations are 

Xo = Va[U+V) y<,=V6(F-ir), z,, = 2 J' uU du + 2 f tV'do, 
where U and V are arbitrary functions of u and v respectively 
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14. Show that a quadric admits of an infinitesimal deformation which preserves 
its lines of curvature, and determine the corresponding associate surface. 

16. Since the relation between S and is reciprocal, there is a surface Sz 
associate to Si which bears to 5 a relation similar to that of So to Sj. Show that 
the asymptotic lines on 6 'o and Sz correspond, and tiiat tiiese surfaces are polar 
reciprocal with respect to the imaginary sphere x- + p- -H 2 ' + 1 = 0 . 

16. Since tlie relation between S and 5o is reciprocal, there is a surface Sn cor- 
responding to S’o with orthogonality of linear elements which bears to S a relation 
ftimilar to that of Si to Sq. Show that the asymptotic lines on Sj and S^ correspond, 
that tlie coordinates of the latter are such that 

— X2 = pro — 22/0, Vi — Vs - Zi - Zs = xyo — 2/xo, 

and that the line joining corresponding points on Si and S 2 is tangent to both surfaces. 

17. Show that if S 5 denotes the surface corresponding to S 3 with orthogonality 
of linear elements which is determined by Si, associate to S 3 , the surfaces S and 
Ss arc related to one anotlier in a manner similar to Si and 52 of Ex. 10. 

18. Show that the surface Si, which is tlic associate to S^ determined by So, is 
the j>olar reciprocal of S with i^espect to the imaginary sphere x- -f 2 /- -f 2“ + 1 = 0. 

19. If we continue the process introduced in the foregoing examples, ^ve obtain 
two sequences of surfaces 

jS, Si, S3, S5, S7, Sg, Sxi, * * • , 

S, So, S2, S^, Sg, Sb, Sio, • • •* 

Show tliat Sn and Sio are the same surface, likewise S 12 and 59 , and that conse- 
quently there is a closed system of twelve surfaces ; they are called the twelve sur- 
faces 0 / Darbonz, 

20. A necessary and sufilclent condition tliat a surface referred to its minimal 

lines he isothermic is that jr) jj 

where U and V are functions of n and v respectively. 

21. A necessary and sufficient condition that the lines of curvature on an iso- 
thermic surface be represented on the sphere by an i.>oihermal system is that 

f>2 y' 

where JJ and T’'aro functions of u and r respectively, the latter being parameters 
referring to the lines of curvature. Show that the parameters of the asymptotic 
lines on such a surface can bo so chosen that E = 

22, Show that an isotlicrmic surface is transformed by an inversion into an 
i'^Uiermic surface. 

23. If Sj and 4 S 2 are the sheets of the envelope of a family of spheres of two 
pwrameters, which are not orthogonal to a fired sphere, and the points of contact of 
wny sphere are said to correspond, in order that the correspondence be conformal, 
it is necessary that the lines of cur\*alure on Sj and ^2 correspond and that t]}ese 
‘'urfaces k* isothermic (cf. Ex, 16, Chap. XIIl). 
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160 Definition of a congruence Sphencal representation A two- 
parameter system of straight hues in space is called a rectilinear 
congruence The normals to a surface constitute such a system , 
likewise the generatnces of an mfinitestmal deformation of a sur 
face (cf § 152) Later we shall find that in general the lines of a 
congruence aie not normal to a surface Hence congruences of 
normals form a special cl'\ss> they are called normal congruences 
They were the first studied, particularly in investigations of the 
effects of reflection and refraction upon rays of light The first 
purely mathematical treatment of general rectilinear congruences 
was given by Kummer in his memoir, AUgemeine Theorie dcr 
gradlinigen Strahlensysteme * We begin our treatment of 
the subject with the derivation of certain of Kummer’s results by 
methods similar to his own 

From the definition of a congruence it follows that its lines 
meet a given plane in such a way that through a point of the 
plane one line, or it most a finite number, pass Similar results 
hold if a surface he taken instead of a plane, this surface is 
called the surface of reference And so we may define a con 
gruence analytically by means of the coordinates of the latter 
surface in terms of two parameters «, t, and by the direction 
cosines of the lines m terms of these parameters Thus, a con 
gruence is defined by a set of equations such as 


[ X =f^ (u, V), y =/, (m, v), 2 =/, («, v). 


where the functions f and are analytic in the domain of u and v 
under consideration, and the functions are such that 
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We make a representation of the congruence upon the unit 
sphere by drawing radii parallel to the lines of the congruence, and 
call it the BpJterical reprczentation of the congruence. When we put 


( 2 ) 


=S(S)’ 


^ bit dv ^ 




the linear element of the spherical representation is 
(3) da-^=€dxL^+2iS^dudv 

If we put 


(4) 


a«’ 


n dz ZX .f Zz ZX 

‘'"^^Zvlu'' ^ ~‘^ZxL~dz' 




Z_x^ 

Zv Zv 


we have the second quadratic form 

(5) '^dxdX= edxd-}-{f-\-f')dudv + gdv^i 
which is fundamental in tlie theory of congruences. 

161. Normal congruences. Ruled surfaces of a congruence. If 
there he a surface S' normal to the congruence, the coordinates 
of S' are given by 

(6) a/=2; + a', y=y + tr, z'=z + tZ, 

where t measures the distance from the surface of reference to S'. 
Since S' is normal to the congruence, we must have 

(") ^A’d(a:+tA')=0, 

which is equivalent to 


( 8 ) 


^ dn CXI ^ cv dv 


If these equations be differentiated with respect to v and u respec- 
tively, and the resulting equations be subtracted, we obtain 

(9) 

Conversely, when tliis condition is satisfied, the function t given 
by the quadratures (8) satisfies equation (7). Since t involves an 
additive constant, equations (6) define a family of parallel surfaces 
normal to the congruence. Hence : 

A neccBBarx/ axid $ufficic7it condition for a normal congruence h 
that f and /' he equal. 

The lines of the congruence which pass through a cuire on the 
surface of reference S form a ruled surface. Such a curve, and 
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coiisequenU 7 a ruled surface of the congruence, la determmed by a 
relation between u and v Hence a differential equation of the form 
( 10 ) Mdu+Xdv^O 

defines a fanuly of ruled surfaces of the congruence We consider 
a line f(u, v) of the congruence and the ruled surface S of this 
family upon which f is a generator , we say that 2 passes through I 
We apply to 2 the results of §§ 103, 104 

If dig denotes the linear element of the curve C in which 2 cuts 
the surface of reference, it follows from (VII, 54), (3), and (6) that 
the quantities a* and 5 for 2 have the values 


( 11 ) 



, dX ^ _ e du^ + (/+/') diidv + g dv* 
dg^ “ ds; 


From (VII, 58) we have that the direction-cosines /t, v of the 
common perpendicular to I and to the Ime I of parameters u + dti, 
V + dv, where dv/du, is given by (10), have the values 

which, by means of (V, 31), are reducible to 

(1S\ ^ \ gv du} \ 3i> duj 

and similar expressions for ^ and v 
From (12) it follows that 

^dX_^ dY^ dZ - 
dcr d<r da- 


Since dX/der, dY/da^ dZfdtr are the direction cosines of the tangent 
to the spherical representation of the generators of 2, we have the 
theorem 

Onen a ruled gwrfacg % of a congruence, let C he the tnine on 
the umt gphere tcAicA repretentg 2, and M the point of C corregptmd 
xng to a generator L of the limiting poeition of the common fer- 
pendicular to L and a near-hy generator of it perpendicular to the 
tangent to C at M 
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162. Limit points. Principal surfaces. By means of (VII, 62) 
and (12) we find that the expression for the shortest distance S 
between I and Z' is, to 'within terms of higher order, 


S 


der 


dx 


dz 

ds. 

dso 

d^Q 

A' 

Y 

Z 

dA' 

dY 

dZ 

ds^ 

dso 

ds^ 


When the values (13) for /i, v are substituted in the right-hand 
member of this equation, the result is reducible to 

(5* d7t -f <S^dv^ ^du’{- ^dv 
edu‘\- fdv^ fdxi gdv 



If N denotes the point where this line of shortest distance meets ?, 
the locus of N is the line of strictioii of 2. Hence the distance of 
N from the surface aS, measured along Z, is given by (VII, 65) ; if 
it be denoted by r, we have, from (11), 


( 15 ) 


€ dn"^ -f (/-f-/^) diidv + g dv^ 
€ du^ + 2 iS^dudv -f 


For the present* we exclude the case where the coeflScients of 
the two quadratic forms are proportional. Hence r varies with 
the value of dv/d\(^ that is, with the ruled surface S through I, If 
we limit our consideration to real surfaces 2, the denominator is 
always positive, and consequently the quantity r has a finite inaxi- 
inum and minimum. In order to find the surfaces 2 for which r 
has these limiting values, we replace dv/du by f, and obtain 

(16) r— ^ + 

If we equate to zero the deiivative of the right-hand member with 
respect to t, we get 

(1 « ) (<f + [I (f+f) -f ^t) [c -h t] = 0, 

a quadratic in t Since > 0, we may applj" to tliis equation 

reasoning similar to that \ised in connection with equation (IV, 21), 


Cf. Ex. 1, § in. 



396 


EJECTILINEAR CONGRUENCES 


and thus prove that it has two real roots The corresponding values 
of r follow from (16) when these values of t are substituted in the 
latter Because of (17) the resulting equation may be vrntten 

+ 

where i indicates a root of (17) and f the corresponding value of r 
When we write the preceding equations in the form 

+ « j + + I (/+/) j t == 0. 

+ I 0. 

and eliminate t, we obtain the following quadratic in r 

aS) {S ^~ + [gS ^- (/ + /')^+ <^]r + 0 

If Tj and r, denote the roots of this equation, we have 

r + r = “h ^ g€~ 

* * 

rr - 4gy-(/+/y 

The points on I corresponding to these values of r are called its 
Umtt point$ They are the boundaries of the segment of I upon 
which Ue the feet of each perpendicular common to it and to a 
near by line of the congruence The ruled surfaces of the con- 
gruences which piss through I and are determined by equation 
(17) are called the principal surfaeet for the line There are two 
of them, and their tangent pHnes at the limit points are determined 
by Z and by the perpendiculars of shortest distance at the limit 
points They are called the principal planet 

In order to find other properties of the principal surfaces, we 
imagine that the parametric curves upon the sphere represent these 
surfaces If equation (17) be written 

««?« + 1 (/+/') dv, |(/-^/Vu + ^d» 


- 0 . 
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it is seen that a iiecessarj'- and sufficient condition that the ruled 
surfaces v — const., u = const, be the principal surfaces, is 

From these it follows that since the coefficients of the two funda- 
mental quadratic forms are not proportional, we must have 

(21) <5^=0, /+.r==o. 

From the first of these equations and the preceding theorem follows 
the result : 

The surfaces of a congruence are represented on the 

sphere hy an orthogonal system, and the tioo prhicipal planes for 
each line are perpendicular to one another. 


For this particular parametric system equation (13) reduces to 


cdX j J 3 

(5 — aw — ^ — dv 
(22) X = — 

S-^dcT 

so that the direction-cosines of the perpendicular whose foot 

is the limit point on I corresponding to v = const, have the values 


. 1 dX 

A.J = -y= — j 

cv 


1 dY 


_ 1 dZ 
V^8v’ 


Hence the angle co between the lines with these direction-cosines 
and those with (22) is given by 

(23) costa=V\X^ = — 

^ S^dtr + ^ dt^ 


The values of and n are now 






so that with the aid of (23) equation (15) can be put in the form 

(21) r = Tj cos^o) + n sin'o). 

This is JTamilto^i^s equation. We remark that it is independent of 
the choice of parameters. 
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163 Developable surfaces of a congruence. Focal surfaces In 
order that a ruled surface be developable, it is necessaij and sufiS 
cient that the perpendicular distance between very near generators 
be of the second or higher order From {14) it follows that the 
ruled surfaces of a congruence satisfying the condition 

\edu+fdvt f’du + gdv\ 

are developable UnliLe equation (20), the values of dv/du satis 
fymg this equation are not necessanly real We have then the 
theorem 

Of all the ruled mrfaces of a congruence through a line of it two 
are developable, but they are not neceseanlg real 

The normals to a real surface afford an example of a congruence 
with real developahles , for, the normals along a line of curvature 
form a developable surface (§ 51) Since/ and f are equal in this 
case, equations (20) and (25) are equivalent And, conversely, they 
are equivalent only in this case Hence 

When a congruence is normal^ and only then, the principal surfaces 
are developable 

When a ruled surface is developable its generators are tangent 
to a curve at the points where the lines of shortest distance meet 
them Hence each line of a congruence is tangent to two curves 
in space, real or imaginary according to the character of the roots 
of equation (25) The points of contact are called the focal points 
for the line By means of (25) we find that the values of r for 
these points are given by 

_ edu-^fdv _ f'du -hgdv 
^ £dn + ^dv <?du4*#dv 

If these equations lie written in the form 

{<fp + e) £?w + {Sp +/) dv » 0, 

{Sp +/') du + [^p +g)dv^ 0, 
and if du, dv be eliminated, we have 
<26) 5^)p’d-[j7^-(/+/')^4-e^P + eg^ff'^ 0 
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If pj and P 2 denote the roots of this equation, it follows that 


(27) 






P 1 P 2 




From (19) and (27) it is seen that 


(28) 


ri4-r,= pi + p., 




(f-ff 


These results may he interpreted as follows ; 

Tlie mid-pointB of the Uoo Begments hounded rcBpectively hy the 
limit points and by the focal points coincide. 


This point is called the middle jmint of the line and its locus the 
middle surface of the congruence. 

The distance hetioeen the focal points is never greater than that 
between the limit points. They coincide lohen the congruence is normal. 


Equation (24) may be written in the forms 
. r — n . 2 Tj— r 

COS'(W=: sma)i=— 

Hence if and w, denote the values of o corresponding to the 
developable surfaces, we have 

COS*C(),= =) 

^ r j — r„ 

« p.— r, 

^ r j — r 5 

From these and tlie first of (28) it follows that 

cos^o, = sin'G)^, sin^ti), =s cos"w^, 

so that I . 1 at 

(29) cos 2 -f- cos 2 0)3 = 0 , 

and consequently 

(30) 0)^4- CD. =i ± TiTT, 


8m*Q} 


sin*6)^- 


n-Pi 

• ? 

r,-r, 

.’■i-ps 
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•whfere n denotes anj integer If the Utter equation be true, the 
developable surfaces are represented on the sphere by an ortbog 
onal system as follows from the theorem at the close of § 161 But 
by § 34 the condition, that equation (25) define an orthogonal sys 
tem on the sphere nf that is the congruence must be normal 
Since m this case the principal surfaces aie the developables, cqua 
tion (30) as well as (31) is satisfied Hence equation (30) is the 
general solution of (29) 

The planes through I which make the angles (Uj with the 
principal plane w — 0 are called the focal planes for the line they 
are the tangent planes to the two developable surfaces through 
the Ime Incidentally we have proved the theorem 

A necessary and su^iaient condition that the two focal planes for 
each line of a congruence he perpendicular that the congruence 
he normal 

4nd from equation (30) it follows that 

The focal planes are symmeincally placed, with respect to f^c pnnr 
npal planes in such a uag that the angles formed bp the two pairs 
of planes have the same bisecting planes 

If 9 denote the angle between the focal planes, then 

and * 2 

(32) sm 9 = cos 2 tu = cos*iu — co3*&> s= ^ ~ 

The loci of the focal points of a congruence are called its focal 
surfaces Each line of the congruence touches both surfaces, being 
tangent to the edges of regression of the two developables through it 
By reasoning similar to that employed m the discussion of surfaces 
of center (§ 74) we prove the theorem 

^ coT^ruence mag I e regarded as Uvo families of developable mr 
faces Each focal surface ts touched by the developables of one family 
along their edges of regression and enveloped by those of the other 
famly along the curves con^upafe to these edges 

The preceding theorem shows that of the two focal planes through 
a line Z one is tangent to the focal surface and the other is the 
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osculating plane of the edge of regression on to which I is tan- 
gent; similar results hold for S^. When the congruence is nor- 
mal these planes are perpendicular, and consequently these edges 
of regression are geodesics on and Since the converse is 
true {§ 76), we have: 

A necessary and sufficient condition that the tangents to a family 
of curves on a surface form a normal congruence is that the curves he 
geodesics. 


EXAMPLES 

1. If -V, T, E are the direction-cosines of the normal to a minimal surface at 
the point (£, p, 2 ), the line whose direction-cosines are T, — X, Z and which passes 
through the point (x, 2 /, 0) generates a normal congruence. 

2. Prove that the tangent planes to two confocal quadrics at the points of con- 
tact of a common tangent are perpendicular, and consequently that the common 
tangents to two confocal quadrics form a normal congruence. 

3. Find the congnience of common tangents to the paraboloids 

+ 7/2 =2 2 az, x2 + 2/2 = — 2 az, 
and determine the focal surfaces. 

4. If two ruled surfaces through a line L are represented on tlie sphere by 
orthogonal lines, their lines of striction meet L at points equally distant from the 
middle point 

5. In order that the focal planes for each line of a congruence meet under tlie 
same angle, it is necessary and sufficient that the osculating planes of the edges of 
rcgres.sion of the developables meet the tangent planes to the focal surfaces under 
constant angle. 

6. A necessary and sufficient condition that a .surface of reference of a congru- 
ence be its middle surface is — (/ eff =r 0. 


164. Associate normal congruences. If we put 

( 33 ) 

equations (8) may be replaced by 

(24) t^c 7 du -f 7idis 

where c is a constant. Now equation (9) is equivalent to 
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In consequence of this condition equation (34) may be vmtten 
(36) t = 


where «, is a function of u and v thus defined. If the orthogonal 
trajectories of the curves const be taken as parametric curves 
t,s: const, It follows from (36) and from equations in Uj and 
analogous to (33) and (34) that 






= 0 


From this result follows the theorem 


27te hnet of a normal congruence cut orthogonally ike curvet on 
the turf ace of reference at whose paints t ts constant 


If 0 denotes the angle which a line of the congruence makes 
with the normal to the surface of reference at the point of inter 
section, we have 



where the linear element of the surface is 


ds* = Edu*+Gdv* 


If 5 be taken for the surface of reference of a second congruence 
whose direction-cosmes Xj, Ej, satisfy the conditions 






where ^^(w,) is any function whatever of this congruence is 
normal and has the value 




Since IS any function, there is a family of these normal congru- 
ences which we call the assoaates of the given congruence and of 
one another Throughi any point ol the surlace ol leterence there 
passes a line of each congruence, and all of these lines lie in the 
plane normal to the curve «, = const through the point Hence 
The two Unes of two associate congruences through the same point 
of the surface of reference he tn a plane normal to the turface 
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Combining with equation (37) a similar one for an associate con- 
gruence, we have 

sin 6 


(38) 


sin e. 


=/(Wi). 


Hence we have the theorem ; 

The ratio of the sines of the angles which the lines of two associate 
congruences make with the normal to their surface of reference is con- 
stant along the curves at whose points t is constant. 

When in particular /(?ti) in (38) is a constant, the former theorem 
and equation (38) constitute the laws of reflection and refraction of 
rays of light, according as the constant is equal to or different from 
minus one. And so we have the theorem of Malus and Dupin : 

If a Imndlc of rays of light forming a normal congruence he reflected 
or refracted any number of times hy the surfaces of successive homo- 
geneous media^ the rays continue to constitute a normal congruence. 


By means of (37) equation (36) can be put in the form 
t^c^J' V e sin 6 du^. 

From this result follows the theorem of Beltrami * : 

Jf a surface of reference of a normal congruence he deformed in such 
a way that the directions of the lines of the congruence with respect 
to the surface he unaltered^ the congruence continu^^s to he normal. 


165. Derived congruences. It is evident that the tangents to the 
curves of any one-parameter family upon a surface S constitute a 
congruence. If these curves be taken for the parametric lines 

V = const., and their conjugates for u = const., the developables in 
one family have the curv^es v = const, for edges of regression, and 
the developables of the other family envelop S along the curves 

V = const We may take S for the surface of reference. If be 
the other focal surface, the lines of the congruence are tangent to 
the curves v = const on S^, The tangents to the curves v = const 
on form a second congruence of which 5, is one focal surface, 
and the second surface is uniquely determined. Moreover, the 


• GionxnU di matematldie, Vol. 11 (1S03), p. 2S1. 
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lines of the second congruence are tangent to the curves « = coast 
on N, In turn we may construct a third congruence of tangents 
to the curves v = const on This process may be continued 
indefinitely unless one of these focal surfaces reduces to a curve, 
or IS infinitely distant 

In like manner we get a congruence by drawing tangents to 
the curves « = const on S, which is one focal surface, and the 
other, S IS completely determined The tangents to the curves 
« = const on form still another, and so on In this way we 
obtain a suite of surfaces 


5 „ S ,, 


s, s,, s. 


which la terminated only when a surface reduces to a curve, or 
its points are infinitely distant Upon each of these surfaces the 
parametric curves form a con 3 ugate system The congrueuces thus 
obtained have been called derived congruences by Darboux * It is 
clear that the problem of finding all the derived congruences of a 
given one reduces to the integration of the equation of its devel 
opables (25), for, when the developables are known we have the 
conjugate system on its focal surfaces 

In order to derive the analytical expressions for these results, 
we recall (§ 80) that the coordinates at, y, z oi S are solutions 
of an equation of the form 


(39) 


/d . dB .d8 

f- o ho — 

Bu Bv Bu cv 


0 , 


where a and b are determinate functions of u and v If the coordi 
nates of be denoted by Zj, y,, Zj, they are given by 


where X,V^ measures the distance between the focal points But 
as the lines of the congruence are tangent to the curves « = const 
on Nj, we must have 


dx^ __ Bz 
Bv 


Bv 


I 


Bz. 8z 

— 1 ss u, — , 

Bv ^Bu 


< 40 ) 


Vol u pp ir-M 
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•where is a determinate function of u and v. When the above 
value for is substituted in the first of these equations, the result 
is reducible, by means of (39), to 





= 0 . 


Since the same equation is true for y and 2 , the quantities in paren- 
theses must be zero, that is, 


. 1 d 1 a 

^ 6 ’ dv h b 


Hence the surface is defined by 
1 dx 


(41) 




b du 


Vx- 




, 1 82 


and equations (40) become 

dv b b)dxi dv h b)dit \0i; b b/du 


Proceeding in a similar manner, we find that S^x is defined by 
the equations 

,ldy , IBz 


/4 0 \ ^ 

(43) a-_, = 2: + __ 

a dv 


a ov 


a dv 


and that 


dz^i ^ 1 b\dx 
du \ru a a) dv^ 


and similar expressions in y^i and z^x. 

From (41) and (43) it is seen that the surface or iS_i is at 
infinit}', according as ft or a is zero. When a and b are both zero, 
5 is a surface of translation (§ 81). Hence the tangents to the 
genenitors of a surface of translation form two congruences for 
each of which the other focal surface is at infinity. 

In order that be a curve, i/j, must be functions of u alone. 
From (42) it follows that the condition for this is 

dv b b 


In like manner the condition that S^i be a curve is 

c 1 h 
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Tbe ianctions A and A, defined hy 

h=^+al, k = f+ah 
Su St) 

are called tbe mvanants of tbe differential equation (89) Hence 
the above results may be stated 

A necessary and sufficient condition that the focal surface or 
S^ibe a curve is that the invariant h or h respectively of the point 
equation of S le zero 


166 Fundamental equations of condition We have seen (§ 160) 
that with every congruence there are associated two quadratic dif- 
ferential forms Now we shall investigate under what conditions 
two quadratic forms determine a congruence We assume that we 
have two such forms and that there is a corresponding congruence 
Tbe tangents to the parametric curves on the surface of reference 
at a point are determined by the angles which they make with the 
tangents to the parametric curves of the spherical representation of 
the congruence at the corresponding point, and with the normal to 
the unit sphere Hence we have the relations 


(44) 


Bx dx , qBX , „ 

— = or _ -f + 7 JT, 

Sii Bu ^ dv 

8v 


and similar equations in y and z, where a, / 8 , 7 , a^, ; 8 j, 7 j are functions 

of tt and r If we multiply these equations by — > — » — respec 
dX BY BZ 

tively, and add , also by — -i and by X. Y, Z, we obtain 
^ Bv Bv 8v » > > 


es=«(S’+jS^, f 


^ Su 

f'=a^ + ^^, g 

= 

^ ^ 0V 



(45) 1 


ft e^ 

V 


0 

7.-S-T-- 
* ^ cv 
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In order that equations. (44) be consistent, we must have 



which, in consequence of equations (V, 22 ), is reducible to the form 

Oil ov 


where S, T are determinate functions. Since this equation must 
be satisfied by Y and Z also, we must have -R = 0, >S = 0, 

When the values of cr, er^ ySj, from (45), are substituted in these 
equations, we have 


(47) 


^7 


dll 


+/-/'= 0 . 


Conversely, when we have a quadratic form whose curvature 
is -f 1 , it may be taken as the linear element of the spherical rep- 
resentation of a congruence, which is determined by any set of 
functions e, /, y, 7 , 7 ^, satisfjdng equations (47). For, when 
these equations are satisfied, so also is (46), and consequently 
the coordinates of the surface of reference are given by the 
quadratures (44). 

Incidentally we remark that when the congruence is normal, and 
the sui'face of reference is one of the orthogonal surfaces, the last 
of equations (47) is satisfied identically, and the first two reduce 
to the Codazzi equations (Y, 27). 

We apply these results to the determination of the congruences 
with an assigned spherical representation of their principal surfaces, 
and those with a given representation of their developables. 

167. Spherical representation of principal surfaces and of devel- 
opables. A necessary and sufficient condition that the principal 
surfaces of a congruence cut the surface of reference in the para- 
metric lines is given by ( 21 ). 
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If we require that the surface of reference be the middle surface 
of the congruence, and if r denote half the distance between the 
limit points, w© have, from (15), 

(48) « = — r^, g = r^ 


"When these values are substituted in (47), the first two become 


(49) 


€ dv 
1 d 




Iff 


and the last is reducible to * 

/50) o d\og0 dr 

^ ' Buev Bv Bu Bu 8v BuBv 


L L fl ir J£ 

uiy^fBu ^viy^Bv [v^/j 


+ 2/=0 


Moreover, equations (44) become 


(51) 


ar 

Bu 


Bu ^ Bv 


Bv 


(o' Bu 


where 7 and 7^ are given Tty (49) , and similar equations in y and z 
Our problem reduces, therefore, to the determination of pairs of 
functions r and f winch satisfy (50) Evidently either of these 
functions may be chosen arbitrarily and the other is found by the 
solution of a partial differential equation of the second order 
Hence any orthogonal system on the unit sphere serves for the 
representation of the principal surfaces of a family of congruences, 
whose equations involve three arbitrary functions 

In order that the parametric curves on the sphere represent the 
developables of a congruence, it is necessary and sufficient that 
/'S'— 0, gS^~/P~ 0, 


as IS seen from (25) If the surface of reference be the middle sur 
face, and p denotes half the distance between the focal points, it 
follows from (15) that e g 


' Cf Blanch) Vol 1 p 314 
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Combining these equations with the above, we have 
(52) e = — p<f, f=—f' = p<S^, ff=^p^- 

When these values are substituted in the first two of equations (47) 
and tlie resulting equations are solved for y and 7 ,, we find 



and the last of equations (47) reduces to 




Each solution of this equation determines a congruence with the 
given representation of its developables,* and the middle surface 
is given hy the quadratures 



and similar expressions in y and z. 

When the values (62) are substituted in (18) the latter becomes 


Consequently equation (32) reduces to 


sin 6 


2 r 




Referring to equation (III, 16), we have: 

The angle hcixvcen the focal planes of a eongnience is equal to the 
angle between the lines on the sphere representing the corresponding 
developahles. 

This result is obtained readily from geometrical considerations. 

168. Fundamental quantities for the focal surfaces. We shall 
make use of tliese results in deriving the expressions for the funda- 
mental quantities of the focal surfaces . 5 , and 5., which are defined by 

T^ = x + pX, + Zj. = z + pZ, 

T,-T-pX, z.= z~pZ. 


* Tlih wtoU is due to Guichard, .-InnaJd tie VAcole yormalf, Sor. Vol. VI (1889). 
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From these and (54) we get 

s— c-®'4 s-=e*s'4 


(55) 


The coefficients of the linear elements of 5, and S^, as derived 
from these formulas, are 




The direction cosines of the normals to and N, denoted by 
X,, E,, , Xj, 1 j, Z^ respectively are found from the above eqaa 

tions and (V, 31) to have the values 

Y „ 1 g<yi. ^i) ■ ■ sv _ 1 /^gx ^gx\ 

* Ifj »(«, V) V?" V#//\ Bv 

Y - ^ 8(y,. g,) 8u git _ / gX 

* 0(«,v) ■^V^/kV 01» a«/’ 

and similar expressions for E, and Z^ If these equations be differ 
entiated, and the lesulting equations be reduced by means of (V, 22), 
they can be put in the form 

gA,_ // ri fi 2 ygx ] ££i^:^/22y^ 

Stt J J’ dv* 

^ 1 2 J 9w’ J 
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From these expressions and (55) we obtain 





dx^ 

du 

dA\ 

du 


(58) 



dx^ 

Iv 

8X, 

du 

^ du dv ’ 





dx^ 

dv 

ax, _ 

dv 

2 ///22 V 
‘V^tlP’ 


and 







(59) 

_ 2///11V 


D'=0, 

„_2///8p 



From the foregoing formulas we derive the following expressions 
for the total curvature of and of S„: 


fp 


(GO) a;=. 




22y 





EXAMPLES 


1. If Upon a surface of reference 5 of a normal congnience the curves orthog- 
onal to the lines of the congmonce are defined by r) = const,, and B denotes 
the angle between a line of tho congruence and the normal to the surface at the 
point of meeting, then s\n- $ ^ AiF (<}>) where the differential parameter is formed 
with rcs]iect to the linear element of 5. Show that 6 is constant along a line <p = const, 
only when tho latter is a geodesic parallel. 


2. 'When in the point equation of a surface, namely 


t*B A 

— = 0, 

c?u cv 5u ^ 


or ^ is zero, the coordinates of the surface can be found by quadratures. 


3. Find the derived congruences of the tangents to the parametric curves on a 
tetrahedral surface (Ex. 2, p. 267), and determine tinder what conditions tlie sur- 
face S{OT curve. 


4. Find tho equation of tlio typo (30) which admits as solutions the quantities 
-J» Vu -I by (41). 

6. When a congnience consists of tho tangents to tho lines of curvature in 
one system on a surface, the focal distances are equal to the radii of geodesic 
curt‘ature of the lines of cun^attire in the other system. 
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6 I,et S be a surface referred to Its lines o£ cnrrature let «t and si denote tbe 

arcs of the curves o s const and u = const respectivelj, rt md rj tbeir radJt of 
first curvature, and Bi and if* tbeir radii of geodesic curvature for the eecond 
focal sheet 2, of the congruence of tangents to the curves v = const the linear 
element Is reducible to ps 

a<rf = {dll, - ds,)* + -y ds^* 

hence the curves tt = const are geodesics 

7 Show that 2i of Ea 0 is developable when rx “/Isj) and determine the 
most general form of rj so that 2i shall bo developable 

B Determine the condition which p must satisfy in order that the asymptotic 
lines on either focal surface of a congruence shall correspond to a conjugate system 
on the o&er, and show that in tills case 



where f denotes the angle between the focal planes 


9 In order that the local surfaces degenerate into curves, it is necessary and 
eufficieut that the ephertcal representation satisfy the conditions 


U'l\ 


j 




10 Show that the surfaces orthogonal to a normal congruence of the type of 
Ei 9 are cyclldes of Dapin 

11 A necessary and sufficient condition that tbe second sheet of tbe congmcnce 
of tangents to a family of curves on a surface S be developable la that the carves 
be plane 


169, Isotropic congruences An tsotropic congruence is one whose 
focal surfaces are developables with minimal edges of regression 
In § 31 we saw that 0 is a necessary and sufficient condition 
that a surface he of this kind Referring to (56) and (57), we see 
that we must have 




From (54) it js seen that if p were zero the middle surface would 
he a point, and from (55) that if the expressions m parentheses 
■wuvfc atfitr Tfiirf.-abbi» Sj S, vurtfifi mirres ^imseijaifthliy 
(61) ^=#=0 

Conversely, if this condition be satisfied, and S, are isotropic 
developables Hence an isotropic congruence is one whose devel 
opables are represented on the sphere hy minimal lines. 
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In consequence of (61) we have, from (52), 

and since /-f/' also is zero, it follows that 
(62) dxdX-\- dydY-{> dzdZ^ 0. 

Therefore r is zero, so that all the lines of striction lie on the 
middle surface. Since (61) is a consequence of (62), we have 
the following theorem of Ribaucour,^ w^hich is sometimes token 
for the definition of isotropic congruences : 

All the lines of striction of an isotrojnc congrnciice lie on the mid- 
dle s^irface ; and^ conversely^ when all the lines of striction lie on the 
middle surface^ the congruence is isotropic ; moreover^ the middle sur 
face corresponds to the spherical representation xoith orthogonality of 
linear elements. 


Ribaucoiir has established also the following theorem : f 

The middle envelope of an isotropic congruence isaminimal surface. 


Since the minimal lines on the sphere are parametric, in order 
to prove this theorem it is only necessary to show' that on the 
middle envelope, that is, the envelope of the middle planes, 
the corresponding lines form a conjugate system. If W denotes 
the distance of the middle plane from the origin, the condition 
necessary and sufficient that the parametric lines be conjugate 
is that Tr satisfy the equation 


(63) 

By definition 




du cv 


^ 6 ^ 0 , 


7r= SXrr, 


and with the aid of (V, 22) we find 


or IV 
cu dv 


crp 


du cv 




Since equation (53) reduces to 
satisfies (68). 


the function W 

du dv 


^Ktxulc tl<»s Elaj^soidos ou Surfaces h Coorburc Moyenue Nulle, ^Umotres Coxtivnnes 
rar cuf/eTntV <?€ Belsrlque, Vol. XU V (ISSl), p. a3. * t X.cu, p, 31. 
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170 Congnseaces of Guicbard Guicbard* proposed aod solved 
the problem 

To determine the eongruencet whose focal surfaces are met by the 
developaUes in the lines of curvature 

With Bianchi we call them congruences of Guichard 

We remark that a necessary and sufficient condition that a con 
grnence be of this kind is that and F^ of § 168 be zero From 
(56) and (57) it is seen that this is equivalent to 


Comparing this result with § 78, we have the theorem 

A necessary and suficient condition that the developaUes of a con- 
gruence meet the fot-al surfaces in their lines of curvature is that the 
congruence be represented on the sphere by curves representing also 
the asymptotic lines on a pseudospherical surface 


In this case the parameters can be so chosen that-j- 
^=! 1, c? = — cos », 


where is a solution of 


^o> 

iudv 


sintu 


In this case equation (53) is 
(65) A = 


In particular, this equation is satisfied by X, F, Z (V, 22) 
replace p by X m (54), we have 


0x 

du 


= 0 , 


dv ~ 


0. 


If we 


consequently, for the congruence detenmned by this value of p, 
the middle surface is a plane 

From (55) it follows that the lines of the congruence are tangent 
to the Imes of curvature v = const on Consequently they are 


•Le p aw 


t This Is th« only real solatlon of {fl) 
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parallel to the normals to one of the sheets of the evolute of 
(cf. §74); call it 2j. Hence the conjugate system on 2j corre- 
sponding to the lines of curvature on is represented on the 
sphere by the same lines as the developables of the congruence. 
Referring to (VI, 38), we see that condition (64) is equivalent to 

where the Christoffel symbols are formed with respect to the linear 
element of 2^. But these are the conditions that the parametric 
curves on 2^ be geodesics (cL § 85). Surfaces with a conjugate 
system of geodesics were studied by Voss,* and on this account 
are called surfaces of Voss. Since the converse of the above results 
is true, we have the following theorem of Guichard : 

A nccczmry and sufficient condition that the tangents to the lines 
of curvature in one family of a surface form a congruence of 
Guichard is that one sheet of the evolute of the surface he a sur- 
face of VosSy and that the tangents constituting the congruence he 
those which are parallel to the normals to the latter. 

If IFj denotes the distance from the origin to the tangent plane 
to the surface of Voss 2^, then is a solution of equation (65) 
(cf. § 84). Hence JJ\ + Kp is a solution of this equation, provided k 
be a constant. But since the tangent plane to 2^^ passes through 
the corresponding point of 5^, the above result shows that a plane 
normal to the lines of the congruence, and which divides in con- 
stant ratio the segment between the focal points, envelopes a sur- 
face of Voss. In particular, we have the corollary: 

The middle cnvclojyc of a congruence ofG^tichard is a surface of Koss, 

171, Pseudospherical congruences. The lines joining correspond- 
ing points on a pseudospherical surface S and on one of its Backlund 
transforms (cf. § 120) constitute an interesting congruence. We 
recall that the distance between corresponding points is constant, 
and that the tangent planes to the two surfaces at these points 
meet under constant angle. From (32) it follows that the distance 
between the limit points also is constant. 


^ MundiCTicr Urrlc/itc, Vol. XV'ITI (18SS), pp. JV^102. 
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Conversely, when the angle between the focal planes of a con- 
gruence IS constant, and consequently also the angle 9 between 
the parametric lines on the sphere representing the developahles, 
we have, from (V, 4), 

Furthermore, if the distance between the focal points is constant, we 
have p = «, and by (60) p 

7i, = A,= ^ 

Hence the two focal surfaces have the same constant curvature. 
Congruences of this kind were first studied by Bianchi.* He 
called them pseudospkerieal congnienceg 

In order that the two focal surfaces of the congruence be Back- 
Innd transforms of one another, it is necessary that their lines of 
curvature corresjiond. It is readily found that for both surfaces 
the equation of these lines is reducible by means of (66) to 

i"}’ + j'}’’]"” 

Moreover, the differential equation of the asymptotic lines on each 
surface is — ^ do* = 0. Hence we have the theorems: 

On the focal turf aces of a pseudospherieal conffruenee the linet cf 
curvature correspond, ond likewise the asymptotic lines 

The focal surfaces of a pseudosphericaZ congruence are Backlund 
transforms of one another, 

EXAUFIES 

1, Wben the parametera of a coagnience are any whatsoever, and likewise the 
surface of reference, a condition necessary and sufficient that a congruence be 
Isotropic is e _ /+/' _ ff 

^ 2 <? ^ 

2 A neceasary and sufficient condition that a congruence be isotropic is that 
the locos of two points on each line at an equal constant distance from the middle 
surface shall describe applicable surfaces 

3 Show that equation (65) admits ~ and — as solutions. Prove that In each 

Svt Sv 

case one of the focal surfaces is a sphere 

*.innah, Ser 2, Vol XV (1887), pp 161-172, also i^zwni, Vol I, pp 323,324 
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4. Determine all the congruences of Guichard for 'which one of the focal surfaces 
is a sphere. 

6. When a surface is referred to its lines of curvature, a necessary and suffi- 
cient condition that the tangents to the curves v = const, shall form a congruence 
of Guichard is g/j bVg\_^ 

cu \V!e / 

6. Determine the surfaces which are such that the tangents to the lines of 
curvature in each system form a congnience of Guichard. 


172* W-coEgruences. We have just seen that the as 3 ’'inptotic lines 
on the focal surfaces of a pseudospherical congruence correspond ; 
the same is true in the case of the congruences of normals to a 
TF-surface (cf. § 124). For this reason all congruences possessing 
this property are called jr-coriffr7i€?ices. We shall derive other prop- 
erties of these congruences. 

The condition that asymptotic lines correspond, namely 


takes the following form in consequence of (58) and (59): 


Hence from (60) it follows that a necessary and suflScient condition 
for a JF-congruence is 


(67) 




/sin 


In order to obtain an idea of the analytical problem involved in 
the determination of D’kiongruences, we suppose that we have two 
surfaces S, /S referred to their asymptotic lines, and inquire under 
what conditions the lines joining corresponding points on the surfaces 
are tangent to them. We assume that the coordinates of the surfaces 
are defined * means of the Lelieuvre formulas (cf. § 79), thus: 


(C8) 


€71 



^3 


dr ^ 

K 

"a 

CK 


' dv 



dll 

cu 

dv 

dv 

dv. 


dr ^ 
dv^ 

diu 


cu 

du 

dv 

cv 


• Cf. Gulchartl, Comptrs J^cm7us, Vol. CX (ISOO), pp. liJG-127. 
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and Similar equations in i, y, and z The functions v,, v, ; 
Uj, i>,, V, respectively are solutions of equations of the form 


(69) 




IL. 

dudv 




and they are such that 

(70) v^+v^+p;=a, 
where a and a axe defined by 

(71) 


>1 + Pa*+P,*- a, 


Since Vj, V,, V, and v,, i?,, are proportional to the direction- 
cosines of the normals to S and S, the condition that the Imes 
joining corresponding points he tangent to the surfaces S and 
S IS 

Vj(i — x) + v,(y — y) + Vj(z — z) i= 0, 

v^(x ~z)+ yj(y — y) +v,l^~z) = 0 

Hence 

X — X y—v 2 — z 

iTr — ” Zv — y ~ V — ^ 


where nt denotes a factor of proportionality In order to find its 
yalue> we notice that from these equations follow the relations 

(2 p)*== S(i - x)*= 

^ »!*[«« — ( 2 i'jPj)*]a= 7n*a2 sm*d, 

where 6 denotes the angle between the focal planes If this value 
of 2p and the values of K and K from (71) be substituted m (67), 
It IS found that We take m=l, thus fixing the signs of 

V,, v^, and the above equations become 

(72) y-y=v,-».,P„ i ^ z = v^p,- v,v^ 

If the first of these equations be differentiated with respect to «, 
the result is reducible by (68) to 
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Proceeding in like manner with the others, and also differentiating 
with respect to v, we are brought to 


— (Vi+v,) = k{Vf-Pi), 


{t = l, 2, 3) 


where I and i are factors of proportionality to be determined. 

If the firet of these equations be differentiated with respect to v, 
and in the reduction we make use of the second and of (69), we find 

In like manner, if the second of the above equations be differen- 
tiated with respect to we obtain 

(x_«-£)p,-(x-h+|)„-o. 

Since these equations are true for t=l, 2, 3, the quantities in 
parentheses must be zero. This gives 

r gi , 7,7 

— + \ = - — -f*?, 

dv dv du dv 


dJC y j 

\ = ^ "f* 

dv 


In accordance with the last we put 

7 ^ 1 1 

and the others become 

* diidv\dj 

Hence equations (69) may be Avritten 
diidv d^citdv ’ cicdi 


7 0,1 


0^ dudv 


from which it follows that is a solution of the* first of equa- 
tions (69) and 1/6^ of the second. ]Moreover, equations (73)‘ may 
now be written in tlie form 




8 



\e0, 


1 



j CU 

at 

8i> 

dv 
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Hence if be a known solution of the first of equations (69), we 
obtain by quadratures three functions Vj, which lead by the quadra- 
tures (68) to a surface S The latter is referred to its asymptotic 
lines and the joins of corresponding points on S and 6 are tangent 
to the latter And so we ha\e 

^ a tur/ace S he referred to tt» asymptotic lines, and the equations 
of the surface be in the Letieuvre form, each solution of the corre- 


sponding equation 




\e 


determines a surface h, found by quadratures such that S and b are 
the focal surfaces of a W congruence 


Corapanng (74) with (XI, IS), we see that if we put 


the locus of the point (arj, y,, zj corresponds to S with orthogo- 
nality of linear elements Hence Pj, P,, P, are proportional to the 
direction-cosmes of the generatnces of an infinitesimal deformation 
of S 80 that we have 

"Each focal surface of a W-congnience admits of an infinitesimal 
deformation tohose generatrices are parallel to the normals to the 
other focal surface 

Since the steps m the precedmg argument are reversible, we 
have the theorem 

The tangents to a surface which are perpendicular to the genera 
trices of an infinitesimal deformation ofi the latter constitute a IV 
congruence of the most general kind, and the normals to the other 
surface are parallel to the generatrices of the deformation 

173 Congruences of Ribaucour. In his study of surfaces corre 
spondiug with oithogonality of linear elements Ribaucour consid 
ered the congruence formed by the lines through points on one 
surface parallel to the uoimaU to a surface eotresponding with the 
former m this manner Bianchi * calls such a congruence a eon 
gruence o/^i5ajtceMr, and the second surface the director surface 

In order to ascertain the properties of such a congruence, we 
recall the results of § 163 Let be taken for the surface of 


'Tol n p 17 
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reference, and draw lines parallel to the normals to S. If the latter 
be referred to its asymptotic lines, it follows from (XI, 6) that 


_^dx^dX D'€^ 
^ dll die ~ HK 

^ ^ du dv HK 


- dx^ dX 

^~^'dv'^~ HK 
dx^ dX _ 

^ ^ dv dv HK 


Since these values satisfy the conditions 

the ruled surfaces u = const, v = const, are tlie developables. And 
since also is equal to zero, is the middle surface of the 

congruence. But the parametric curves on form a conjugate 
system ^vhen the asymptotic lines on S are parametric* Hence we 
have the theorem : 


The developable surfaces of a congruence of Ribaucoiir cut the 
middle surface in a conjugate system. 

Guichard * proved that this property is characteristic of congru- 
ences of Ribaucour. In order to obtain this result, we differentiate 
the first of equations (54) with respect to v, and in the reduction 
make use of the fact that X and p satisfy equations (V, 22 ) and 
(63) respectively. This gives 

ii. r /i2y\ dx, / diogp ri2y\ ^ 
dudv \ S J du \ me \ 2 S / dv 

Trom this and similar equations in y^ and it follows that a 
necessary and sufficient condition that the parametric curves form 
a conjugate system is ^ ri2Y d fl2V 

1 1 J ^2; L 2 / 


When this condition is satisfied by a system of curves on the 
sphere, they represent the as 3 "mptotic lines on a unique surface Sj 
whose coordinates are given by the quadratures (VI, 14) 


cu 



dv 



Cll 


dv)' 


L’icoh Xormalt, Ser. 3, Yol. VI (ISS5), pp.344, 315. 
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and similar expressions for y and z Combining these equations 
with (64), we find that 

0w ’ ^ du Sv Bv du ^ Bv Bv 

Hence S and correspond with orthogonality of linear elements, 
and the normals to the former are parallel to the lines of the con- 
gruence Hence 

A necessary and su^cient condition that the developahles of a 
congruence cut the middle surface in a conjugate system is that their 
representation he that also of the asymptotic lines of a surface, in which 
case the latter and the middle surface correspond with orthogonality 
of linear elements 

SZAmPLES 

1 When the coordinates of the unit sphere are in the form (III, 36), the para.' 
metric curves are asymptotic lines Find the W congruences for which the sphere 
IS one of the focal sheets 

2 Let rj =/,(«) + ^,(r), where/, and are functions of « and o respecUiely, 
and t = 1, 2, 3, he tiiree solutions of the first of equations (00), m which case X = 0, 
and let ff, in (74) be unity Show that for the corresponding W-congruence tlie mid 
tile surface is a surface of translation With the generatrices « = const , » = const , 
tliat the functions/, and are proportional to the dlrection-cDsinea of the binor 
Inals to these generatrices, and tlmt the intersections o! the osculating planes oi 
tliese generatrices are the lines of tlie congruence 

3 Show that isotropic congruences and congruences of Guicbard are congru- 
encea of Ribaucovir 

4 A necessary and sufficient condition that a congruence of Ribaucour be nor- 
mal is tiiat the spherical representation of Its developahles be isothermic 

B The nonnaVa to quadrics and to the cy elides of Dupin conslitote congruences 
of Ribaucour 

6 When the middle surface of a congruence is plane, the congruence is of the 
Ribaucour type 

7 Show that the congruence of Ribaucour, whose director surface is a right 
helicoid, is a normal congruence, and that the normal surfaces are molding surfaces. 

8 8how that a n ecessary and sufG dent conditio n that a congruence of Ribaucour 
be normal la that the director surface be minimal 

GENERAL EXAMPLES 

1 Through each line of a congruence there pass two ruled surfaces of the con- 
gruence whose lines of striction lie on the middle surface , their equation la 
q€- (/+ney +e^ _ ed«’ + (/+/ )<fKdg 4 gds* 

Sdu* + 2iS^dv.ds ^dii* 

they are called the mean ruled surfaces of the congruence 
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2. Show that the mean ruled surfaces of a congruence are represented on the 
sphere by an orthogonal system of real lines, and that their central planes (§ 105) 
bisect the angles between the focal planes. Let u = const., v = const be the mean 
ruled surfaces and develop a theory analogous to that in § 107. 

3. If the two focal surfaces of a congruence intersect, the intersection is the 
envelope of the edges Of regression of the two families of developable surfaces of 
Uie congruence. 

4. If a congruence consists of the lines joining points on two twisted curves, the 
focal planes for a line of the congruence are determined by the lino and the tangent 
to cacli curve at the point where the curve is met by the line. 

5. In order that the lines which join tlie centers of geodesic cun'ature of the 
cun’es of an orthogonal system on a surface shall form a normal congruence, it is 
necessary and sufficient tliat the corresponding radii of geodesic curvature be func- 
tions of one another, or that the curves in one family liave constant geodesic curvature. 

6. Let jS be a surface whose lines of curvature in one system are circles; let 0 

denote the vertex of the cone circumscribing S along a circle, and L the cori*e- 
^po^d^ng generator of the envelope of the planes of the circles ; a necessary and 
sufficient condition that the lines through the points C and the corresponding lines L 
form a normal congiuence is that the distance from C to thepointsof the correspond- 
ing circle shall be the same for every circle ; if this distance be denoted by a, the 
ntdins of the sphere is given by ___ ^ ^ 2 ) 


where the accent indicates difTerentiation with respect to the arc of the curve of 
centers of the spheres. 

7. Let 5 be a surface referred to its lines of curvature, and the centers 
of principal normal curvature at a point, Gi and the centers of geodesic cuiv'a- 
lure of the lines of cun\aturo at this point ; a necessaiy and sufficient condition 
that the line joining and Gi form a normal congruence is that be a function 
Pffui or that one of those radii be a constant 


8. Let j 5 be a surface of the kind defined in Ex. 6; the cone formed by the 
normals to the surface at points of a circle A is tangent to the second sheet of the 
evolute of 5 in a conic T (cf. § 1S2). Show that the lines through points of F and 
the vertc.v C of the cone which circumscribes S along A generate a normal con- 
gruence, and that C lies in the plane of F. 


9. Given an isothermal orthogonal system on the sphere for which the linear 

element is ^ / » o . o\ 

^ d<r^ = V (dii^ -h GD^) : 


on each tangent to a cun*e v = const, lay off the segment of length X measured from 
the ]X)int of contact, and through the extremity of the segment draw a line parallel to 
the radius of the sphere at thei>oint of contact. Show Uiat tliis congruence is isotropic. 


10. IVlien a congruence is isotropic and its direction-cosines are of the form 
on, S5), equation (53) reduces to 

^p _ 2p 

r*ufo (1 4- wr)- 
Show’ that the general integral is 


2[»^(c) - r/{w)](] -f 

where / ;ind ^ ait? arbitrary functions of u and t respectively. Find the equations 
of the middle surface. 
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11 Show that the intersections of the planes 

(1 - u») * + <(1 + u*) V + 2 «« + 4/(«) * 0, 

(l-e*)i-f(l + t>»)v + 2M+40(»)=O 
constitute an Isotropic congruence, for which these are the focal planes , that the 
locus of the mid-points of the lines joining points on the edges of regression of the 
developables enveloped b 7 these planes Is the minimal surface which is the middle 
envelope of the congruence, by finding the codrdinaCes of the point In which the 
tangent plane to this surfice meets the intersection of the above planes 

12 Show that the middle surface of an isotropic congruence is the most general 
BUtfaca which corresponds to a sphere with orthogonality of linear elements, and 
that the corresponding associate surface in the infinitesimal deformation of the 
sphere is the minimal surface adjoint to the middle envelope 

13 Find the surface associate to the middle surface of an isotropic congruence 
when the surface corresponding to the latter witli orthogonality of linear elements 
is a sphere, and show that it is the polar reciprocal with respect to the imaginary 
sphere -f p* -f z* -f- 1 = 0, of the minimal surface adjoint to the middle envelope 
of the congruence 

14 The lines of Intemectlon of the osculating planes of the generainces of a 
surface of translation constitute a TF'-congnience of which the given surface is the 
middle surface , 11 the generatrices he curves of constant torsion, equal hut of 
opposite sign, the congruence is normal to a ir-surface of the type (VIII, 72) 

16 If the points of a surface S be projected orthogonally upon any plane A, 
and if, after the latter has been rotated about any line normal to it through a 
right angle, lines be drawn through points of A parallel to the corresponding nor 
mals to S, these imes form a congruence of Hibaucour 

16 A necessary and sufGcient condition tbattlie tangents to the curves v = const 
on a surface, whose point equation is (VI, 26), shall form a congruence of Ribaucour is 
£6_^SMo^_0 
Bu. BV BuBv ~ 


17. Show that the tangents to each system of parametric curves on a surface 
form congruences of Bibaucour when the point equation is 


where I7i and Fi 
differentiation 


hnSv Su fv 

functions of u and c respectively, and the accents indicate 


18 Show that if the parametric curves on a surface S form a conjugate system, 
and the tangents to the curves of each family form a congruence of Ribaucour, the 
same is true of the surfaces Sx. and winch, toother wlthcS cnnallijjtft iM focal 
surfaces of the two congruences, 

19 Show that the parameter of distribution p of the ruled surface of a con- 
gruence, determined by a value of dr/du, is given by 

p = 1 if du + c^'dr, ^du -f ^dv | 

edu+/dv, /du + ffdn I 
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20. Sliow that the mean mled surfaces (cf. Ex. 1) of a congruence are char- 
acterized by the property that for these surfaces the parameter of distribution 
lias the maximum and minimum values. 

21. If S and So are two associate surfaces, and through each point of one aline 
ho drawn parallel to the corresponding radius vector of the other, the developables of 
the congruence thus formed correspond to the common conjugate system of S and Sq. 

22. In onler that two surfaces S and So corresponding witli paraJJelism of 
tangent planes be associate surfaces, it is necessary and sufficient that for the 
congruence formed by the joins of corresponding points M and 3fo of these sur- 
faces the developables cut S and So in their common conjugate system, and that 
the focal points M and Mo form a harmonic range. 

23. In order that a surface S be isothermic, it is necessaxy and sufficient that 
there exist a congnience of Ribaucour of which S is the middle surface, such that 
the developables cut S in its lines of curvature. 
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cyclic SYSTEMS 

174. General equations of cyclic systems. The term congruence 
IS not restricted to two-parameter systems of straight lines, but is 
applied to t wo-parame ter systems of any kind of cu rves Darboux * 
has made a study of these general congruences and Kibaucourf has 
considered congruences of plane curves. Of particular interest is 
the case where these turves are circles Ribaucour has given the 
name cyclic Bystema to congruences of circles which admit of a one- 
parameter family of orthogonal surfaces This chapter is devoted 
to a study of cyclic systems 

We begin with the general case where the planes of the circles 
envelop a nondevelopable surface S We associate with the latter 
a moving tnhedral (§ 68), and for the present assume that the 
parametric cunes on the surface are any whatever 

As the circles lie in the tangent planes to 5, the coordinates 
of a point on one of them with respect to the corresponding 
trihedral are of the form 

(1) a +.B cos 6, b+Ji sm 0, 0, 

where a, h are the coordinates of the center, 2t the radius, and 0 
the angle which the latter to a given point makes with the moving 
avails. 

In § 69 we found the following expressions for the projections 
of a displacement of a point with respect to the moving axes 

[ dx+ ^du + f ,di> + (qdu + q^dv) z~~(rdu + r^dv)yf 
J. -V- du -V V -V y-,dT'/a, 

tdz ■i‘(pdu+p^dv)y~{qdu + q^dv)x, 

•VoL n pp 1-10, ftlsoEiWtnhart Congniencea of Corves Traruacthna of the Amer 
yath Soc , Vol IV (1103), pp 4''0-»SS 

t Sf€molto sw la theotie g<(n€rale des sotfaees coorbea Jovrnal dat ifathCmafuitiei 
8er 4, VoJ VII (1891), $ 117 et *eq 
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where the translations fj, 57 , and the rotations p, q,r; p^, q^, r, 
satisfy the conditions 


< 3 ) 






= nr — 


dv du 


V^i—VP, 


ao U dv 8ii 

I y y 


When the values (1) are substituted in (2) the latter are 
reducible to 


(4) 


( Jdti + A^dv + cos 6 dR — {dO +rdu-\- r^dv) R sin 6, 
Bdu+ B^dv + sin B dR + (dB •\-rdii + r^dv) R cos B, 


(p du +Pidv) {b + R sin B) — (qdu-{- q^dv) (a+R cos B), 
where we have put, for the sake of brevity. 


(5) 




T> , , 

B=^-r — 1-^4- Ta^ 
dll 

. - L r. I » 

A = ^+fi-»‘A A=^ + ’7 i+»'i“- 


The conditions that 


du ^ 


\dv/ dv \du/ ^ dll \dv/ dv \d7i/ 


are reducible, by means of (3), to 

^ - It = ’•A- ^ (P2-Piqh 


(3) 


dv du 

SB dB, . . i , , X 

— - ^ 4 - + « (pq^-Piq)- 


The direction-cosines of the tangent to the given circle at the 
point ( 1 ) are 

{^) — sin 0 , cos 6j 0 . 

Hence the condition that the locus of the pointy as u and tf vary, 
be orthogonal to the circle is that the sum of the expressions ( 4 ) 
nmltiplied respectively bj* the quantities (7) be zero. This gives 

( 8 ) i? dd 4- (J5 cos 0 •— vt sin d -f d?r) 4- cos 0 — s i n d rj dr = 0. 
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In order that the system of circles be normal to a family of sur 
faces this equation must admit of a solution involving a parameter 
Since it IS of the form 
(9) }td9 + Udu-¥Vdv^0, 

the condition that such an integral exist is that the equation 



be satisfied identically * For equation (8) this condition is 
reducible to 

sin0^ A~-^A^ + lib(pq,~ 

+ (4B, — A^B) + B} {pq ^ — = 0 


In order that this equation he satisfied identically , the expressions 
in the brackets must be zero If they are not zero, it is possible 
that the two solutions of this equation will satisfy (8) and thus 
determine two surfaces orthogonal to the congruence of circles 
Hence we have the theorem of Ribaucour 

^ the circles of a con^rttence arc normal to more than two sttiyiice* 
they form a cyclic system 


The equations of condition that the system be cyclic are 
consequently 

^ Fi?) ^ 0* 


a2) 


dv du 


(ytBj— + Jt* (P jj— P j 5) as 0 


The total curvature of S is given (cf § 70) 


x=£3i:im 


•Mnrr»7 Plffersnttal EtivatioTit p 137 New York 1897 alsororsytS Dfferentiai 
£gvation» p 237 l«ndoii 1888 
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From this and (5) it is seen that equations (12) involve only 
functions relating to the linear element of S and to the circle. 
Hence we have the theorem of Ribaucour: 

If the envelope of the planes of the circles of a cyclic system be 
deformed in any manner wiihoxet disturbing the size or position of 
(he circles relative to the point of contact^ the congruence of circles 
continues to form a cyclic system* 

Furthermore, if we put ^ 

t = tan-? 


equation ( 8 ) assumes the Riccati form, 

dt -f iaf + ^a) du + (bf + bj. + ^> 3 ) dv = 0 , 

where the a’s and 5’s are functions of u and v. Recalling a funda- 
mental property of such equations {§ 14), we have : 

Any four orthogonal surfaces of a cyclic system meet the circles in 
four points whose cross-ratio is constant* 


Since by hypothesis S is nondevelopable, equations (12) may 
be replaced by 

\R^-^=Aa + Bl, 
du 


(13) 


R — = A.a + BR 
dv ^ 

^ AB,~A,B + B^ (It?,- 1,7?) r = 0. 


By (5) the first two of these equations are reducible to 


(14) 


^|-(it=-<i’-6^) = 2(a| + 6T?), 
ou 


dv 


(jt^_„=_62^=2(fl|,+ JT?,). 


The condition of integrability of these equations is 

Instead of considering this equation, we introduce a function ff> 
by the equation 

2 <^ = i2=-(r-5=, 
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and detennine the condition which <f> must satisfy We take for 
a and h the expressions obtained by solving (14), that is 


(17) 


' dv 


^dv 


Now the equation (16) vanishes identically, and the only other 
condition to be satished is the last of (13), this, by the sabsti 
tution of these values of a, &, JJ, becomes a partial differential 
equation in of the form 

(18) + + + 

' ' \8u3v/ &u* tnigi 2u 

where J, L, if, iV" denote functions of f, r^, and their denva- 
tives of the first order Conversely, each solution of this equation 
gives a cyclic system whose circles lie in the tangent planes to S 


EXABtPLES 

1 Let 5 be a surface of rerolatlon defined (UI 09), and let T be the tnhedral 
■whose X alia Is tangent to the curve p = const. Determine the condition ■which the 
function ^ (u) must satisfy in order that the quantities a, h In (1) may have the values 
It(u) 

Vl + ^»(u) “ 

and determine also the expression for S 

S A necessary and sufficient condition that all the circles of a cyclic system 
■whose planes envelop a nondevelopabie surface shall have the same radius, is that 
the planes of the circles touch their envelope S at the centers of the circles and 
■that S be pseudospberlcal 

3 Let 5 be a surface referred to an orthogonal system of lines and let T bo 
the trihedral whose z-axia is tangent to the curve v ~ const With reference to the 
trihedral the equations of a curve in the tangent plane are of the form 

X = f cos v = psmS, z = 0 

where in general ^ is a function of 0, u, and « Show that the condition that there 
be a surface orthogonal to these curves is that there exist a relation between 0 u, 
and V which satisfies the equation 

(s)] (s I + ' ’ 5 - 

(I S ■^ " “” ' 5? ' 

When this condition Is satisfied by a function 0 which involves an arbitrary con 
stant, there is an infinity of normal surfaces In this case the curves are said to 
form a normal conyruence 

4 When the surface enveloped by the planes of the curves of a normal con 
gruence of plane curves Is deformed in such a way that the curves remain Invan 
ably fixed to the surface, the congruence continues to be normal 
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175. Cyclic congruences. The axes of the circles of a cyclic sys- 
tem constitute a rectilinear congruence which Bianchi * has called 
a cyclic congruence. In order to derive the properties of this con- 
gruence and further results concerning cyclic systems, we assume 
that the parametric curves on S correspond to the developables of 
the congruence. 

The coordinates of the focal points of a line of the congruence 
vith reference to the corresponding trihedral are of the form 
a, h, p^; a, 6, On the hypothesis that the former are the 
coordinates of the focal point for the developable v = const, 
through the line, we have, from (2), 

^ + ^+qPy—rh = 0, ^ + 7]-pp^ + ra = 0. 

Oil oil 

Proceeding in like manner with the other point, we obtain a pair 
of similar equations. All of these equations may be written in the 
abbreviated form 

<19) A + qp^^Q, _pPj= 0, ^j+?,pj=0, B^~p^p^=Q, 

in consequence of (5). When these values are substituted in the- 
last of equations (13), it is found that 
( 20 ) 

Hence the lines joining a point on the circle to the focal points are 
perpendicular. If we put 

thus indicating by 2 /> the distance between the focal points, and by 
8 the distance between the center of the circle and the mid-point 
of the line of the congruence, we find that 

We replace this Equation by the two 

(21) S = /) cos tr, i? = /> sin o-, 
thus defining a function c*. Now w’e have 

P\ — P (cos <r -h 1), = p(cos <r — 1), 

^ that equations (19) may be written 

(22) I -4 = — 5p(cos <r -fl), i?=j:>/>(C0S<r + l), 

\A^ = — q^p (cos cr 1), Z?j = p^p (cos or — 1). 

• voi. n,p. X 61 . 
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By means of (5) equ-ition (16) can be put m the form 

When the values (22) are substituted m this equation, it becomes 
cos <T{p7]^-~ p^f] - + 9 , 1 ) + (Pxn-~ qi^ ^pVx ~ ??,) = 0 

Since by (3) the expression in the first parenthesis is zero, the same 
IS true of the second, and so Tve have 

But these are the conditions (V, 67) that the pararuetnc curves 
on S form a conjugate system Hence we have the theorem of 
Kibaucour 

On the envelope of the planes of the circles of a cyclic system the 
curves correspondiny to the develapahUs of the associated cyclic con 
yruenee form a conjugate system 

176 Spherical representation of cyclic congruences When the 
expressions (22) are substituted in (6), we obtain 

^[P(C03 o- -1)] “ q~ [p(co3 o- + 1)] 

I’l Fp(co 3 O' - 1)] -;> I; [P (cos <r + 1)] 

fdv dp, \ 

Since P 5 ,— p ,9 0 unless S is developable, the preceding equations 

may be replaced bj 

~ [p (cos tr - 1 )] = 2 p } + (a^ - ip), 

1 [p (cos a + 1}] = - 2 p J + (ay, ^ ip,), 

where the Cbristoffel symbols are formed with respect to 

(24) (p(?M4*p,<?0*+(?‘f« + 9i<fi')*. 

the linear element of the sphencal repi esentation of S 
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When in like manner we substitute in the first two of equations 
(13), taking = p“ singer = p-(l~- cosher), 


we obtain 

(1— cos &) 


dll 


p cos a d 
1 + cos O' dll 


cos <r^pb-- qa^ 


(1 + cos <t) 


dp p cos (T d 


dv 1 — cos O' dv 


~ cos O' = — + q^a. 


(26) 

and 

(2C) 


d_ 
1. dv 


From these equations and (23) we find 

[|-cos<r = 2(cos<r + l){^2T’ 

coso* = 2(coso- — 

(cos o*— 1) ^ — 2p + 9^ —ph, 

(cos 0 *+!)^=: — 2p cos or 4- qfi’—pyb. 

The condition of integrability of equations (26) is reducible to 






If the expression for cos a obtained from this equation be substi- 
tuted in (25), we find two conditions upon the curves on the sphere 
in order that they may represent the developables of a cyclic con- 
gruence. A particular case is that in which (27) is identically sat- 
isfied, when the two conditions are 


(28) 




It is now our purpose to show that if any system of ounces on 
the sphere satisfies either set of conditions, all the congruences 
whose developables are thus represented on the sphere are cyclic. 

W c assume that the sphere is referred to such a system and that 
wc have a solution p of 
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By the method of § 167, or that hereinafter explained, -we find the 
middle surface of the congmenoe Then •we take the point on each 
line at the distance — p cos cr from the mid-point as the center of the 
circle of radius p sm <r and for which the line is the axis These cir- 
cles form a cyclic system, as we shall show 

In the first place we determine the middle surface ivith reference 
to a trihedral of fixed vertex, whose 2 -axis coincides with the radius 
of the sphere parallel to the Ime of the congruence and whose x- 
and y-axes are any whatever If Xj, y,, denote the coordinates 
of the mid point of a line with reference to the corresponding tn 
hedral, the coordmates of the focal points ate 

2,-p 

From (2) it is seen that if these points correspond to the develop- 
ables V = const* and u = const respectively, we must have 

dX„ 

^ P)- ry, = 0, + rx,-p (z,-f p) = 0, 

^ P) - ny, = 0, ^ p) = 0 

Since pqy^Piq ^ 0, the conditions of integrability of these equa- 
tions can he put in the form 

(30) 

, S + S ^ c { 1^} + (M.- ?A) “ 0- 

It IS readily found that the condition of mtegrability of these equa- 
tions IS reducible to (29) 

It will be to our advantage to have also the coordmates of the 
point of contact of the plane of the circle with its envelope S If 
*0 ~ P ^^08 O' denote these coordinates •with reference to the 
above trihedral, it follows from (2) that 


— (z, - p cos <r) + ;?y - jr = 0, 
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if these equations be subtracted from the respective ones of (30), 
the results are reducible, by means of (25), to 

(cos e- -1) 1^ + 2 p cos o- 1^2 I y)- 9(^o- 5) = 0, 


(cos 0 - + 1) 1^ + 2 p cos o- 1 + Pi - y) — 9i 


./12V 


which are the same as (26). For, the quantities iTo— 5, 
the coordinates of the center of the circle with reference to the tri- 
hedral parallel to the preceding one and with the corresponding 
point on aS for vertex. 

If, then, we have a solution a- of (25) and p of (29), the corre- 
spending values of a and b given by (26) satisfy (22), since the 
latter are the conditions that the parametric curves on the sphere 
represent the developables of the congruence. However, we have 
seen that when the values (22) are substituted in (12), we obtain 
equations reducible to (25) and (26). Hence the circles constructed 
as indicated above form a cyclic system. 

Since equations (25) admit onty one solution (27) unless the con- 
dition (28) is satisfied, we have the theorem : 

IVit/i each cyclic congruence there is associated a unique cyclic sys- 
tem unless it is at the same time a congruence of JUbaucour^ in which 
case there is an infinity of associated cyclic systems. 


Recalling the results of § 141, we have the theorem of Bianchi ♦ : 

^Vhen the total airvatiire of a surface referred to its asymptotic 
lines is of ihefoTmi 

IS the surface generatrix of a congruence of Ribaucour xohich is 
oychc in an infinity of ways^ and these are the only cyclic congru- 
ences with an infinity of associated cyclic systems. 


In this case the general solution of equations (25) is 
(31) 


nfr — <5 4- a 
cos <r = - ' — , — j 


"^vhere a is an arbitrary constant. 


4 “ ^ 


• voi. n, p. 1C5. 
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177. Surfaces orthogonal to a cyclic system. In this section we 
consider the surfaces orthogonal to the circles of s cyclic sjrs 
tem Since the direotion-cosines of the normals to the surfaces 
with reference to the moving tnhedinl m § 174 are — sm 0, cos 0, 0, 
the spherical representation of these surfaces is given by the point 
whose coordinates are these with respect to a trihedral of fixed 
vertex parallel to the above trihedral From (2) we find that the 
expressions for the projections of a displacement of this point are 
~ cos 0 (d0 -hrdii + r^dv)^ 

— sm 0 (d0 + rdu + r^dv), 

(p du +pj^dv) cos ^ + (y £?« + y^dv)8in 0 
Moreover, by means of (8), (21), (22), we obtain the identity 

(32) sm (T(dd + r ifu + v^df) =a — (1 + cos o')(p cos 0 + q sm 

+ (1 — cos o‘){p^cos 0 + 5 jam 6)dv 
Hence the linear element of the spherical representation of iSj la 
2 

(33) dir* = j — coT^ ^ + y sin 0)*du* 

2 

+ ^ { p-cos 0 + o.sm 6)*dv* 

l + cosc-''^^ ' 


Since the parametnc curves on the sphere form an orthogonal 
system, the parametnc curves on the surface are tlie lines of 
curvature, if they form an orthogonal system In order to show 
that this condition is satisfied, we first reduce the expressions (1) 
for the projections of a displacement of a point on Si, by means 
of (21), (22), (2 j), (26), and (32), to 


(34) 


cos 0 sm tr 
sm 0 sm <r 


^ Cdu Ddv \ 
^1 — cos <r 1 -f- cos tr) 

' Cdu _ Ddv \ 
^1— cos O' 1+ cos O'/’ 
Cdu + Ddv, 


where we have put 


( 35 ) 


C p (i + ^ sm 0) ~ 9 (a 4- ft cos fi>, 
D s= Pj(J 4 II sm 0) — yj(a +li cos 0) 
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Hence the linear element of S^ is 
,3G) *?- 2 




1 — cos <7 1 4 * cos cr 

from which it is seen that the parametric curves on form an 
orthogonal system, and consequently are the lines of curvature. 

Furthermore, it is seen from (34) that the tangents to the curves 
r = const, w = const, make with the plane of the circle the respec- 
tive angles 
, 87 ) 

\ sxn cr / \ sm cr / 


But it follows from (21) that the lines joining a point on the cir- 
cumference of a circle to the focal points of its axis make the 
angles (37) with the radius to the point. Hence we have: 

The lines of curvature on a surface orthogonal to a cyclic system 
correspond to the developahles of the congruence of axes of the circles^ 
and the tangents to the tioo lines of curvature through a point of the 
surface meet the corresponding axis in its focal points* 

178. Normal cyclic congruences. Since the developahles of a 
cyclic congruence coixespond to a conjugate system on the enve- 
lope S of the planes of the circles, this system consists of the 
lines of curvature when the congi'uence is normal, and onl}" in 
this case (cf. § 83). If, under these conditions, we take two of the 
edges of the trihedral tangent to the lines of curvature, we have 
(38) p = 5j=0, 

nnd equations (25) become 

i- log cos I = A logy,, A log si„ I = A log 5, 

By a suitable choice of parameters we have 

fi=cos|, g=:-sin|, 

that if we put 6) = — flp/2, the linear element of the sphere is 
(S9) sitrcorfir-f cos^cDifr*. 

Comparing this result with (§ 119), we have the theorem: 

The normals to a surface 2 with the same spherical rcpreBcntaiion 
oj its lines of curvature as a pseudosphcrical surface co7ist{tute the 
C'ufy kind of normal cyclic congruences* 
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Since the surface 2 and the envelope S of the planes of the 
circles have the same representation of their lines of curvature, 
the tangents to the latter at corresponding points on the two 
surfaces are parallel Hence with reference to a trihedral for 2 
parallel to the trihedral for S the coordinates of a point on the 
circle are R cos 0, R sin 0, where /t leioaina to be deternnned 
and 0 13 given by (33), which can be put in the form 

a d& da> n 

(40) — H s= costi> sin0, — -f- r- »= — sin to cos 0 

' ' dtt di dv du 

If we express, hj means of (2) the condition that all displace- 
ments of this point he orthogonal to the line whose direction 
cosines are — sm0, cos0, 0, the resulting equation is reducible, 
by means of (40), to 

em 0 (12 cos <u — ein oi — f ) du 

— cos0(^ sin to 4- M cos to — ?;,) dll =; 0 

Hence the quantities in parentheses are zero, from which wo obtain 

(41) R = ^ cos «u 4- sm to, f sin to 4- cos to 

When, in particular, 2 is a pseudosphencal surface of curvature 
— 1/a*, we have (VIII, 22) 

f = a cos to, Ui = ^ sin to, 

80 that 72 = a and ^ = 0 Hence the circles are of constant radius 
and the envelope of their planes is the locus of their centers 
(cf Ex 2 § 174) Conversely, when the latter condition is sat 
isfied, it follows from (13) tliat R is constant iloreover, in this 
case p, and p. as dehned in § 175, are the principal radii of the 
surface, which by (20) is pseudosphencal When these values 
are substituted m (36) and (33), it is found that the linear ele 
ment of each orthogonal surface is 

d«*s= a*(cos*0d«*4- 6in*0du*), 
and of its spherical representation 

(42) dif j* as sm* 0du* 4* cos* 0dt)* 

Hence these orthogonal surfaces are the transforms of 2 by means 
of the Bianchi transformation (§ 119) 
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Tlie expression (42) is the linear element of the spherical rep 
resentation of the surfaces orthogonal to the circles associated with 
any surface 2, whether it be pseudospherical or not, whose spherical 
representation is given by (39). Since these orthogonal surfaces 
have this representation of their lines of curvature, they are of the 
same kind as 2. We have thus for all surfaces with the same rep- 
resentation of their lines of curvature as pseudospherical surfaces, 
a transformation into similar surfaces of which the Bianchi trans- 
formation is a particular case; we call it a generalized Bianchi 
transformation.* 

179. Cyclic systems for which the envelope of the planes of the 
circles is a curve. We consider now the particular cases which have 
been excluded from the preceding discussion, and begin with that 
for which the envelope S of the planes of the circles is a curve (7. 

We take the moving trihedral such that its ;ry-plane, as before, 
is that of the circle, and take the a:-axis tangent to (7. If 5 denotes 
the arc of the latter, we liave 

ds ^ ^ die + 

and by (3) 

(48) = = 0. 

Prom (14), (15), and (16) it follows that a and ^ are functions of 
so that these equations may be replaced by 

(*14) — Q' “b 2 ^ (i?). 

If the parametric curves on the sphere represent the developables 
of the congruence, the conditions (19) must hold. But from (5), 
(15), and (43) we obtain ^ — 0 

If the values from (19) be substituted in this equation, we have, 

p^-p.= o. 

Hence the focal surfaces coincide. If we put 

P = Pi=Pi 

in (19) and substitute in the last of (12), we obtain 
{p-+J{'){pq-p,q)=0. 

•Cf. Jo Hr/m?, Vol. XXVI (liXTli), pp, 127-132, 
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The -vanishing of xs the condition that there he a amgle 

infinity of planes, -which case we exclude for the present Hence 
p4=±»i?, that IS, the developables of the cyclic congruence are 


imaginary. 

Instead of retaining as parametric curves those representing the 
developables, we make the following choice We take the arc of C 
foe the panmeter «, consequently #=*1, Since tf = tt^s=sO 

also, we have, from (8), 


^ 1 = 0 , 


hence we may choose the parameter v so that p = 0, Pi=»l 
From (3) it follows, furthermore, that 



of which the genenl integral is 

g = t/j cos V -f 17, sin v, r = — > l7^ am v 4- f7, cos v, 

where I7j and E7, are arbitrary functions of u From (5) we have 
A = + 1 - ri, ^, = 0, ^ ’ 

so that the third of equations (12) is reducible by (44) to 

(^" + 1 ) — 

(45) ^ y,sm«-?7,C03tr 

Hence if we take for a any function of « denoted by equation 

(45) gives b, and Ji follows directly from (44) 

180 Cyclic systems for which the planes of the circles pass 
through a point. If the planes of the circles of a cyclic system 
pass through a point 0, we take it for the origin and foi the 
vertex of a moving trihedral whose g axis is parallel to the axis 
of the Circle uiulet consideration In this case equations (14) 
may be replaced b} 

(46) = + 

-where e denotes a constant But this is the condition that all the 
circles are orthogonal to a sphere with center at 0, or cut it m 
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cliamctricall}" oi)posite points, or pass through 0, according as c is 
positive, negative, or zero. Hence we have the theorem : 

If the planes of the circles of a cyclic system pass through a poifit 
the circles are orthogonal to a sphere with its center at the pointy ot 
meet the sphere in opposite jwints, or pass through the center. 

From geometrical considerations we see that the converse of this 
tlicorem is true. 

When c in (4G) is zero all the circles pass through 0. Then 
hy (21) we have 

(47) a = — p sin cr cos d, 6 = — p sin cr sin 0, 

and equations (2G) become 


(cos (T — 1 ) ^ == — 2 cos cr + sin <t {p sin 0 — 5 cos 0 ), 

(cos 0 * -f 1 ) = — 2 cos cr + sin cr (p^ sin 5 cos 6). 


These equations are obtained likewise when we substitute the 
values (47) in equations (22) and reduce by means of (25) and (32). 
Because of (22) the function p given by (26) is a solution of (29), 
and therefore p given by (48) is a solution. But the solution 6 of 
(32) involves a parameter. Hence we have the theorem of Biunchi * . 

Among all the cyclic congruences xcith the same spherical repre- 
sentation of their developahles there are an infinity for which the 
circles of the associated cyclic system pass through a point. 

If we take the line through 0 and the center of the circle for 
the x-axis of the trihedral, equation (11) must admit of the solu- 
tion d = TT, and consequently must be of the form 

sin 0L -f (cos 6 +1)M- 0. 

In ortler that tliis equation admit of a solution other than tt, both 
L and M must he zero and the system cyclic. We combine this 
result witli the preceding theorem to obtain the following; 

two-parameter family of circles through a point and orthogonal 
to any surface constitute a cyclic system, arid the most general spher- 
ical represnitation of the developahles of a cyclic congruence is afforded 
hy the representation of the axes of such a system of cirdcs.f 

• Vo), n. p, 1C?. 


t Blanch!, Vol. II, p. 170. 
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We consider finally the case where the planea of the circles 
depend upon a single parameter. If we take for moving axes the 
tangent, principal normal, and bmormal of the edge of regression 
of these planes and its arc for the parameter «, we have 

and comparing (V, 50) with (2), we see that 



where p and t are the ladu of first and second curvature of the 
edge of regression. Now 

Stt p Su cu, p dv 

The equations (12) reduce to two. One of the functions a, b may 
be chosen arbitrarily ; then the other and ^ can be obtained by 
the solution of partial differential equations of the first order 


EXAMPLES 

1. Show that a congruence of Sibaucour whose surface generator is the right 
helicoid IS cyclic, and determine the cyclic systems 

2 A congruence of Guichard is a cyclic congruence, and the envelope of the 
planea of the circles of each associated cyclic system is a surface of V<i« 

S The surface generator of a cyclic congruence of Ribaucoitr is an associate 
surface of the planes of the circles of each associated cyclic system 

4 If 5 is a surface whose lines of curvature have the same spheiicai representa- 
tion as a pseudosplierical surface, and Si is a transform of S resulting from a gen 
eralized Bianchl transformation (§ 178), the tangents to the lines of cunatureof 
Si pass through the centers of principal curvature of S 

5 When the focal segment of each line of a cyclic congruence is divided in 
constant ratio by the center of the circle, the envelope of the planes of the circles 
is a surface of Voss 

6 The circles of tho cyclic eystecn whose axes are normal to the surface S, 
defined in Ex 11, p 370, pass through a point, and the surfaces orthogonal to the 
circles are surfaces of Eianchi of the parabolic type 

7 If the spheres with the focal segments of the lines of a congruence for 
diameters pass through a point, the congruence le cyclic, and the circles pass 
through the point 

6 Show that the converse of Ex 7 Is true 
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GENERAL EXAMPLES 


1. Determine the nonnal congruences of Ribaucour which are cyclic. 

2. If the envelope of the planes of tlie circles of a cyclic system is a surface of 
Voss whose conjugate geodesic system corresponds to tlie devolopablcs of the asso- 
ciated cyclic congnience, any family of planes cutting the focal segments in con- 
stant ratio and perpendicular to them envelop a surface of Voss. 

3. A necessary and sufficient condition that a congruence be cyclic is that the 
devclopables have the same spherical lepivsentation as the conjugate lines of a sur- 
face which remain conjugate in a defoimatlou of the surface. If the dcvelopables 
of the congruence are teal, the defoims of the surface are imaginary. 

4. The planes of the cyclic systems associated with a cyclic congruence of 
Ribaucour touch their respective envelopes in such a way that the points of con- 
tact of all tlic planes corresponding to the same line of the congruence lie on a 
straight line. 

6. If the spheies described on the focal segments of a congruence as diameters 
cut a fixed sphere orthogonally or in great circles, the congruence is cyclic and 
the circles cut the fixed sphere orthogonally or in diametrically opposite points. 


6. If one draw's the circles which are nonnal to a surface S and wiiich cut 
a fixed sphere 5o in diametrically opposite points or orthogonally, the spheres 
described on the focal segments of the congnience of axes as diameters cut So in 
great circles or orthogonally. 

7. Determine the cyclic sj'steius of equal circles whose planes envelop a devel- 
opable surface. 

8. Let El bo the surface defined in Ex. U, p. 371, and let Sq bo the sphere with 
center at the oiigin and radius r. Draw the circles which are nonnal to 2i and 
which cut 5o orthogonally or in diametrically opposite points. Show that the 
cyclic congnience of the axes of tliese circles is a normal congruence, and that the 
coordinates of the nonnal surfaces arc of the form 


X I a-c « — (17" -f* jc) e*‘ I cos 0 'hv sin Xi 

•f -b — ijcosf?Jx2 + iXy 

where k Is equal to — r- or -f r-, according ns the circles cut So orthogonally or in 
diametrically opposite points, and where i is given by 


|a% « — (7j2 ^)c«|cos^-f i7fiin6?Jsin wdu 

I — {»j- It) I sin P — 7; cos O'J cos u dr. 


9. ,Show that the surfaces of Ex. 8 arc surfaces of Bianchl which have the 
same spherical representation of their lines of curvature as the pseud ospherical 
surface S ix;f erred to* In Ex. 14, p. 371. 

10. Show that the surfaces orthogonal to the cyclic system of Ex. 8 are surfaces 
of Riauchi of the parabolic type. 
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11 Let S be a surface referred to an orthogonal system, and Jet T be the trihe- 
dral whose z-axis is tangent to the curve v « const The equations 

I s= p (1 + cos p), y = 0, e = fi BID e 
define » circle normal to S Show that the necessary and safacknt conditions that 
the circles so defined form a cyclic system are 

{| + p„r ^0, p(pr; - p^r) - (j + g + jg = 0 

12 A necessary and sufScient condition that a cyclic system remain cyclic 

when an orthogonal surface S is deformed is that S be applicable to a surface of 
revolution and that , / v 



where c >3 a constant and the linear element of Sis ds^ = du> +02(M)d«s (cf £z 11) 

13 Petennine under what conditions the lines of intersection of the planes of 
the circles of a cyclic system and the tangent planes to an orthogonal surface form 
a normal congruence 

14 Let 2i and S» be two surfaces orthogonal to a cyclic system and let Jtfi and 
Mz be the points of intersection of one of the circles with 2i and S, Show that 
the normals to 2^ and 2$ at the points and Hz meet rn a point M equidistant 
from these points and show that 2^ and 2) constitute the sheets of the envelope of 
a two-patameber family of spheres such that the lines of curvature on 2i and 2^ 
correspond 

15 lot 8 be the surface of centers of a two-parameter family of spheres of 
variable radius B, and let 2i and 2, denote the two sheets of the envelope of these 
spheres Show that the points of contact Ifi and of a sphere with these sheets 
are symmetnc with respect to the tangent plane to S at the corresponding point Jf 
Let S be referred to a moving trihedral whose plane p = 0 la the plane JlfjiJf \fj, and 
let the parametnc curves be tangent to the z- and p axes respectively Show that 
if <r derotea the angle which, the radius Ififi mates with the z-axis of the trihedral, 
the Imea of curvature on 2j are given by 

J sin <r (am ap — r cos a)du^ + ifi ^gi — du* 

+[’>1 (9 € S'’' ^ ''i - 3>i aa 0 ] ffwl® = ® 

16 Find the condition that the lines of curvatare on 2i and 2j of Et 16 coire- 
epond, and show that m this case these cun es correspond to a conjugate system on S 

17 Show that the circles orthogonal to two surfaces form a cyclic system, pro 
vided that the lines of curvature oa the two surfaces corresqond 

IB Let S be a pseudospherical surface with the linear element (Vin, 22) the 
lines of cuivatuTO being paiamctnc, and let A be a surface with the same epher 
leal representaUon of its lines of curvature as S furthermore, let At denote the 
envelope of the plane which mahes the constant angle v with the tangent plana 
at a point Jf of A and meets this plane in a line L which forms with the tangent 
to the curve e = const at Jlf an angle 9 defined by equations (VUI, 36) If -Ifi 
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<lcnot>6s tlie point of contact of this plane, %vc drop from Jlfi a perpendicular on JD, 
roceting the latter in JV”. Show tliat if X and p. denote the lengths MK and iWi, 
they are given by 

X r: (\/^cos w -f Vg sin w) sin <T, fi = ( — V^sin w +\^cos w)sin<r, 
where E and G are the first fundamental coefRcicnts of A, 

19. Show that wJien the surface A in Ex. 18 is the pseudospherical surface Sy 
then Ai is the Backlund transform Si of S by means of the functions (9, <r), and 
that wlien A Is other than S the lines of curvature on the four surfaces 5, Ay Siy 
Ai correspond, and the last two have the same spherical representation. 

20. Sliow that as 9 is given all values satisfying equations (VUI, 85) for a given 
ffy the locus of the point defined in Ex. 18, is a circle whose axis is normal to 
the surface A at 3f. 

21. Show that when A in Ex. 18 is a surface of Bianchi of the parabolic type 
(Ex. 11, p. 870) the surfaces Ai are of the same kind, whatever bo <r. 
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TRIPLY ORTHOGONAL SYSTEMS OF SURFACES 

181. Triple system of surfaces associated with a cyclic system 
Let 5, be one of the surfaces orthogonal to a cjchc system, and 
let its lines of curvature be parametric The locus 2^ of the 
circles which meet <S, in the line of curvature v =* const through 
a pomt Jlf 13 a surface which cuts S, orthogonally Hence, by 
JoachimsthaTs theorem 69), the line of intersection is a line of 
curvature for 2j In like manner, the locus 2, of the ciicles 
which meet in the line of curvature « = const through 21 cuts 
orthogonally, and the curve of intersection is a line of curva 
ture on 2j also Since the developables of the associated cychc 
congmence correspond to the lines of curvature on all of the 
orthogonal surfaces, each of the latter is met by 2,^ and 2^ in a 
line of curvature of both surfaces At each point of the circle 
thiough 21 the tangent to the circle is perpendicular to the line 
of curvature t = const on 2, through the pomt and to u = const 
on 2j Hence the circle is a line of curvature for both 2j and 2,, 
and these surfaces cut one another orthogonally along the circle 
Since there is a surface 2j for each curve v =* const on and a 
surface 2, for each u = const , the circles of a cyclic system and 
the orthogonal surfaces may be looked upon as a system of three 
families of surfaces such that through each point in space there 
passes a surface of each family Moreover, each of these three sur- 
faces meets the other two orthogonally, and each curve of intersec- 
tion 13 a line of curvature on both surfaces We have seen (§ 96) 
that the confocal quadrics form such a system of surfaces, and 
another example is afforded by a family of parallel surfaces and 
the developables of the congruence of normals to these surfaces 
When three families of surfaces are so constituted that through 
each point of space there passes a surface of each family and each 
of the three surfaces meets the other two orthogonally, they are 
446 
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said to form a irijily orthogonal system. In the preceding examples 
the curve of intersection of any two surfaces is a line of curvature 
for both- Dupin showed that this is a property of all triply orthog- 
onal systems. We sliall prove this theorem in the next section. 

182. General equationo. Theorem of Dupin. The simplest exam- 
2 >lo of an orthogonal system is afforded by the planes parallel to 
the coordinate planes. The equations of the system are 


X = Wp y — z = Wg, 

where tq, are parameters. Evidently the values of these 

parameters con^esponding to the jdanes through a point are the 
rectangular coordinates of the point. In like manner, the surfaces 
of each family of any triply orthogonal sj’stem maj^ be determined 
by a parameter, and the values of the three parameters for the 
three surfaces through a point constitute the curvilinear coordi- 
nates of the point. Between the latter and the rectangular coor- 
dinates tliere obtain equations of the form 

(1) X 7^2, 7g, y =/2(7q, tig), 2 : 7i„, 7/3), 


where the functions f are analytic in the domain considered. An 
example of this is afforded by formulas (VII, 8), which define space 
referred to a system of confocal quadrics. 

In order that the system be orthogonal it is necessary and suffi- 
cient that these functions satisfy the three conditions 


( 2 ) 


CX 


0 y dr dx 

^ city du^ ’ ^ cUy 


Any one of the surfaces 7q = const, is defined by (1) when 7 i, is 
given this constant value. 

By the linear element of space at a point we mean the linear ele- 
ment at the point of any curve through it. This is 

ds" dip 4- 

which, in consequence of (2), may be written in the parametric form 

(2) (Av = //f 21 

wliere 

(4) 7/->=V 

As thus clefiiied, the functions 7/,, 7/., 77, are real and rve shall 
ilssumo that they are positive. 
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From (S) vrc liRve at once the hnear element of any of the aur- 
facea of the eyatcm For instance, the linear element of a surface 
const 13 + 


Now %vo shall find that the second quadratic forms of these surfaces 
are expressible in terms of the functions //’and their dcn\atives 
If A,, I,, Z^ denote tlie dircction-cosines of the normals to the 
surfaces = const.i we have 


( 5 ) 


11^ cu' ‘ J/, Su, ' i/( fti, 


We choose the axes such that 

lA, 1, ZA 

(6) A, I, ZA=+1 

\\ 

In consequence of (5) the second lundimental coefScients of a snr 
face W( = const axe defined by 

Z)s=Avi£— j, _ 1 y gj g*x 1 y f -c 

where *, at, I take the values 1, 2, 3 m cyclic order, and the sign E 
refers to the summation of terms in x, y, z, as formerly In order 
to evaluate these expressions we differentiate equations (2) with 
respect to u, respectively This gives 

?w, ^u, ^w, ^ * 

S — 4. V — s= 0 

If each of these equations be subtracted from one half of the sum 
of the three, we have 

^ du^dii^du^^ ’ 

consequently Djas 0 
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If the first and third of (2) be differentiated with respect to 
•« and tig respectively, and the second and third of (4) with 
respect to we have 


cx 

dx d^x 

-7/^, 

^ du, cul 

^ du^ du,dt(^ 


dX ^X ^ 

1 

iS 

1 

sfi 

1 

1 


^ dXL^ 



Hence we have 


^ //j 


jytf ^2 , 


Proceeding in like manner, we find the expressions for the other 
J)\ which we write as follows : 


< 7 ) 


Ji, aw, 


i);==o, 


R, dir, 


/A cxi, 


where 7, /c, / take the values 1, 2, 3 in cyclic order. From the sec- 
ond of fhese equations and the fact that the parametric system on 
each surface is orthogonal, follows the theorem of Dupin : 

The BurfaccB of a triply orthogonal system meet one another in 
lines of cnrvaiiire of each. 


183. Equations of Lam^. By means of these results we find the 
conditions to be satisfied b}’’ 7/^, iAi //g, in order that (3) may be 
the linear element of space referred to a triply orthogonal system 
of surfaces. For each surface the Codazzi and Gauss equations 
must be satisfied. When the above values are substituted in these 
equations, we find the following six equations which it is necessar}^ 
and sufficient that the functions //satisfy: 

crH, 1 dii, dir, , 1 eir, cir, 

— - ^ 

cu^cn, //, cu, ext^ RiCM^ cu, \ 

(9) ±(L -i-Z-l -L = 0 

cu\ir, dxij cu\jl^ dn^J Il{ du, at, ^ 

where {, K, I tiikc the values 1, 2, 3 in cyclic order. These are 
the cipiations of Lam6, being named for the geometer who first 
deduced them.* 


•Imrans sur le$ coonh^nnet^ eurrUiantt^ ft Iturf dirtnfs oppUcationf, pp. 73-79. 
natis, ISiK.^ 
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For each of the surfaces there is a system of equations of the 
form (V, 16) When the values from (7) are substituted m these 
equations we have 

du’^ H, du, * Jf, 8ti, *’ 

l8u. If *’ 8u, ff(BUf ' 

Recalling the results of § 65, we have that each set of solutions 
of equations (8), (9) determine a tnply orthogonal system, unique 
to within a motion in space In. order to obtain the coordinates 
of space referred to this system, we must find nine functions 
AJ, Y„ Zf which satisfy (10) and 

= 1, ^X^X, =s 0 (i *> 


Then the coordinates of space ate given by quadratures of the form 


X 


=/ 


H,A j du, KjAj du, + du^ 


If denotes the principal radius of a surface = const in the 
direction of the curve of parameter we have, from (7), 


{11) 


_i_ 1 gjy, 

du 


Let pj denote the radius of first curvature of a curve of param 
eter In accordance with § 49 we let and Sj— 'jr/2 denote the 
angles which the tangents to the curves of parameter «, and «, 
respectively through the given point make, in the positive sense, 
with the positive direction of the principal normal of the curve 
of parameter «, Hence, by (IV, 16), we have 

o, cos Sj 1 sm 5, 1 

(IZ) » las — 

Pv Pv. p.. Pv* 


From these equations and similar ones for curves of parameter «, 
and we deduce the lelations 


1 




^Pn, 

P. 


(13) 


tan <j» 
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where t, I take the values 1, 2, 3 in cyclic order. J^Ioreover, since 
the parametric curves are lines of curvature, it follow'S from (§ 59) 
that the torsion of a curve of parameter is 


( 14 ) 


1^1 0 ( 0 ^ 


184. Triple systems containing one family of surfaces of revolution. 
Given a family of plane curves and their orthogonal trajectories ; 
if the plane be revolved about a line of the plane as an axis, the 
two families of surfaces of revolution thus generated, and the planes 
through the axis, form a triply orthogonal system. We inquire 
whether there are any other triple systems containing a family of 
surfaces of revolution. 

Suppose that the surfaces = const, of a triple system are sur- 
faces of revolution, and that the curves 'lu = const, upon them are 

the meridians. Since the latter are geodesics, we must have 

( 15 ) 1 ^ = 0 . 

' ' du. 


From (8) it follows that either 



or 


cu^ 


In the first case it follows from (11) tliat 1 /p^ = 0. Consequently, 
the surfaces of revolution *1^3 = const, are developables, that is, either 
circular C5dinders or circular cones. Furthermore, from (15) and 
(II). we have l/pai=0, so that the surfaces 1/5 = const, also are 
developables, and in addition we have, from (13), thatl//3i = 0, that 
is, the curves of parameter are straight lines and consequently 
the surfaces const, are parallel. The latter are planes when 
the surfaces 1/3= const are cylinders, and surfaces with circular 
lines of curvature when const, are circular cones. Conversely, 
from the theorem of Darboux (§ 187) and from § 132, it follows 
that miy system of circular cylinders with parallel generators, or 
any family of circular cones whose axes are tangent to the locus 
of the vertex, leads to a triple system of the kind sought 
Wc consider now the second case, namely 
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From (11) we find that l//3„sa0, and !//?„ = 0; consequently the 
bUJ faces «jS= const, ate pUnes. Since these are the pUnes of the 
meridians, it follows that the axes of the surfaces coincide, and 
consequently the case cited at the beginning' of this section is the 
only one for nondevelopable surfaces. 

165. Triple systems of Biancbl and of Welngarten. In § 119 
it was found that all the Bnnchi transforms of a given psendo- 
sphencal surface are pseudospherical surfaces of the same total 
curvature, and that they are the orthogonal surfaces of a cyclic 
system of circles of constant radius Hence the totality of these 
circles and surfaces constitutes a tnply orthogonal system, such 
that the surfaces m one family are pseudosphencal As systems 
of this sort were first considered by Ribaucour (cf. § 119), they 
are called the tnpU aystem* of Rihavtcour. We proceed to the 
consideiation of all tnple systems such that the surfaces of one 
family are pseudosphencal. These systems were first studied by 
Bianchi, * and consequently Darbour f has called them the »y»tems 
of Bianchi, 

From § 119 it follows that the parameters of the lines of curva- 
ture of a pseudosphencal surface of curvature — l/o* can be so 
chosen that the linear element takes the form 
(16) ds* = co6*<» du* 4- Bin® w du*, 

where ® is a solution of the equation 

_ sin a> costa 

' ^ fl® 

In this case the pnncipal radii are given by 

/18) 1 _ tanoi 1 _ cotft> 

' />! a ’ a ' 

In general the total curvature of the pseudosphencal surfaces 
of a system of Bianchi varies with the surfaces. If the surfaces 
■K,s= const are the pseudosphencal surfaces, we may ■write the 
curvature in the form —t/Uj, where CT, is a function of «, alone, 

Miina/i.Ber 2 Vol XIII (1883), pp 177-234, Vol xrV(l83G),pp il^iSO, letiont, 
Vol II, chap x*vii 

fLe on» tur h» tytUmet OTthogon&uz e( Us cacrdonnifts cumihgms, pp 908-323. 
Pans, 1808 
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In accordance with ( 11 ) and ( 18 ) we put 
( 19 ) 



1 

1 

1 

tan CO 

Pst 


&M5 

Us ’ 


1 

dJL_ 

cot CO 

,Pss 

HJL 

dii^ 

Us 


BJf 

If these values of — ^ and — ^ be substituted in equations (8) for t 
diu ciu 


equal to 1 and 2 respectively, we obtain 
1 


dJL ^ do) 

i = — tan CO — j 

du^ dxi^ 


A-^-coto) — • 
dii^ du^ 


From these equations we have, by integration, 

(20) //j=:<^j3*cosci), = sino), 

where and <f>„^ are functions independent of and respectively. 
We shall show that both of them are independent of Ug. 

When the values of and from ( 20 ) are substituted in ( 19 ), 
we have respectively 

^colttinco 2 - 0 * 1 , 

V 


(21) 


//, = Ug cot t 


= tan 


“( 


^ do) . 3 log 6. 

cot 0) 1 ^ 

cti. du^ 


”} 


From these equations it follows that 


( 22 ) 


cot G) 


aioR_^ 

du. 


■ tano) 


a log 


dlt^ 


= 0 . 


Hence, unless and <^,3 independent of 7/g, tan w is equal to 
the ratio of a function of iq and iq and of a function of 7q and iq. 

We consider the latter cose and study for the moment a partic- 
ular surface iq = c. By the change of parameters 

c)du^= dll, ^ 23(^21 c)du^^ dv, 

the linear element of the surface reduces to ( 16 ), and (22) becomes 

tano>=:— ^ 

where U and T" are functions of 1/ and v respectively. When this 
value is sutetituted in ( 17 ), we obtain 

< 23 ) = + 2 U'^ + 2 F'% 
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If this equation be differentiated successively with respect to « 
and we find /U"V 1 /V'y 1 

unless U' or V is equal to zero From this it follows that 

where * denotes a constant Integrating, we have 

c^"=2KE;=-f «i;, r"=:-2KF*+/sr, 

a and 0 being constants, and another integration gives 
n {7" + 7, = + 

When these expressions are substituted in (23), we find 
+ 27-28 = 0 

This condition can be satisfied only when the curvature is zero 
Hence 6^' or F' must be zero, that is, cd must be a function of wor r 
alone In this case the surface is a surface of revolution In accord- 
ance with § 184 a triple system of Bianchi arises from an infinity 
of pseudosphencal surfaces of revolution ivith the same axis 
When exception is made of this case, the functions and 
m (20) aie independent of Hence the parameters of the sys 
terns may be chosen so that we have 
(24) //^=co3«, = = 

When these values are substituted in the sue equations (8), (9), 
they reduce to the four equations 



C^(0 

sin a> 

cos ti> Q 






~V 








dti B^<o 


Bto B^ei> 




cot<^ 

cu^ dii^Bu 


Bu^ ^u^Bu 

1 

j_ 

(JL. 


l_iA/ 

'sui <o\ 

1 B» 

B^a 

cu^ 

\C03<» 



r^r 

p 

% 

Bti^BUf 

d 


\ 


'cos <u\ 

1 Boi 

8*cj 


\sint<> 

du^duj 


~r 

cos <P BUi 

Bv^SUf 


( 25 ) 
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Darboux has inquired into the generality of the solution of this 
system of equations^ and be has found that the general solution 
involves five arbitrary functions of a single variable. We shall 
not give a proof of this fact, but refer the reader to the investi- 
gation of Darboux.* 

We turn to the consideration of the particular case where the 
total curvature of all tlic pseudospherical surfaces is the same, 
wliich may be taken to be —1 without any loss of generality. 
As triple systems of this sort were first discussed by Weingarten, 
we follow Bianchi in calling them systems of Weingarten. Of this 
kind are the triple systems of Ribaucour, 

For this case we have = 1, so that the linear element of space is 

— ) 


Since the second of equations (25) may be written in either of 
the forms 

I C/ / x 1/ w \ J- VW V w 

-1 

I \ cir» r.\ Pi/ P-i/ / nne m Pi/ Pi/ Pi/ 

(27) 

if we put 



1 a-co N 

1 cay c^oi 

CXi^ 

^sin 0) ext/dXL^^ 

1 COS ay cii^ cn^cu^ 


/I a"a) ' 

\ 1 day c‘a> 

UmJ 

^cos 0) extfexi^^ 

1 sin o) cWj ciL^cU^ 


1 

/ 1 c^ay Y / 


it follows from the last two of (25) and from (27) that 


du^ 


= 0 , 


exu 


0 . 


Hence is a function of tq alone. But by changing the param- 
eter tq, an operation which will not affect the form of (26), we can 
give a constant value, say c. Consequently we have 

(28) 

\cos CO cn^cUj^/ \sin co cu^cn^J \ci^if 

Bianchi has shovm I that equation (28) and the first of (25) are 
equivalent to the system (25), when Consequently the 

problem of the determination of triple systems of Weingarten is 
the problem of finding common solutions of these two equations. 

• pp. SH ; Blatjcbl. Vol. 11. pp. 531, 532. 1 Vol 11, p. 550. 
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£XAUPJ.ES 

1 Show that the equationa 

zsrcoaucoao, v = ** cos u sin o, zsralnu 
define space referred to a triply orthogonal system 

8 A necessary and sufficient condition that the surfaces u* = const of a tnply 
orthogonal system be parallel is that lit be a function of alone What are the 
other Borfaces «i = const, u, =: const ’ 

3 Twb near by surfaces Us = const intercept equal segments on those orthog 
onal trajectories of the surfaces u« = const which pass through a curve Ifi = const 
on the former , on this account the curves Hg = const on the surfaces Ut =: const 
are called curcM of epiidlstance 

4 Let the surfaces wj = const of a triple system be difierent positions of the 
same pseudosphere, obtained by translating the surface in the direction of Its axis. 
Determine the character of the other surfaces of the system 

5 Derive the following results for a triple system of Weingarten 





where the differential parameter is formed with respect to the linear element of a 

surface i/» = const , and pg is the radius of geodesic curvature of a curve — = const 

dut 

on this surface Show that the curves of equidistance on the surfaces wi = const 
ate geodesic parallels of constant geodesic curvature 


e Show that when c In (28) is equal to zero, the first curvature l/pg of the 
curves of parameter ut is constant and equal to unity, that eq:aatioiis similar 
to (12) become 

t)®u> , _ 0t{i) Zia 

' — - — 5= — sm u COS - — I — , 

SUi SU]Su3 iUj 

that if we put 9 s p — <3|, the last two of equations (26), where I7j = 1, may he 
written 


99 , 




99 , 


- + “ — sssinBcosw, ^ — I- - — s: — costfsmw, 

and that 

5«i ««a \cos 9 eui 9u»/ ^8ln9eMs9«s/ \9ti,/ 

When e = 0 in (28) tlie system Is said to be of co«sf ant currofure 


7 A necessary and sufficient condition that the curves of parameter u, of a 
system of Weingarten be circles is that U3 be independent of uj In this case 
(cf Px fl) the surfaces Uj = const, are the Bianchi transforms of the pseudo- 
spherical surface with the linear element 


di* = cos*9d«* + 8m*9d»* 
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186. Theorem of Ribaucour. The following theorem is due to 
Ribaucour * : 

Given a family of suifaces of a triply orthogonal system and their 
orthogonal trajectories ; the osculating circles to the latter at their 
jmnts of meeting with any surface of the family form a cyclic system. 

In proving this theorem we first derive the conditions to be satis- 
fied by a system of circles orthogonal to a surface S so that they may 
form a cyclic system. Let the lines of curvature on S be parametric 
and refer the surface to the moving trihedral whose a:- and y-axes 
arc tangent to the curves v = const., u — const. We have (V, 63) 

(29) = 

If (f) denotes the angle which the plane of the circle through a 
point makes with the corresponding a:z-plane, 6 the angle which 
the radius to a point P of the circle makes with its projection in 
the xy-plane, and It the radius of the circle, the coordinates of P 
with reference to the moving axes are 

X =P(1 + cos 0)cos y =P(l4- cos 0)sin 2 = P sin 0. 
Moreover, the direction-cosines of the tangent to the circle at P are 
— sin 0 cos — sin 6 sin cos 6, 

If we express the condition that every displacement of P must be 
at right angles to this line, we have, from (29) and (V, 51), 

d6 — l^sin ^ 5 cos <^(1 -f cos 0) j du 

j^sin ^ ^ sin ^(1 -f cos 0) j dv = 0. 

The condition that this equation admit an integral is reducible to 

Hence, as remarked before (§ 174), if there are three surfaces orthog- 
onal to a system of circles, the system is cyclic. 

• ConpUt Bendits, VoL LXX (1870), pp. 330-533. 
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The condition that it be cyclic is 


(30; 


d ( v, am ^ / ^co3 4.\ q 

awV n J ^v\ Ji J ’ 




Since the principal radn of S are given by 

i = -2, l. = £i, 

Pt f Pt Vi 
the second of equations (30) reduces to the first when is a sphere 
or a plane Hence we have incidentally the theorem 

A two-parameter tyttem of circlet orthogonal to a sphere and to 
any other surface constitute a cyclic system 


We return to the proof of the theorem of Ribaucour and apply 
the foregoing results to the system of osculating circles of the 
curves of parameter u, of an orthogonal system at their points of 
intersection with a surface w,= const 

From equations similar to (12) we have by (11), 


cos tf> 1 diff, simfi 1 g-H, 

A ~ du, ’ ~ ir^ir, 8u^ ’ 

and the equations analogous to (31) are 

I p, 1 

IfjR, du, ’ p, if, ~ gu. 


When these values are substituted in equations (30) the first 
vanishes identically, likewise the second, in consequence of equa 
tions (8) Hence the theorem of Ribaucour is proved * 

187 Theorems of Darhoux The question naturally ans^ 
whether any family of surfaces whatever forms part of a tnply 
orthogonal system This question will be answered with the aid 
of the following theorem of Darboux,-f which we establish by hia 
methods 

A necessary and suficient condition that two families of surfaces 
orthogonal to one another admit of a third family orthogonal to both 
M that the first two meet one another in lines of eurvaiure 


•For* geometrical proof the reader Is referre I to Darboux le p77 tic.pp 0-8. 
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Let the two families of surfaces be defined by 
(82) a{x, 1 /, z)= a, ^ {x, y, z) = 5, 

wliere a and b are the parameters. The condition of orthogonality is 

( 33 ) + + = 

' dx OX dy dy Zz dz 

In order that a third family of surfaces exist orthogonal to the 
surfaces of the other families, there must be a function 7 ( 2 *, y^ z) 
satisfying the equations 

^(5^7 . ^7 I _ Q 

dx cx dy dy dz dz ’ dx dx dy dy dz dz 

If dxy dy^ dz denote the projections on the axes of a displace- 
ment of a point on one of the surfaces 7 = const., we must have 


dx 

dy 

dz 

dec 

dec 

da 



dz 




dx 


dz 


This equation is of the form (XIII, 9). The condition (XIII, 10) 
that it admit of an integral involving a parameter is 


S{a, (3)1 


da 


0/3 g=a 


dx dz^ 

dz dxdz 

dx dz * 

dz dxdz 



ayS d-a 

da d'0 

_^da a=y3 



dy dxey 

dx d^ 

dy dxdy 


w^iere X indicates the sum of the three terms obtained by permut- 
ing i/y 2 in this expression. If we add to this equation the identity 

d (n^, ^ r d(t c'/3 d(^ o*(tl q 

^ d{y, z) Vdx^^ dx" dx ^ dxrj ’ 

the resulting equation may be written in the form 
Zt Iz \ dz) \ ixl\ 


dx dx 
dec 

^y 

dz dz 


^ K“' !)='>■ 

§ <«’!)- K^'t) 
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where, for the sake of brevity, we have introduced the symbol 
4>)t defined by 

If equation (33) be differentiated with respect to ar, the result may 


Consequently equation (34) is reducible to 


(85) 


8<t 8/9 ,/ 8/9\ 

S & toj 
I? >1 

% Sy \ dy! 

to ^ 

8z to \ to/ 


which IS therefore the condition upon a and >3 in order that the 
desired function 7 exist 

A displacement along a curve orthogonal to the surfaces as!=const 
IS given by 

^ ^ gff 

to dy to 


Such a curve lies upon a surface ^ s= const , and since, by (35), 
it satisfies the condition 


dx 




to 

to 

dy 


d^l 


dy 

dz 

M 



dz 

to 


It 18 a line of curvature on the surface (cf Ex 3, p 247) Hence 
the curves of intersection of the surfaces <r=s const, jSs* const, 
being the orthogonal trajectories of the above curves, are lines of 
curvature on the surfaces /9 = const And by JoachimsthaVs theo- 
rem (§ 69) they are hues of curvature on the surfaces a « const 
also Having thus established the theorem of Darboux, we are m 
a position to answer the question at the beginning of this section 
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Given a family of surfaces a = const; the lines of curvature in 
one family form a congruence of curves which must admit a family 
of orthogonal surfaces, if the surfaces a = const, are to form part 
of an orthogonal S3’’stem. If this condition is satisfied, then, accord- 
ing to the theorem of Darboux, there is a third family of surfaces 
which together with the other two form an orthogonal system. 

If A'j, Tj, denote the direction-cosines of the tangents to the 
lines of curvature in one family on the surfaces a = const., tlje ana- 
lytical condition that there be a family of surfaces orthogonal to 
these curves is that the equation 

admit an integral involving a parameter. The condition for this is 



In order to find A' , Z^ we remark that since they are the diiec- 
tion-cosines of the tangents to a line of curvature we must have 


— a; + — 3", -f — z = xa;, 
dx ' dy ' dz ^ ' 


and similar equations in F, Z^ where the function A is a factor of 
proportionality to be determined and A', F, Z are the direction- 
cosines of the normal to the surface a = const. Hence, if the 
surfaces arc defined hy a = const., the functions Xj, Fj, Z^ are 
expressible in terms of the first and second derivatives of o', and 
so equation ( 36 ) is of the third order in these derivatives. There- 
fore we have the theorem of Darboux^: 


TIic determination of all triply orthogonal ^y^temd reqnircB the 
integration of a partial differential equation of the third order ^ 


Darboux has given the name family of Lam6 to a family of 
surfaces which forms part of a triply orthogonal S3"Stem. 

188 . Transformation of Combescure. We close our stud}' of tripl}’' 
orthogonal surfaces with an exposition of the transformation of 
Cotnhescxirc^j^ b}* means of which from a given orthogonal S3'stem 
others can be obtained such that the normals to the surfaces of 
one S 3 'stem are parallel to the normals to the corresponding sur- 
faces of the other S3'6tem at corresponding points. 


• X.C., p, le. t Jtnnalei dc VEcolt Kormole Sup^ricxirc^ Vol. IV (1807) , pp. 102-122. 
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We make use of a set of functious /9^, introduced by Dar 
boux* in bis development of a similar transformation in space of 
n dimensions By definition 


In terms of these functions equations (8), (9) are expressible m 
the form 


(37) 


Su, ^u^ du^ 


and formulas (10) become 
(38) 






Equations (37), (38) are the necessary and sufficient conditions that 
the expression y,JY, du^ + + JT,^, du^ 

be an exact differential From their form it is seen that if we have 
another set of functions H', if,', if,' satisfying the six conditions 


(39) 


JI! 


where the functions have the same values as for the given 
Bystem, the expression 

A, if/ du^ + d u, + du„ 


and similar ones m Y, Z, are exact differentials, and so by quadra 
tnres we obtain an orthogonal system possessing the desired property 
In ordei to ascertain the analytical charactei of this problem, 
we eliminate J7,' and //,' from equations (39) and obtain the three 
equations ^ 1 ag„ dEj ^ , 

gUjgu, BUi g«, 

mi /3,./9„gif; 

gM,?u, gw, gu, ’ 

S if' 

gWjgU, gw, gw, “ ” ‘ 


The general integral of a system of equations of this kind mvolves 
three arbitrary functions each of a single parameter When one 


’£c p 161 
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has an integral, the corresponding values of are given directly 

by (39)* Hence we have the theorem : 

With every triply orthogonal system there is associated an injinity 
of others^ depending upon three arbitrary functions^ mich that the 
normals to the surfaces of any two systems at corresponding points 
are parallel* 

EXAMPLES 

1. In every system of Weingarten for which c in (28) is zero, the system of cir- 
cles osculating the curves of parameter Us at points of a surface uj = const, form a 
system of Ribaucour (§ 186). 

2. If the orthogonal trajectories of a family of Lam^ are twisted curves of 
the same constant first curvature, the surfaces of the family are pseudospherical 
surfaces of equal curvature. 

8. Every triply orthogonal system which is derived from a cyclic system by a 
tiansformation of Combescure possesses one family of plane ortliogonal trajectories. 

4. If tlie orthogonal trajectories of a family of Lam6 are plane curves, the cyclic 
system of circles osculating these trajectories at the points of any surface of the 
family may be obtained from the given system by a transformation of Combescure. 

6. Determine the triply orthogonal systems which result from the application of 
the transformation of Combescure to a system of Ribaucour (§ 185). 


GENERAL EXAMPLES 

1. If an inversion by reciprocal radii (§ 80) be effected upon a triply orthogonal 
system, the resulting system will be of the same kind. 

2. Determine the character of the surfaces of the system obtained by an inversion 
from the system of Ex. 1, § 185, and show that all the curves of intersection are circles. 

3. Establish the existence of a triply orthogonal system of spheres. 

4. A necessary and sufficient condition that the asymptotic line.s correspond on 

the surfaces us =: const, of a triply orthogonal system is that there exist a relation 
of the form rya i ^ rre » .x a 

where 1^3 are functions independent of U3. 

5. When the condition of Ex. 4 is satisfied, those orthogonal trajectories of the 
surfaces tij = const which pass through points of an asymptotic line on a sur- 
face Ui =r const constitute a surface S which meets the surfaces uj = const, in 
a^'mptotic lines of the latter and geodesics on S, 

6. Show that the asymptotic lines correspond on the pseudospherical surfaces 
of a triple system of Bianchi. 

V. Show that there exist triply orthogonal systems for which the surfaces in one 
family, say const., are spherical, and that Uie parameters can he chosen so that 

~ cosh Hz = sinh JIz ^ Uz ^ • 

Eind the equations of Lamd for this case. * 

3. Every one-parameter family of spheres or planes is a family of LamA 

•Cf. Bianchi, Vol.n, p. 
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9 In order to obtAin the moat general triplj orthogonal ^tem for which the 
aurfaces In one family are planes, one need construct an orthogonal aystem of 
curves in a plane and allow the latter to roll over a developable surface, In which 
case the curves generate the other surfaces When the developable la given, the 
determination of the system reduces to quadratures 

10 Show that the moat general triply orthogonal system for which one family 
of Lame consists of spheres passing tiirougli a point can be found by quadratuiea, 

11 Show that a family of parallel surfaces la a family of Lam^ 

IS Show that the triply orthogonal systems for which the curves of parameter 
11* are circles passing through a point can be found without quadrature 

13 By means of Tx 0, § 185, show that for a system of Weiogarten of constant 
curvature the principal normals to the curves of parameter «» at the points of meet> 
ing with a surface u* = const form a normal pseudospherical congruence, and that 
tlie surfaces complementary to the surfaces u* = const and their orthogonal tra- 
jectories constitute a syatem of Wemgarteo of constant curvature 

14 By means of Ex 13 show that for a Inplo system arising from a system of 
Weingarten of constant curvature by a tianvionaalion of Combescure the osculat- 
ing planes of the curves u* = const, at points of a surface u* = const, envelop a 
surface S of the same hind as tills surface u* = const , and these surfaces S and 
their orthogonal trajectories constitute a system of the same kind as the one result- 
ing from the Combescure transformation of the given system of Weingarten 

15 Show that a necessary condition that the curves of parameter of a triple 
system of Bianchi be plane is that u satisfy also the conditions 


where pn gu* are Independent of «i and u* respectively (el Ex 6, p 317) 
Show that if ^]* and 0;* satisfy the conditions 

(s7)’= < " = 5;)+ 

where a and ft are constants and ff* is an arbitrary function of in, the function w, 

glwn hy _ 05^ 

cos j, — ^1 

determines a tnply orthogonal aystem of Bianchi of the kind sought. 

16 When U* s= 1 and u la independent of u,, the firel and fourth of equalmne 
(26) may be replaced by gu 

— = Binw 

0Ut 

Show that for a value of u satisfying this condition and the other equatlnus (26) 
tlie expressions r«»cos«^ 

Ifi = 8inw^J’^^ «*du» + «,, 
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^herc ^ 1 , ^ 2 , ^8 are functions of Ui, Uj, ua respectively, and the accent indicates 
dlilerentiation, define a triply orthogonal system for which the surfaces wa = const 
are molding surfaces. 


17. Under what conditions do the functions 




do> 

dU2 


B, 






diti 

5i/2 




H8=- 


Ug f/a 
sinw 


where Ut and Ua. are functions of Vz and Us respectively, determine a triply orthog- 
onal system arising from a triple system of Bianchi by a transformation of Combes- 
cure? Show that in this case the surfaces «« = const, are spheres of radius Us, and 
that the curves of parameter uz in the system of Bianchi are plane or spherical. 


18. Provo that the equations 

X =A(ui — a)^i(tt2 — u)'^(«8 — a)”a, 
y z=B{Ui — h)”*! (us — h)"** (Uj — 6)«a, 
z =z C7(ui — C)'"i(U2 — c)"'*(V8 — c)^, 

where .4, 2?, C, u, &, c, m,- are constants, define space referred to a triple system of 
surfaces, such that each surface is cut by the surfaces of the other two families in 
a conjugate system. 


19. Given a surface S and a sphere S; the circles orthogonal to both constitute 
a cyclic system ; hence the locus o! a point upon these circles which is in constant 
cross-ratio with the points of intersection witli S and S is a surface Si orthogonal 
to the circles ; Si may be looked upon as derived from 5 by a contact transformation 
which preserves lines of curvature ; such a transformation preserves planes and 
spheres. 


20. When S of Ex. 19 is a cyclide of Dupin, so are the surfaces 5i, and also the 
surface whicli is tlie locus of the circles which meet S in any line of curvature ; 
hence all of these surfaces form a triple system of cyclides of Lupin. 


21, Given tliree functions CT,- defined by 

Ui = iTiiitf -J- 2 n{it{ -f Pi, (i = 1, 2, S) 

where m(, ti,-, p,- are constants satisfying the conditions 


IStti; ~ 0, Silt ~ 9^ — 0 J 

and given also the function 

^ = «i(wa — 1x3) + ecz (us — ux)\^ul + (ui — Uz)Vul 

+ r(PlM2W3 + 

Where aj, y are constants ; determine under what condition the functions 


TT _ *^2 - ws 
= » 


172 = 


NVlfi 


irVUa 


^ctermino a triply orthogonal sjrstem. Show that all of the surfaces are isothermic, 
that Umy are cyclides of Lupin. 


22. Doicrmhie whether there exist triply orthogonal systems of minimal surfaces. 
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The Tinmbers refer to pages. References to an a\ithor and his contributions are made 
in the form of tJie first Bianchi paragraph, whereas ^vhen a proper name is part of a title 
the reference is given the form as in the second Bianchi paragraph. 


Acccloration, 16, 60 
Angle between curves, 74, 200 
Angle of geodesic contingence, 212 
Applicable surfaces, definition, 100 ; to 
the plane, 301, 160 ; invariance of 
geodesic curvature, 136 ; invariance 
of total curvature, 150; solution of 
the problem of determining whether 
two given surfaces are applicable, 
321-S20; pairs of, derived from a 
given pair, 340. See Deformation of 
surfaces 

Area, element of, 75, 146 
Area of a portion of a surface, 146, 250 ; 
minimum, 222 

Associate surfaces, definition, 378 ; de- 
termination, 878-381; of a ruled 
surface, 881 ; of the sphere, 381 ; ap- 
plicable, 381; of the riglit helicoid, 
381; of an isothermic surface, 388; 
of pseudospherical surfaces, S^; of 
qu.adrics, 890, 391; characteristic 
property, 425 

Asymptotic directions, definition, 128 
♦Asymptotic lines, definition, 128 ; para- 
metric, 129, 189-194 ; orthogonal, 129 ; 
Btraight, 140, 234 ; spherical represen- 
tation, 144, 101-103; pieservcd by 
projective transformation, 202 ; pre- 
Ber\cd in a deformation, 842-847 

JUicklund, transformation of, 284-290 
BeUrami (differential parameters), 88. 
(geodesic curvature), 183; (niled 
n'-surfaces), 209; (applicable ruled 
surfaces), 346 ; (normal congruences), 

Bertrand curv'es, definition, 39 ; proper- 
ties, 39-41 ; parametric equations, 61 ; 
on a ruled surface, 250 ; deformation, 
348 

(fficoTem of permutability), 
*- 00 - 288 ; (surfaces with circular lines 
of curvature), 311; (surfaces with 


spherical lines of curvature), 316; 
(associate surfaces), 378 ; (cyclic con- 
gruences of Ribaucour), 435 ; (cyclic 
systems), 441 

Bianchi, transformation of, 280-283, 
290, 318, 320, 370, 450 ; surfaces of, 
870, 371, 442, 443, 446; generalized 
transformation of, 439 ; triply orthog- 
onal systems of, 462-454, 464, 465 
Binormal to a curve, definition, 12 ; 

spherical indicatrix, 50 
Binormals which are the principal nor- 
mals to another curve, 61 
Bonnet (formula of geodesic curvature), 
136 ; (surfaces of constant curvature), 
179; (lines of curvature of Liouville 
type), 232 ; (ruled surfaces), 248 ; (sur- 
faces of constant mean curvature), 
298 

Boar (helicoids), 147; (associate Isother- 
mic surfaces), 888 

Canal surfaces, definition, 68 ; surfaces 
of center, 186 

Catenoid, definition, 160; adjoint sur- 
face of, 267 ; surfaces applicable to, 318 
Cauchy, problem of, 206, 336 
Central point, 243 
Central plane, 244 
Cesaro (moving trihedral), 32 
Cliaracteristic equation, 376 
Characteristic function, 374, 877 
Characteristic lines, 180, 181; paramet- 
ric, 203 

Characteristics, of a family of surfaces, 
59-61 ; of the tangent planes to a sur- 
face, 126 

Christoff el (associate isothermic, sur- 
faces), 388 

Christoftel symbols, definition, 162, 153 ; 
relations between, for a surface and 
its spherical representation, 102, 193, 
201 


Circle, of curvature, 14 ; osculating, 14 

to wymptotlc geodesics, of currattire, etc., on particular kind«!of 
are listed under the latter. 
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Circles, orthogonal system o(, In the 
plane, 80, OT 5 on the sphere, 801 
Circular lines oi curvature, 149, 310, 
310, 423. 440 

Circular point on a surface, 124 
Codazzl, equations of, 155-1&7, 101, 108, 
170, 189, 200 

Combescure transformation, of currea, 
60 , of triple systems, 401-405 
Complementary surface, 184, 186, 283, 

200, 370, 464 

Conformal representation, of two sur- 
faces, 08-100, SOI , of a surface and 
its spherical representation, 143, of 
a surface upon itself, 101-103 , of a 
plane upon itself, 104, 1 12 , of a sphere 
upon the plane, 109 , of a sphere upon 
itself, 110, 111, of a pseudosphencal 
surface upon the plane, 317 
Confonnal-conjug-ite representation of 
two aurlaces, 221 

Congniencc of curves, 426 , normal, 430 
Congruence of straight lines (recti It near), 
definitioD, 39*2 , normal, 393, 308 401, 
402, 403, 412, 422, 423,437, associate 
normal, 401-403, 411, ruled surfaces, 
303, 398, 401 limit poinw, 8')(}, prin- 
cipal surfaces, 390-398, 408 principal 
planes, 390, 397, developable* 398, 
409, 414, 421, 432, 437, focal points. 
308, 399, 425, middle point, 390, 
middle surface, 399, 401, 408, 413, 
421-424 , middle envelope, 413, 415 ; 
focal planes, 400, 401, 409, 416 , focal 
aurfaces, 400, 400, 409^11, 412, 414, 
416, 420 derived, 403-405, 411, 412 , 
isotropic, 412, 413, 410, of Guichard, 
414,41 6,4 17, 422,442, paeudospherical, 
181, 415, 410, 464 , Tl^-, 417-420, 422, 
424 , of Rtbaucoiw, 42(M22, 424 425, 
435, 442, 443, mean ruled surfaces, 
422, 423, 425 , cyclic, 431-445 , spher- 
ical repreaentatlon Of cyclic. 432-4£Q , 
cyclic of Rlbaucour, 438, 442, 443; 
developables of cyclic, 437, 441, 
normal cyclic, 4S7 

Conjugate directions, 120, 178 ; norma] 
radii In, 131 

Conjugate system, definition, 127, 223 , 
parametric, 196, 203, 223, 224 , spher- 
ical representation of, 200. of plane 
corves, 224 , preserved by projective 
transfoinsjflJJiw, 2A2, prsxTFed In a 
deformation. 338-342, 348, 349 
Conjugate systems In correspondence, 130 
Conoid, right, 66, 68, 69, 68, 82, 08, 112, 
120, 105, 347 

Coordinates, curvilinear, on a surface, 
68 ; carvUltvear, In space, 447 ; sym- 
metric, 91-03, tangential, 163, 104, 

201, elltpUc, 237 


Correspondence with orthogonality of 
linear elements, 874-377, 300 
Corresponding conjugate systems, ISO 
Cosserat (infinitesimal deformation), 
880, 886 

Cross-ratio, of four solutions of alilccatl 
equation, 26 , of points of intersection 
of four-curved asymptotic lines on a 
ruled surface, 249 , of the points In 
which four surfaces orthogonal to a 
cyclic system meet the circles, 429 
Cubic, twisted, 4. 8, n, 12, 15. 209 
Curvature, first, of a curve, 6, radius 
of, 9, center of, 14, circle of, 14, 
constant, 23, 38, 61 
Curvature, Gaussian, 123, geodesic (see 
Geodesic) 

Curvature, mean, of a surface, 123, 120, 
146, surfaces of conitaut (see Sur- 
face) 

Curvature, normal, of a surface, radios 
of, 118, 120, 180, 131, 160, principal 
radii of, 110, 120,291,450, center of, 
118, 160; principal centers of. 132 
Curvature, second, of a curve, 16, con- 
stant, 60 See Torsion 
Curvature, total, of a surface, 123, 126, 
145, 16.5. 156, 160, 172, 186, 194, 208, 
211 , radius of, 180, surfaces of con- 
stant (see fiurface) 

Curve, definition, 2, of constant first 
curvature, 22, 38, 61, of constant 
torsion, 60 , form of a, 18 
Cyclic congruences. See Congruences 
Cyclic system, 426-446 , definition, 426 , 
of equal circles, 430, 443 , surfaces 
orthogonal to, 430, 437, 444, 457, 
planes envelop a curve, 439. 440, 
planes through a point, 440, 441 , 
planes depenvl on one parameter, 442 , 
tnple system associate with a, 446 , 
associate with a triple system, 467, 
468 

Cyclldes ol Dupln. 188. 312-314 412. 
422, 465 

D, jy, D", definition, 116 , for the mov 
Ing trihedral 174 
A A", definition, 880 
IlArboux (moving trihedral), 168, 169. 
170, (asymptotic lines parametric), 
101 , (conjugate lines parametric), 
J&n, {lines ol caryature pTsaerved by 
an Inveiaion), 196 , (asymptotic lines 
and conjugate svs terns preserved by 
projective transformation). 202 , (geo- 
desic parallels), 216, 217 , (genera- 
tion of new surfaces of Welngartcn), 
298, (generation of surfaces with 
plane lines of curvature In both sys- 
tems), 304 , (general problem of 
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deformation), 332; (surfaces appli- 
cable to paraboloids), 307; (triply 
ortliogonal systems), 468-401 
Darboux, twelve surfaces of, 891; de- 
rived congniences of, 404, 406 
Deformation of surfaces (ace Applicable 
surfaces); of surfaces of revolution 
(sec Surfaces of i*e volution) ; of mini- 
mal surfaces, 204, 269, 327-830 ; of 
surfaces of constant curvature, 821- 
323; general problem, 381-833 ; which 
changes a curve on the surface into a 
given curve in space, 883-330 ; which 
preserves asymptotic lines, 330, 342, 
348 ; which preserves lines of curva- 
ture, 380-338, 341 ; which preserves 
conjugate systems, 388-842, 340, 360, 
448; of ruled surfaces, 343-848, 360, 
807; method of Weiugarten, 363-809; 
of paraboloids, 848, 308, 309 ; of the 
envelope of the planes of a cyclic 
system, 429, 480 

Developable surface, definition, 01 ; 
equation, 04; particular kinds, 00; 
rectifying, 02, 04, 112, 209 ; polar, 04, 
06, 112, 209 ; applicable to the plane, 
101, 150, 219, 821, 822 ; formed by nor- 
mals to a surface at points of a line of 
curvature, 122 ; principal radii, 149 ; 
total curvature, 160, 250; geodesics 
on a, 224, 208, 818, 822 ; fundamental 
property, 244; of a congruence {see 
Congruence) 

Dextrorsum, 10 

Diiferentialparameters, of tlie first order, 
84-88, 90, 91, 120, 100, 100, 180 ; of 
the second order, 88-01, 100, 106, 100, 

160 t 1 , 

Dini (spherical representation of asymp- 
totic lines), 102; (surfaccsof Liouville), 
214 ; (ndc<l IK-surfaces), 299 
Diui, surface of, 291, 318 
Director-cone of a niled surface, 141 
Director-devclopablo of a surface of 
Mon;^, 806 

pimetris of a nilcd surface, 241 
Dohriner (surfaces with spherical lines 
of cun'aturc), 315 

pupln kriply orthogonal systems), 449 
Dupln, indicairix of, 124-120, 120, 360 ; 
cycUdo of (see Cyclide) ; theorem of 
>tahis and, 403 

F, (?, definition, 70 ; for the moving 
^tnluKlral, 174 

Oefinilion, 141 ; for the moving 
tnncdral, 174 
A p, definition, 393 
huge of regression, 48, 00, 09 


Element, of area, 76, 145; linear (see 
Linear element) 

Ellipsoid, equations, 228; normal sec- 
tion, 234; polar geodesic system, 
280-288 ; umbilical geodesics, 230, 
267 ; surface corresponding with par- 
allelism of tangent plane, 209. See 
Quadrics 

Elliptic coordinates, 227 
Elliptic point of a surface, 125, 200 
Elliptic type, of pseudospherical sur- 
faces, 274; of surfaces of Bianchi, 
870, 871 

Enneper (torsion of asymptotic lines), 
140 ; (equations of a minimal surface), 
260 

Enneper, minimal surface of, 209; sur- 
faces of constant curvature of, 8 17, 320 
Envelope, definition, 60, 00 ; of a one- 
parameter family of planes, 01-03, 
04, 00, 442 ; of a one-parameter fam- 
ily of spheres, 06-00 ; of a two-param- 
eter family of planes, 102, 224, 420, 
430; of geodesics, 221; of a two- 
parameier family of spheres, 391, 444 
liquations, parametric, 1, 2, 62, 63; 
of a curve, 1, 2, 8, 21; of a surface, 
62, 68, 54 

Equidistance, curves of, 450 
Equidistantial system, 187, 203 
Equivalent representation of tw^o stir- 
faces, 113, 188 
Euler, equation of, 124, 221 
Evolute, of a curve, 43, 45-17; of a 
surface, 180, 415 (sec Surface of 
center); of the quadrics, 2»3‘1 ; mean, 
of a surface, 105, ICO, 372 

F, SeeB 

See c 

Family, one-parameter, of surfaces, 69, 
440, 447, 451, 452, 457-401; of planes, 
01-04, 00, 442, 403 ; of spheres, 00-00, 
809, 319,403; of cun'cs, 78-80; of geo- 
desies, 210, 221 

Family, tw'o-parametcr, of planes, 102, 
224, 420, 480; of spheres, 301, 444 
Family of Lam 4, 401, 403, 40*1 
Focal conic, 220, 234, 813, 314 
Focal planes, 400, 40 1, 400, 410 
Focal points, 308, 300, 425 
Focal surface, of a congruence, 400; 
reduces to a cun’c, 400, 412 ; funda- 
mental quantities, 400-411 ; develop- 
able, 412; met by developables in 
lines of cur\'aturo, 414 ; of a pscudo- 
spherical congruence, 410 ; infimtesi- 
mal deformation of, 420; intcrscct,423 


• For reference? j>uch as equations of Codazrl, ecc Codazxl. 
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rorm of a curve, 18 
Frenct-Serret formulaa, 17 
Fundamental equations of a congruence, 
400, 407 

Fundamental quadratic form, of a sur* 
face, first, 71 , of a surface, second, 
IIS , of a congruence, 803 
Fundamental quantities, of the first 
order, 71, of the second order, 116 
Fundamental theorem, of the theory of 
curves, 24 , of the theory of surfaces, 
159 

G See IS 
^ Sees' 
ff See e 

Gauss (parametric form of equations), 
60, (sphencal representation), 141 , 
(total curvature of a surface), 166 , 
(geodesic parallels), 200, (geodesic cir- 
cles) 207 , (area of geodesic triangle) 
209 

Gauss, equations of, 154, 165 187 
Generators, of a developable Enarface, 
41 , of a surface of translation, 19S , 
of a ruled surface, 241 
Geodesic circles, 207 
Geodesic contmgence, angle of, 212 
Geodesic curvature, 132, 134, 135, 133, 
140, 213, 223 , rad ms of, 132, 160, 161, 
174,170,209,411, center of, 132,225, 
423, invariance of, 136, curves of 
constant, 137, 140 187, 223, 319 
Geodesic cUipaes and hyperbolas, 213- 
216, 225 

Geodesic parallels, 207 
Geodesic parameters, 207 
Geodesic polar coordinates, 207-209, 
236, 276 

Geodesic representation, 225, 317 
Geodesic torsion, 137-140, 174, 176, 
radius of, 138, 174, 178 
Geodesic triangle, 209, 210 
'•Geodesies, definition, 133 , plane, 140, 
equations of, 204, 205, 215-219 , on 
surfaces of negative curvature, 211 , 
on surfaces of LlouviIIe, 218, 219 
Goursat, surfaces of, 886, 372 
Gulchaid (spherical representation of 
the deveiopables of a congruence), 
409, (congruences of Rlbaucour), 421 
Gnlchara, congruences of, 414, 415, 417, 
422, 442 

IT, definition, 71 
//, definition, 142 
Hamilton, equation of, 397 
Haszidakis, transformation of, 278, 279, 
838 


Helicoid, general, 148-148; parameter 
of, 146 ; meridian of, 148 , geodesics, 
140, 161, 209 , surfaces of center of, 
180 , pseudo8phencal,291 , Is alF-sur- 
face, 300 , minimal, 329, 331 , appli- 
cable to a hyperboloid, 347 
Uelicoid, tight, 148, 148, 203, 247, 260, 
260, 207, 330, 847, 881, 422 
Helix, circular, 2, 41, 45, 203 ; cylindri- 
cal, 20, 21, 29, so, 47, 84 
Henneberg, surface of, 287 
Ilyperbolic point, 126, 200 
Hyperbolic type, of pseudospherical sur- 
fate,273, of surface of Bianchi,371,37& 
Ilypeiboloid, equations, 228, fundamen- 
tal quantities, 228-230, evolute of, 
234 , of revolution, 247, 348 , lines of 
strictioii, 288 deform itiou of, 347, 
348 See Quadrics 

Indicatrix, of Dupin (see Unpin), spheri- 
cal (see Spherical) 

Inhiiitesimal deformation of a surface, 
373, 385-387 , generatrices, 373, 4>0 , 
of a right helicoid, 381 , of ruled sur- 
faces, 381 , Irt which lines of curva- 
ture are preserved, 387, 391, of the 
focal surfaces of a IF-congnience, 420 
Intrinsic equations of a curve, 23, 29, 
30 S8 

Invariants, diflerentlal 85-90 , of a dif- 
ferential equation, 380, 385, 406 
Inversion, definition, 196, preserves 
lines of curvature, 196 , preserves an 
isothermic system of lines of curva- 
ture, 391 , preserves a triply orthog- 
onal syste m, 483 Sec Transformation 
by reciprocal radii 

Involute, of a curve, 43-45, 811; of a 
Surface, 180, 184, 300 
Isometric parameters See Isothermic 
parameters 

Isometric representation, 100, 118 
Isothermal conjugate systems of curves, 
198-200 , spherical representation. 202 , 
formed of lines of curvature, 147, 203, 
233, 278 , on associate surfaces, 890 
Iso thermal -orthogonal system See lao- 
thermic orthogonal system 
Isothermic orthogonal systems, 93-98, 
209, 253, 264 , formed of lines of curva- 
ture (see Isothermic surface) 
Isothermic pamineters 97-97, 102 
Isotheimic surface, 108, 159 232, 253, 
269, 297, 387-389, 391, 425, 465 
Isotropic congruence, 412, 413, 416, 422- 
424 

Isotropic developable, 72, 171, 412, 424 
Isotropic plane, 49 


' See footnote p i6T 
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Jacobi (geodesic lines), 217 
.Toacbimsthai (geodesics and lines of 
cumture on central quadrics), 240 
Joachimsthal, theorem of, 140; surfaces 
of, 808, 800, 819 

Kummer (rectilinear congruences), 892 

lAgrangc (minimal surfaces), 251 
Lam6 (differential parameters), 85 

equations of, 449 ; family of, 401, 
403, 404 

Mieuvre, formulas of, 198, 195, 417, 
410, 420, 422 

Lie (surfaces of translation), 197, 198 ; 
(doable minimal surfaces), 269 ; (lines 
of cur\’ature of ir-surfaces), 293 
Lie, transformation of, 289, 297 
Limit point, 306, 899 
liimit surface, 889 
Line, singular, 71 

•Line of curvature, definition, 121, 122, 
128; equation of, 121, 171, 247; par- 
ametric, 122, 161, 186 ; normal cur- 
vature of, 121, 181; geodesic torsion of, 
180; geodesic, 140; two surfaces inter- 
Focling in, 140 ; spherical representa- 
tion of, 148, 148, 150; osciilatingplane, 
118; plane, 149, 160, 201, 305-814, 
310, 320, 403 ; plane in botli systems, 
209,800-304, 319, 320 ; spherical, 149, 
814-317, 319, 320, 405; circular, 149, 
310-814, 310, 440; on an isothermic 
surface, 389, 

Lineof striction,243, 244, 248, 208, 348, 
351,352,309,401,422 
Linear element, of a curve, 4, 5 ; of a 
surface, 42, 71, 171; of the spherical 
^presentation, 141, 178, 393; reduced 
lOrm, 353 ; of space, 447 
Lines of length zero. See Minimal lines 
Ltnes of shortest length, 212, 220 
Liouvillc (form of Gauss equation), 187; 

(angle of geodesic contingence), 212 
LimuiUe, surfaces of, 214, 215. 218, 232 
Ux(riromiccun’o, 78, 108, 112, 120, 131, 

IJO OAh * 1 I » t J 


Mainanlj, equations of, 166 
Malus and Dupin, theorem of, 403 
MangohU (geodesics on surfaces of 
l>o-Jtivo curvature), 212 
JJean cun-ature, 123, 12G. 145 
>U‘an evoluie, 106, ICO, 372 

purfaces of a congnience, 
422, 423, 426 
Mercator chart, 109 
endLan, of a. surface of revolution, 
; of a heUcoid, 140 


ivlerklian cun-e on a surface, 200 
Meusnier, theorem of, 118 
Middle envelope of a congruence, 413, 
415 

Middle point of a line of a coiurruence, 
399 

Middle surface of a congruence, 399, 
401, 408, 413, 421-424 
Minding (geodesic curvature), 222, 223 
Minding, problem of, 321, 823, 320 ; 
metliod of, 344 

Minimal curves, 6, 47, 49, 265, 267; 
on a surface, 81, 82, 85, 91, 254-2G5, 
318, 391; onasphoie,8l, 257, 364-860, 
300 

lilinimal straight lines, 48, 49, 200 
Minimal surface, definition, 129, 261; 
asymptotic lines, 129, ISO, 196, 264, 
257, 269 ; spherical representation, 
143, 251-254; ruled, 148; helicoidal, 
149, 330, 331 ; of revolution, 150 ; 
parallel plane sections of, 160 ; mini- 
mal lines, 177, 180, 254-205; lines of 
curvature, 186, 263, 257, 264, 269; 
double, 268-260 ; algebraic, 260-262 ; 
evoUite, 200, 372 ; adjoint, 254, 263, 
267, 377; associate, 268, 267^ 269, 330, 
381; of Sclierk, 200; of llennebcrg, 
267; of Enneper, 269; deformation 
of, 204, 827-320, 349, 881 ; determi- 
nation of, 205, 200 ; geodesics, 207 
Molding surface, definition. 302 ; equa- 
tions of, 807, 808; lines of curvature, 
307, 308, 320 ; applicable, 319, 338 ; 
associate to right helicoid, 381; nor- 
mal to a congruence of Kibaucour, 
422 

Molding surfaces, a family of Lamd of, 
465 

Monge (equations of a surface), 64 ; 

(molding surfaces), 302 
Monge, surfaces of, 305-308, 819 
Moving trihedral for a curve, 30-33 ; 

applications of, 33-30, 39, 40, 04-08 
Moving trihedral for a surface, 106-170; 
rotationsof, 109; applications of, 171- 
183,281-288,836-338,352-304,420-442 

Konnal, principal, definition, 12; par- 
allel to a plane, 10, 21 
Konnal congruence of lines (5rc Con- 
gnience) ; of curves (sec Congruence) 
Konnal curvature of a surface. See 
Curvature 

Kormal plane to a curve, 8, 15, 06 
Kormal section of a surface, 118, 234 
Kormal to a curve, 12 
Kormal to a surface, 57, 114, 117, 120, 
121, 141, 195 


• Stc footnote, p. 4S7. 
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Kormals, principal, which are principal 
noraala ol another wme, , which 
8ie bmonnals of another curve, 61 

Order of contact, 8, 21 
Ortliogonal syetem of curves, 76, 77, 
8(1-82, fll, no, 129, 177, 187, par- 
ametric, 76, 03, 122, 134 ; geodesics, 
187 ; Ssothennlc (See laothermlc) 
Orthogonal trajectories, of a one param- 
eter family of planes, 36, 451 , of a 
family of curves, 60, 79, 05, 112, 147, 
149, 160 , of a family of geodesics, 
210 ; of a family of surfaces, 449, 461 , 
462. 466, 467, 490, 493, 494 
Osculating circle, 14, 21, 66 
Osculating plane, deSnition, 10 , equa- 
tion of, 11 , stationary, IB , meets the 
curve, 19. passes through a fired point, 
22 i oTtbogonal trajectories of, S5 , of 
edw of regression, 67 , of an asymp- 
totic line, 128 , of a geodesic, 1^ 
Osculating planes of two curves parallel, 
60 

Osculating sphere, 37, 38, 47, 61, 65 

I'arabolic point on a surface, 125 
l*arabolic type, of paeudosphencal sur- 
faces, 274 , of surfaces of Bianchi, 
870, 271, 442, 443, 446 
raraboloid, a right conoid, 66, tangent 
plane, 112, asymptotic lines, 191, 233; 
a surface of translation, 203 , equa- 
tions, 230, 330 , fundamental quanti- 
ties, 231 , tines of curvature, 232, 240 , 
evolute of, 231 , of normals to a ruled 
surface, 247, line of striction, 298, 
deformation of, 348, ^9, 307-899, 
372, congruence of tangents, 401, 
See Quadrics 

ParaUei, geodesic, 66, 207 , on a surface 
Of revolution, 107 
l*arallel curves, 44 

Parallel surface, definition, 177 , lines 
of curvature, 176 , fundamental quan- 
tities, 178, of surface of constant cur- 
vature, 179 , of surface of revolution, 
185 

Parallel surfaces, a family of Lamd of. 
446 

Parameter, definition, 1 , of distribution, 
246, 247. 268, 348, 424, 425 
Parametnc curves, 64, 66 
Paramstnc equations. See Equations 
Plane curve, condition for, 2, 16 , curv- 
ature, 15 ; equations, 28, 49 ; intrinsic 
equations, 86 

Plane corves forming a conjugate sys- 
tem, 224 

Plane lines of curvature See Lines of 
curvature 


Point of a surface, singular, 71 ; elliptic, 
125, 200; hypeihoUc, 125, 200} para- 
bollc, 125, focal {tee Focal); middle 
(tee Middle) , limit (tee Limit) 

Polar developable, 61, 65, 112, 209 
Polar line of a curve, 16, 88, 49 
Principal directions at a point, 121 
Principal norma] to a curve. SeeKonsal 
Wnclpal planes of a conmence, 396,397 
Principal radii of normal curvature, 119, 
120, 291, 450 

Principal surfaces of a congruence, 899- 
806, 408 

Projective transformation, preserves os- 
culating planes, 49 , preserves asymp- 
totic lines and conjugate systems, 202 
Pseudosphere, 274, 290 
Pseudoephtrfeal congruence, 415, 416, 
494 , normal, 184 

Fseudosphe ri cal eu rf ace, d efini tlon, 270 ; 
asymptotic lines, 190, 290,414, lines 
of curvature, 190, 203, 260, 820, geo- 
desics 275-277. 283, 317, 318; defor- 
mation, 2*7, 327 , transformations of, 
28(t-290, 318, 320, 370, 450 , of Illnl, 
291, 318 ; of Fnneper, 317, 820, evo- 
lute, 3 18 , Involute. 318 , surfaces with 
the same spherical representation of 
their lines of curvature os, 320, 871, 
437, 439, 443, 444. See Surface of 
constant total corrature 
Pseudospherical surface of revolution, 
of hyperbolic type, 278 , of elliptic 
type, 274 , of parabolic type, 274 
Pseudospherical surfaces, a family of 
Lamd of, 462-469, 494 

Quadratic form 5ee Fundamental 
Quadrics, cxmfoeal . 229, 401, fundamen- 
tal quantities, 229 , lines of curvature, 
233, 239, 246 , asymptotic hues, 233 , 
geodesics, 234-239, 289, 240, associate 
surfaces, 890, SOI , normals to, 422 
See Ellipsoid, Hyperboloid, Paraboloid 

Bepresentation, conformal (lee Con- 
formal), isometric, 100, 113, equiv- 
alent, 113, IBS, Gaussian, 141; 
conformal-conjugate, 221, geodesic, 
225, 317 , spherical (see Spherical) 
Revolution, surfaces of See Surface 
Ribaucour (asymptotic lines on surfaces 
of center), 184 , (cyclic systems of 
equal dretes), 200 ; (limit rarfaces), 
389 , (middle envelope of an Isotropic 
con^ience), 413 ; (cyclic systems), 
426, 428, 432 ; (deformation of the 
envelope of the planes of a cyclic 
system), 429, 480, (cyclic systems 
associated with a triply orthogonal 
system), 467 
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Rihincour, coRgrueiice of, 420-422, 424, 

; triple systems of, 

«toU^uat^"..26. 20, 60, 248, 420 

InSaS" 2Ui .< “• 

rents to a surface, 188 ; generatora, 
^41; directrix, 241; f ^ 

241 247; director-cone, 241, une ot 

cttifaturl, 247; ^ 

250 ; mean curvature, 249 , 
curvature, 260, 268 ; con^u^te, 2^ , 
deformation, 848-848, 850, 86 / ; “ 

ical indicatrix of, 361 ; 
deformation, 381; of ? congruence, 
893-395, 308, 401, 422, 428. See Right 
conoid, Hyperboloid, Paraboloid 


Sclicffcrs (equations of a curve), 28 

Schcrk, surface of, 260 

Scliwarz, formulas of, 264-267, 269 
Singular line of a surface, 71 
Singular point of a surface, 71 
Sinistrorsum, 19 . , 

Sphere, equations, 62, 77, 81 ; minimal 
lines, 81; conformal representation, 
109-111; equivalent representatipn, 
118; fundamental quantities, 11b, 
171; principal radii, 120; asymptotic 
lines, 228, 422 

Spheres, family of, SeePamily 
Spherical curve, 86, 88, 47, 60, 149, 
814-310, 317, 319. 820, 405 
Spherical indicatrix, of the tangents w 
acDr%-e, 9,13,60,177; of tliebinoimals 
to a cur\*c, 50, 177 ; of a ruled surface, 
351 

Spherical representation of a congruence, 
definition, 893 ; principal surfaces, 397, 
403 ; developables, 409, 412-414, 422, 
482-485, 487, 441 

Spherical representation of a surface, 
definition, 141; fundamental quan- 
lilies, 141-148, 160-106, 173; lines 
of curvature, 143, 148, 150, 161, 188, 
20U 253, 279, 280, 2f^, 200, SOI, 802, 
SOS, 814, 815, 320, 871, 887, 437, 442- 
445 ; asymptotic lines, l44, 148, 191- 
195, 2r>l, 840, 890, 414 ; area of closed 
portion, 145; conjugate system, 200- 
202, 257, 386 


Spherical representation of an axis of 
Q inoviDK trihedral, 864 _ 

Spherical surface, definiUon, Par- 

allels to, 179 ; of revolution, 270-27^ , 
S^esTc^, 27^279, 318 ; d^o^atmn, 

276 323 ; lines of curvature, 27o , 
tSisfoimatiou, 278-280, 297; mvo- 
lute 300 ; of Enneper, 317 ; surface 
with the same spheriral 
of its lines of curvature as, 338. *ee 
Surface of constant total c’rryature 
Spherical surfaces, a family of Lamd of, 

Spiral surface, definition, 5 

ation 161; lines of curvatum, loi , 
Sal liAes, 161 ; 

161 ; geodesics, 219 ; defomatio , 
Stereographic projection, 110, 

Superosculating circle, 21 . 

Su^rosculating lines on a surface, 

187 

■t Surface, definition, 63 

fsSe IT center, definition, 179; met 
^ bv developables in a conjugate ^ 
tern 180, 181 ; fundamental quantitie^ 
181 ’l82 ; total curvature, 183 ; asym^ 
183, 184 ; lin^ of cu^ 

1 ftp 1 R 4 * a curve, 186, loo, ouo- 
314; developable, 180, 

Surface of constant 

flpflnition, 179 ; parallels to, 17U , lines 
pf “Tirvature, 290-298 ; transforaa- 
I tion, 297 ; deformation, 298 ; minima 

’ Surf^r’oTwnstant toUal curvature 
®"d1finUion, 179; 

,, cal surface 

107; 

7 ’ fundamental quantities, 10 <, 14 

I' iCSc cu^e (see ^-odrom.c); 

deformation, 108, 112, 147, 1 ’ 050 ’ 

p 270 277. 283, 320-831, 841, 

’ 3fi^04 809, 370, 372, 444; partic- 

n- iftfi qiO • eouivalent repre- 

es «l!^r, 111 , 100 . 8-0 ■ ® 0 ^‘^^turc, 12 C; 

8, sentation, 113, lines 01 c 

12 asymptotic lines, .181> P^^n 094 

0 ’ fares 186 ; geodesics, 206, 209, 

ii~ Surface’ of translation, definition, 19 1 , 
h ® 108 • camvtions, 197; asymptotic lines, 
t- 108;’ generaters,.108,203; 

840, 860; associate surface, 881, 8 , 


.it)/, oao ’ 

. £i/.rplDt>able ruled uurfaces, eco 

♦tills reference is to uondeTolopable ruled surfaces. Tor P 

IkTclottalilcs, ^ 

f FotTeferences such ns Surface ^ under these surfaces. 

4 Surfaces of center of certain surfaces are referrea to 
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UTDEX 


eoigruence of tangent?, 405, middle 
surface of a ir-congruence, 422, 424 
Surface plane linee of curvature. 

See Lines of curvature 
Surface vJithapherioal lioesof cure ature 
See Lines of curvature 
Surface with the same spherical repre- 
sentation of Its lines of curvature as a 
psendosphencal surface See Psendo- 
sphencil surface 

Sunace with the sime spherical repre- 
sentation of its lines of cnrvatviTe as 
a spherical surface See Spherical sur- 

Surfaces of revolution, a family of Lam4 
of, 461 

Tangent plane to a surface, definition, 
66, 114, equation, 61 , developable but 
face, 57 , distance to, 114 meets the 
surface, 123, characteristic of, 128, 
is the osculating plane of asymptotic 
line, 123 

Tangent surface of a enrte, 41-44, 67, 
applicable to the plane, 101, 158 
Tangent to a curve, 6, 7, 49, 50, 69 , 
spherical indicatnz of, 9, 13, 50, 177 
Tangent to a surface, 113 
Tangential coordinates, lC3, 104 , 201 
Tetrahedral surface, definition, 287, 
asymptotic hues, 267, deformation, 
341 

Tetrahedral surfaces, triple system of, 
485 

Tore, 124 

Torsion, geodesic, 137-140, 174, 178 
Torsion of a curie, definition, 16 , radius 
of, 16, 17, 21, of a plane curve, 16, 
Sign of, 19, constant, 60, of asymp- 
totic line, 140 

Tractrix, equations, 35 , surface of revo- 
lution of, 274, 280, liellcoid whose 
meridian vs a, 201 

• For references such as Tranafi 


• Transformation, of curvilinear cobrdl 
nates, 63-66, 73, 74 , of rectangular 
coordinates, 72 , by reciprocal radii, 
104, 196, 203 (see Inversion) , project- 
ive (see Projective) 

Triply orthogonal system of surfaces, 
definition, 447, associated with a cyc- 
lic system, 446, fundamental quan- 
tities, 447-451 , With one family of 
surfaces of revolution, 451, 452, of 
Ilibaucour, 452, 463 , of Biancbi, 452- 
454, 464, 466 , of Weingarten, 455, 
456, 463, 464 , transformation of, 462, 
463 , with one family of molding sur- 
faces, 465 , of cyclidesof Dupin, 465 , 
of isothermic surfaces, 465 

Umbilical point of a surface definition, 
120 , of qnadnes, 2S0, 232, 234, 236- 
238, 240, 267 

Variation of a function, 82. 83 

Voss, surface of, 341, 390, 416, 442, 443 

W congruence, 417-420, 422, 424 

IV surface, definition, 291 , fundamental 
quantities, 291-293, particular, 291, 
300 818, 319, spherical representation, 
292, lines of cixnature, 203, evolute, 
294, 205, 318, 319. of IVeingarten, 
298, 424, ruled, 299, 319 

Weierstrass (equations of a minimal sur- 
face), 260, (algebraic minimal sur- 
faces), 261 

IVeingarten (tangential coordinates), 
163 , (geodesic ellipses and hyperbo- 
las), 214 , (TV-surfaces), 291. 292, 294 
(infinitesimal deformation), 374, 387 , 
(lines of curvature on an Isothermic 
surface), 389 

Weingarten surfaeeof, 298, 424, method 
of, 353-372 , triple system of, 465, 450, 
463, 464 

iriaatiun of Bhckluud see BsckluDd 



THE ELEMENTS OF NON-EUCLIDEAN GEOMETRY 
by D. M. Y. Sommerville 

Almost immediately upon publication Dr. Sommerville’s book became 
the standard text in the field. It is renowned for its lucid yet meticulous 
exposition and, unlike advanced treatises, it can, for the most part, 
be understood by anyone who has a good knowledge of high school 
algebra and geometry. The arrangement follows the traditional pat- 
tern of plane and solid geometry where theorems are deduced from 
oxioms and postulates. In this way, the student can follow the devel- 
opment of non-Euclidean geometry in strictly logical order, from a 
fundamental analysis of the concept of parallelism to such advanced 
topics as inversion and transformations. 

Elementary hyperbolic geometry; elliptic geometry; analytic non- 
Euclldean geometry; representations of non-Euclidean geometry in 
Euclidean space; space curvature and the philosophical implications 
of non-Euclidean geometry; the theory of the radical axes, homothetic 
centres, and systems of circles; inversion, equations of transformation, 
groups of motions; and the classification of conics ore developed with 
exceptional clarity. 

Although this is primarily an elementary text. Dr. Sommerville treats 
such important and difficult topics as the relation between parotaxy 
ond porollelism, the absolute measure, the pseudosphere. Gauss' 
proof of the defect-area theorem, geodesic representation, and others 
^dh simplicity and ease, 126 problems at chapter endings give the 
student proctise in using the forms ond methods developed in the text 
ond provide many important corollaries. 

133 figures. 126 problems. Index, xvi + 274pp. 5% x 8. 

S460 Paperbound $1,50 



FAMOUS PROBLEMS OF 
ELEMENTARY GEOMETRY 
by Felix Klein 

This expanded version of the famous 1894 Easter lectures at 
Gottingen Universit/ has been accepted as a modern mathematical 
classic, and has been translated into four different languages Using 
techniques of modern mathematics it examines three famous prob 
lems which were intensely investigated in premodern mathematics 
doubling the volume of a cube, trisecting an angle, squaring a 
circle 

Written with all Felix Kleins mathematical breadth, clarity, and 
profundity, this volume provides answers to modern problems con 
nected with these three problems of the past It is especially inter 
estmg to the modern student in answering such questions as 
Under what circumstances is a geometric construction possible? By 
what means can a geometric construction be effected? What are 
transcendental numbers, and how can you prove that e and pi are 
transcendental’ Treatment is simple, and no knowledge of higher 
mathematics is required 

CONTENTS I THE POSSIBILITY OF THE CONSTRUCTION OF AL 
GEBRAIC EXPRESSIONS 1 Algebraic equations solvable by square 
roots The delian problem and the trisection of the angle The divi 
sion of the circle into equal parts The construction of the regular 
polygon of 17 sides General considerations of algebraic construe 
tions 11 TRANSCENPENTAL NUMBERS AND THE QUADRATURE OF 
THE CIRCLE Cantor's demonstration of the existence of transcen 
dental numbers Historical survey of the attempts at the compute 
tion and construction of pi Transcendence of the number e Trans 
cendence of pi Integraph and the geometric construction of pt 
Notes by R C Archibald discuss in detail Gaussian polygons, Fer 
mats theorem, the irrationality of pi, and similar topics 

Translated by W W Beman, D E Smith from the second revised 
edition 16 figures xi + 92pp 5% x 8 


T298 Paperbound $1 00 



THE FOUNDATIONS OF EUCLIDEAN GEOMETRY 
by Henry George Forder 

This is the first volume to give a connected and rigorous account of 
Euclidean Geometry in the light of modern investigations. Although 
in its first stages Euclidean Geometry can be taught empirically and 
its propositions rightly assumed to follow consistently from the axioms, 
critical examination for more than two thousand years has disclosed 
mony vaguenesses and unproved assumptions in the Euclidean formu- 
lation. For example, Euclid ignored any definition of the relations of 
order suggested by such terms as “between** and **inside.** The notions 
of congruence and similarity have been shown to be of great com- 
plexity. Our ideas about the relation of number systems to geometrical 
figures, of continuity, ond of proportion are no longer thought to be 
immediately evident. Nor, since the discovery by Bolya and Lobat- 
schefsky of the consistency of non-Euclidean Geometries, can we 
ignore the problems involved in the nature of the axiom system and 
the relations between axioms — especially with regard to the Axiom 
of Parallels. The value of this book lies In the fact that it derives the 
Euclidean propositions from the axioms with the utmost rigor, employ- 
ing the mathematical discoveries of modern times and making the 
smallest number of assumptions as possible. Indispensable to the 
teacher of Geometry, this work should be of interest to every mathe- 
matician for the light it throws on the foundations of mathematics. 

Among the topics discussed in the fifteen chapters of this volume are: 
Axioms and definitions; Classes and relations; Axioms for magnitudes, 
groups, quasi-fields, and fields; Axioms of order; Definitions of line, 
plane, space; Angles; Inside and outside angles; Congruence of lines, 
intervals, angles, triangles, and crosses; Circle axioms; Parallel axioms; 
Pappus* and Desargues* Theorems; Projective and Euclidean Geometry; 
Similar triangles; Algebra of points; Independence questions; Hessen- 
berg's Theorem; Mascheroni's Theorem; The Gaussian theory of regu- 
lar polygons; Anolysis Situs of plane polygons; Inside and outside of 
polygons; Areas of polygons; Volumes of polyhedro; Dehn*s Theorem; 
Continuity; Existence of parallels; Consistency and completeness; Re- 
flections; Rotations; Isomeries; Geometry on a sphere; The axiom of 
similarity. 

list of Geometric Axioms employed. List of Constructions. List of Sym- 
bols in Frequent Use. 295pp. 5?$ x 8. 


Paperbound $2.00 



THE GEOMETRY OF RENE DESCARTES 

This 1 $ an ynabridged re publication of the definitive English Irons 
(alion of one of the very greatest classics of science OngmoUy 
published in 1637, it has been characterized as the greatest single 
step ever made in the progress of the exact sciences (John Stuart 
Milll, as a book which remade geometry ond made modern geometry 
possible (Eric Temple Bell) It revolutionized the entire conception 
of the obiect of mathematical science {J Hadamard) 

With this volume Descartes founded modern analytical geometry 
Reducing geometry to algebra and analysis and conversely showing 
that analysts may be translated into geometry it opened the way 
for modern mathematics Descortes was the first to class fy corves 
systematically and to demonstrate algebraic solution of geometric 
curves His geometric interpretation of negative quantities led to 
later concepts of continuity and the theory of function The third 
book contains important contr buttons to the theory of equations 
This edition contains the entire definitive Smith lathom translation 
of Descartes three books Problems the Construction of which Requires 
Only Straight Lines and Circles On the Nature of Curved Lines On 
the Construction of Solid or Supersolid Problems Interleaved poge 
by page with the translation is a complete facsimile of the 1637 
French text together wilh all Descartes original illustrations 248 
footnotes expla n the text and add further bibliography 
Translated by David E Smith and Marcia L Latham Preface Index 
50 figures xiii+244pp SVa x 8 568 Paperbound $1 50 



GEOMETRY OF FOUR DIMENSIONS 
by H. P. Manning 

Manning's GEOMETRY OF FOUR DIMENSIONS is unique in English as a 
clear and concise introduction to a branch of modern mathematics now 
in application os an indispensable part of mathematical physics (algebra, 
analysis, relativity). 

Proceeding by the synthetic method the author will make clear to you the 
geometry of the fourth dimension, aiding you to reason about four- 
dimensional figures. Treatment is based mostly on Euclidean geometry, 
although in some cases, as hyperplanes at infinity, non-Euclidean geometry 
is used. After a discussion of the history of dimensions, with references 
to Moebius, Riemann, Lobatchevsky, and others, the author discusses the 
foundations of fourth dimensional geometry; perpendicular and simple 
angles; angles of two planes and of higher order; symmetry, order, motion, 
hyperpyramids; hypercones; hyperspheres; Euclidean geometry, figures 
with parallel elements; measurement of volume and hypervolume in hyper- 
space; regular polyhedroids. 

’‘Clearly written ... an excellent book,” SCIENTIFIC AMERICAN. “Of 
porticular interest . . . The author shows that the knowledge of the new 
geometries has clarified and sometimes corrected men’s understanding 
even of Euclidean geometry,” MODERN SCHOOLMAN. “A standard 
treatise for students of mathematics,” SKY AND TELESCOPE. 

Complete unabridged reproduction of the first edition. Preface. Historicol 
introduction. 179 footnotes, mostly bibliographical. Glossary of terms. 
Index. 76 figures, including 3 full-page plates. ix-h348 pp. 5% x 8. 


SI 82 Paperbound $1*95 



COORDINATE GEOMETRY 

by Luther Pfahler Eisenhart, Professor of Mathematics, 
Emeritus, Princeton University 

Coordinate Geometry offers a thorough complete and unified introduction to the 
subject An unusual presentation affords an exceptional insight into coordinate Geometry 
where other studies coyer all aspects of the 2nd dimension before going on to the 
3rd Professor Etsenhart advances in dimension within each topic The sphere and 
circle are treated together 3 dimensional coordinate systems are introduced along 
with polar coordinates quadric surfaces directly follow conic sections 

Extensive use is made of determinants but no previous knowledge of them is assumed 
They are introduced from the beginning as a natural tool for coordinate geometry 
Invaraints of conic sections and quadric surfaces are fully treated Algebnac equations 
of the last degree in 2 and 3 unknowns are carefully reviewed and carried farther than 
IS usual in algebra courses Throughout the book results are formulated precisely with 
theorems clearly and sharply stated Professor Eisenhart offers the only discussion m 
any introductory text to analytic geometry of the axiomatic basis of the subject He 
gives axioms for coordinated geometry and shows that they are the algebraic equivalent 
of Hilberts axioms for synthetic geometry 

The more than 500 exercises throughout the text will prove particularly helpful They 
incorporate often in rather novel settings each idea after it has been carefully and 
folly explained 

Introduction Appendix Index Over 500 exercises Bibliography 43 illustrations xi + 
298pp 5% * 8 SeOO Paperbound $1 65 



Catalogue of Dover 

SCIENCE BOOKS 


BOOKS THAT EXPLAIN SCIENCE 


THE NATURE OF LIGHT AND COLOUR IN THE OPEN AIR, M, Minnaert. Why is falling snow 
sometimes black? What causes mirages, the fata morgana, multiple suns and moons in the 
sky; how arc shadows formed? Prof, Minnaert of U. of Utrecht ansmrs these and similar 
questions In optics, light, colour, for non-specialists. Particularly valuable to nature, 
science students, painters, photographers. “Can best be described In one word— fascinating!'* 
Physics Today. Translated by H. M. Kremer-Priest, K. Jay. 202 illustrations, Including 42 
photos, xvl + 362pp. 5Tb x 8, T196 Paperbound $1.95 

THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains in very simple terms the latest theories of wave mechanics. Partial contents: air 
and its relatives, electrons and ions, waves and particles, electronic structure of the 
atom, nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 

6x9. T412 Paperbound $2.00 

MAHER AND LIGHT, THE NEW PHYSICS, L, dc Broglie. Non-technica! papers by a Nobel 
laureate explain electromagnetic theory, relativity, matter, light, radiation, v/ave mechanics, 
quantum physics, philosophy of science. Einstein, Planck, Bohr, others explained so easily 
that no mathematical training Is needed for at! but 2 of the 21 chapters. “Easy simplicity 
and lucidity . . . should make this source-book of modern physcis available to a wide 

public,’* Saturday Review. Unabridged. 300pp. 5Tb x 8. T35 Paperbound $1.60 

THE COMMON SENSE OF THE EXACT SCIENCES. W. K. Clifford, introduction by James New- 
man, edited by Karl Pearson. For 70 years this has been a guide to classical sclentiric, 

mathematical thought. Explains with unusual clarity basic concepts such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 

vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected. 130 diagrams redrawn. 249pp. 5Tb x 8. 

T61 Paperbound $1.60 

THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein’s 
special, general theories of relativity, with historical implications, analyzed in non-technical 
terms. Excellent accounts of contributions of Newton, Riemann, Weyl, Planck, Eddington, 
t^tarwell, Lorentz, etc., are treated in terms of space, time, equations of electromagnetics, 
fmiteness of universe, methodology of science. **Has become a standard work," Nature, 21 
diagrams, 4S2pp. STb x 8. T2 Paperbound $2.00 

BRIDGES AND THEIR BUILDERS, D, 8teinman, S, R. Watson. Engineers, historians, everyone 
ever fascinated by great spans will find this an endless source of Information and interest, 
Df. Slcmman, recent recipient of Louis Levy Medal, Is one of the great bridge architects 
engineers of all time, Hts analysis of great bridges of history is both authoritative and 
easily followed. Greek, Roman, medieval, oriental bridges; modern v/orks such as Brooklyn 
Bridge, Golden Gate Bridge, etc. described In terms of history, constructional principles, 
artistry, iunction. Most comprehensive, accurate scmi-popular history of bridges In print in 
English, New. Efcatlj revised, enlarged edition. 23 photographs, 26 line drawings, xvil -f 
40JPP. 5Tb X 8, 1431 Paperbound $1.95 



CATALOGUE OF 


tONCENNINB 1HE NATURE OF TN1NBS $1r WlDUm Bragg CRrtstmas lectures at Royal 
Society by Nobel laureate dealing with atoms gases liquids and eanous types of crystals 
No sc ent f c background is needed to understand this remarkably clear Introduction to basic 
processes and aspects of rnodertt science More interestirtg than any bestseller tondon 
Morning Post 32pp of photos 57 figures XN + 232pp 5H x 8 131 Paperbound SI 35 

THE RISE OF THE NEW PHT51CS A d Abro Half mtliioti word exposition lormeily tilled 
The Dectine of Mechanism ’ tor readers not versed in higher mathematics Orriy thorough 
expianat on In everyday language of core Of modern mathematical physical theory treating 
both classical modern views Scientifically Impeccable coverage o< thought from Newtonian 
system through theories of Dirac Heisenberg Fermi $ statistics Combines h story exposi 
ton broad but unified detailed view with constant comparison of classical modern 
views A must for anyone doing serlaus study In the physical sciences. 1 of the FtanMm 
Inst Extraordinary faculty to explain ideas and theories In language of everyday 
life Isis Part I of set philosophy of science from practice of Newton Maxwell Poincare 
bnsteit) etc Modes of Ihougnt experiment causality etc Part II IDO pp ori grammar 
vocabulary of matnematics discussions of functions groups senes Fourier series etc 
Remainder treats concrete detailed coverage of both classical quantum physics analytic 
mechanics Hamilton s principle electromagnetic waves thermodynamics Brownian move 
ment special relativity Bohr s atom de Broglies wave mechanics Heisenbergs uncertainty 
scores of other important topics Covers discoveries theories of d Alembert. Born Cantor 
pebye Euler Foucault Galois Gauss Kadamard Kelvin Kepler Laplace Maxwell Pauli 
Rayleigh Votterra Weyl more than IBO others 97 Illustrations ix + 982pp 5% x 8 

T3 Vol 1 Paperbound )2 OB 
T4 Vol II Paperbound 32 00 

SPINNING TOPS AND GYROSCOPIC MOTION John Perry Well known classic of science still 
unsurpassed for lucid accurate delightful exposition How quasi rigidity Is Induced in 
liexible huid bodies by rapid motions why gyrostat fails top rises nature effect of 
internal flu dity on rotat ng bodies etc Appendixes descr be practical use of gyroscopes 
in ships compasses monorail transportation 62 fgures 128PP 53k x 8 

T416 Paperbound 3100 

FOUNDATIONS OF PHYSICS, R B Lindsay K Margenau Excellent bridge between semi 
popular and technical writings Discussion of methods qt physical description construction 
of theory valuable to physicist with elementary calculus Gives meaning to data tools of 
modem physics Contents symbolism mathematical equations space and time foundatons 
of mechanics probability physics continua electron theory relativity quantum mechanics 
causality etc Thorough and yet not overdetailed Unreservedly recommended Nature 
Unabridged corrected edit on 35 illustrations xl + S37pp 53k X 8 $377 Paperbound 32 43 

FADS AND FALUCIES IN THE NAME OF SCIENCE, Martin Gardner Formerly entitled In the 
Name of Science the standard account of various cults quack systems delusions which 
have masqueraded as sc ence hallow earth fanatics orgone sex energy d anetics Atlantis 
Forteanism flying saucers medicat fallacies like rone therapy etc New chapter on Bridey 
Murphy psionics other recent manfestatons A fair reasoned appraisal of eccentric theory 
which provides excellent innoeulation Should be read by everyone scientist or non 
scientist alike R T Blrge Prof Emeritus of Phystcs Unlv of Calif Former Pres 
Amer Physical Soc x + 3G5pp 53k x 8 T334 Paperbound 31^0 

OK MATKEMATtCS AND MAT HEMATIC IANS, R I Moritt A 10 year labor of love by discerning 
discriminating Prof Monta this collection conveys the full sense of mathematcs and 
personalities of great mathematicians Anecdotes aphorisms reminiscences philosophies 
defimtqns speculetlons biqgrephlcal insights etc by great mittiematSclans writers Des- 
cartes Mil Locke Kant Coleridge Whitehead etc Glimpses into lives of great mafhema 
tiCians from Archimedes to Euler Gauss Welerstrass To mathemat cians a superb 
browsing book To laymen exciting revelation Of fullness of mathematics Extensive cross 
Index 410PP S3k x 8 1489 Paperbound 3* AS 


GUIDE TO THE LITERATURE OF MATHEMATICS AND PHYSICS N G Parke (II Over 5000 
entries under approximately 120 major subject headings of selected most important books 
monographs periodicals articles In English, plus important works in German, French 
Italian Spanish Russian (many recently ava lable works) Covers every branch of physics 
math related engineering Includes author title edit on publisher place date number 
of volumes number of pages 40 page introducton on basic problems of research study 
provides useful Information on erganiiatlon use of libraries psychology of learn ng etc 
WJ. we. yut hivu-,% oR lort wrutl e.'bfiiw. V' tuffnw^ 4/iArpj. 

S3k X 8 S447 Paperbound 32 49 


THE strange STDRY DF THE OUAHTUM, An Account for the General Reader ul the Growth 
of Ideas Underlying Our Present Atomic Knowledge B Hoffmann Presents lucidly experfly 
with barest amount of mathematics problems and theories which led to modern quantum 
physics Begins with late 1800 » when tllscrepaneies were noticed with illuminating anal 
oges examples goes through concepts of PlancX Einstein Pauti Schroed nger Dirac 
Sommerfiefd Feynman etc New postscript through J958 Of the books attempting an 



DOVER SCIENCE BOOKS 


HISTORY OF SCIENCE 

AND PHILOSOPHY OF SCIENCE 


THE VALUE OF SCIENCE, Henri Poincarfi. Many of most mature ideas of '‘last scientific 
univcfsalist" for both beginning, advanced workers. Nature of scientific truth, whether 
order Is innate in universe or imposed by man, logical thought vs. intuition (relating to 
Wcierstrass, tic, Riemann, etc), time and space (relativity, psychological time, simultaneity), 
Her2's concept of force, values within disciplines of Maxwell, Carnot, Mayer, Newton, 
torentz, etc. iii + 147pp. x 8. S469 Paperbound $1.35 

PHILOSOPHY AND THE PHYSICISTS, U S. Stcbbing. Philosophical aspects of modern science 
examined in terms of lively critical attack on ideas of Jeans, Eddington. Tasks of science, 
causality, determinism, probability, relation of world physics to that of everyday experience, 
philosophical significance of Planck-Bohr concept of discontinuous energy levels, inferences 
\ 0 i be drawn from Uncertainty Principle, implications of “becoming” involved in 2nd law 
of thermodynamics, other problems posed by discarding of Laplacean determinism. 285pp. 

X 8. T480 Paperbound $1.65 

THE PRINCIPLES OF SCIENCE, A TREATISE ON LOGIC AND THE SCIENTIFIC METHOD, V/. S. 
ifeVDOS. Milestone in development of symbolic logic remains stimulating contribution to in- 
vestigation of inferential validity in sciences Treats inductive, deductive logic, theory of 
number, probabilityi limits of scientific method, significantly advances Boole’s logic, con- 
tains detailed introduction to nature and methods of probability in physics, astronomy, 
everyday affairs, etc. In introduction, Ernest Nagel of Columbia U. says,"(Jevons] continues 
to be of interest as an attempt to articulate the logic of scientific inquiry ” till + 786pp. 

X 8. S446 Paperbound $2.98 

A HISTORY OF ASTRONOMY FROM THALES TO KEPLER, J. L. E. Dreycr. Only work in English 
to give complete history of cosmological views from prehistoric times to Kepler. Partial 
contents- Near Eastern astronomical systems, Early Greeks, Homocentric spheres of 
Euxodus, Epicycles, Ptolemaic system, Medieval cosmology, Copernicus, Kepler, much more. 
“Especially useful to teachers and students of the history of science . . . unsurpassed in 
its field,” Isis. Formerly “A History of Planetary Systems from Thales to Kepler *' Revised 
foreword by W. H. Stahl, xvii -f 430pp. 5Th x 8. S79 Paperbound $1.98 

A CONCISE HISTORY OF MATHEMATICS. D. Struik. lucid study of development of ideas, 
techniques, from Ancient Near East, Greece, Islamic science Middle Ages, Renaissance, 
modern limes, important mathematicians described in detail Treatment not anecdotal, but 
analytical development of ideas. Non-technicat — no math training needed. "Rich in con- 
tent. thoughtful in interpretations,” U.S. Quarteriy Booklist 60 illustrations including 
Greek, Egyptian manuscripts, portraits of 31 mathematicians. 2nd edition xix + 299pp 
5U X 8. S255 Paperbound $1.75 

THE PHILOSOPHICAL WRITINGS OF PEIRCE, edited by Justus Buchler. A carefully balanced 
expositon of Peirce's complete system, written by Peirce himself. It covers such matters 
as scientific method, pure chance vs law, symbolic logic, theory of signs, pragmatism, 
expenment, and other topics. ‘‘Excellent selection gives more than adequate evidence 
of the range and greatness,” Personalist. Formerly entitled “The Philosoohy of Peirce,” 
xW -f 368pp. T217 Paperbound $t.95 


SCIENCE AND METHOD, Hcnrf Poincar6. Procedure of scientific discovery, methodology, ex- 
periment, Idea-germination — processes by which discoveries come into being. Most signifi- 
cant and interesting aspects of development, application of ideas. Chapters cover selection 
of facts, chance, mathematical reasoning, mathematics and logic: Whitehead, Russell, 
Cantor, the new mechanics, etc. 2SSpp, x 8. S222 Paperbound $1.35 


SCIENCE AND HYPOTHESIS, Henri Potnear^. Creative psychology in science. How such con- 
cepts number, magnitude, space, force, classical mechanics developed, hov/ modern 
scientist uses them in his thought. Hypothesis in physics, theories of modern physics, 
introduction by Sir James larmor. “Few mathematicians have had the breadth of vision 
of Poincar6, and none is his superior In the gift of clear exposition,” E. T. Bell. 272pp 
X 8. S221 Paperbound $1.35 

pSAYS IN*tXPERlMEHTAl LOGIC, John Dewey. Stimulating series of essays by one of most 
mMuentUl minds In American philosophy presents some of his most mature thoughts on 
Wide range of subjects. Partial contents. Relationship between inquiry and experience; 
cipendcnce of knowledge upon thought, character logic; judgments of practice, data, and 
meanings; stimuli cf thought, etc. viu -f* 444pp. x 8, T73 Paperbound $1.95 


^AT IS SCIENCE, Norman Camphelt. Excellent introduction explains scientific method, role 
c* nathematics, types of scientific laws. Contents: 2 aspects of science, science and 
nawe, laws of chance, discovery of laws, explanation of laws, ncasurerrent and numerical 
lAws, applications of science. 192pp. x 8. S43 Paperbound $1.25 
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CATALOGUE OF 


FROM EUCLID TO EODINCTOK A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD, Sir 
tUmonil WhlUaLtr feitmost SfiLish scl«ntist traces developmeftt o1 theailes at natural pht 
losophy from western rediscovery of Euctid to Eddingtort Einste n Dirac etc 5 major 
divisions Space Time and Movement Concepts of Classical Physics Concepts of Quantum 
Mechanics Eddington Universe Contrasts Inadequacy of classical physi.s to understand 
physical world with present day attempts of relativity non Euci dean geometry space 
curvature etc 212pp s 6 T49! Paperbound $1 3S 

the ANALYSIS OF MATTER Bertrand Russell How do our senses accord with the new 
physicsv This volume covers such top cs as logical analysis of physics prerelativily 
physics causality scientific inference physics and percept on spec al and general rela 
ttvity Weyl s theory tensors invariants and the r physical Interpretation periodicity and 
qualitative series The most thorough treatment of the subject that has yet been pub 
lished. The Nation Introduction by L. E Denonn 422pp 5H s 8 T231 Paperbound $1 9S 

LANEUASE. TRUTH AND LOCIC, A Ayer A clear Introduction to the Vienna and Cambridge 
schools of Logical Positivism SpecIfc tests to evaluate validity of ideas etc Contents 
function of philosophy elimination of metaphysics nature of analysis a prion truth and 
probability etc IDlh print ng 1 should IlHe to have vrrltten it myseit Bertrand Russel) 
lEOpp 5% X 8 TIO Paperbound $US 

THE PSYCHOLOGY OF INVENTION IN THE MATHEMATICAL FIELD t Hadamard Where do ideas 
come fromv What role does the unconscious play’ Are ideas best developed by mathemat cal 
reasoning word reasoning visualization'’ What are the methods used by Einstein, Poincare 
Gallon R emanh'’ How can these techniques be applied by others’ One of the worlds 
leading mathematicians discusses these and other questions xiil 4- LAbpp x 8 

TIOF Paperbound 31,23 

GUIDE TO PHILOSOPHY, C E M toad By one of the ablest expositors of ell time this is 

not simply a history or a typological survey but an exam nation Of central problems in 

terms of answers afforded by the greatest thinXers Plato Aristotle Scholastics lebnir 
Kant Whitehead Russell and many others Especially valuable to persons in the physical 
sciences over IDD pages devoted to leans Edd ngton and others the philosophy of 
modern physics scientiFc materialism pragmatism etc Classified bibliography 592pp 
5% X 8 TSO Paperbound 32 00 

SUBSTANCE AND FUNCTION, and EINSTEINS THEORY OF REUTIVITY, Ernst Cassirer Two 
books bound as one Cassirer establishes a philosophy of the exact sciences that takes into 
consideration new developments in mathematics shows historical connections Partial 

contents Aristotelian logic Mill s analysis Helmholtz and Kronecker Russelt and cardinal 
numbers Euclidean vs non Euclidean geometry Einsteins relativity Bbllograpby Index 

xxl + 464pp 54i X 8 TSO Paperbound 32 00 

FOUNDATIONS DF GEOMETRY Bertrand Russell Nobel laureate analyzes basic problems in 
the overlap area between mathematics and philosophy the nature of geometrical knowledge 
the nature of geometry and the applications of geometry to space Covers history of non 
Euclidean geometry philosophic interpretations of geometry especially Kant projective 
and metrical geometry Most Interest ng as the solut on offered in 1637 by a great mind 
to a problem still current New introduction by Prof Morris Kline NY University Ad 
Riirably clear precise and elegantly reasoned anatyss international Math Hews xii + 
201PP 5% X 8 S233 Paperbound 3T 60 


THE NATURE DF msiCAL THEORY, P W Bridgman How modern physics looks to a highly 
unorthodox physic st — a Nobel laureate Pointing out many absurdities of science demon 
strating inadequacies of varous physical theories weighs and analyzes contributions of 
Einstelit Bohr Heisenberg many others A non technir»t consideration of correlatrors of 
science and reality xi + l3Spp x 8 533 Paperbound 31 2S 

EXPERIMENT AND THEORY IK PHYSICS Max Bern A Nobel laureate examines the nature 
and value oi the counterclaims of experiment and theory In physics Synthetic versus 
analytical scientific advances are analyzed In works of Einstein Bohr, Heisenberg Planck 
Eddington M Ine, others by a fellow scientist 44pp SH x 6 5308 Paperbound 60G 

A SHORT HISTORY OF ANATOMY AND PHYSIOLOGY FROM THE GREEKS TO HARVEY, Charles 
Singer. Corrected edition of The Evolution of Anatomy Classic traces anatomy phys 
lology from prescient he times through Greek Roman periods dark ages Renaissance to 
beginning of modern concepts Centers on Individuals movements that defnitely advanced 
anatomical knowledge Plato Diodes Erasistratus Galen da Vmcl etc Special section 
on Vesalius 20 plates 270 extremely Interesting illustrations pf ancient Medieval enais 
sante Oriental origin Xli + 209pp 5% x B T383 Paperbound 3115 

SPACE -time* MATTER Hermann Weyl The standard treatise on the general theory of 
relativity (Nature) by world renowned scientist Deep clear discussion of logical coher 
ence of general theory introducing alt needed tools Maxwell analytical geometry non 
Euclidean geometry tensor calculus etc Basis is class cal space time before absorption 
of relativity Contents Euclidean space mathematical form, metrical contnuum general 
thaorj »tt 15 diagrams xvl I + 330pp 5H x 8 5267 Paperbound 31 75 



DOVER SCIENCE BOOKS 

MAHER AND MOTION, James Clerk Maxwell. Excellent expositfon begins with simple par- 
tides, proceeds gradually to physical systems beyond complete analysis, motion, force, 
prcperties of centre of mass of material system, v/ork, energy, gravitation, etc Written 
with all Maxv/eirs original Insights and clarity Notes by E Larmor 17 diagrams I78pp 
5 % X 8. S188 Paperbound $1 25 

FRINCIPUS OF MECHANICS, Heinrich Hertz Last v/ork by the great 19th century physicist 
is not only a classic, but of great Interest m the logic of science Creating a nev/ system 
of mechanics based upon space, time, and mass, it returns to axiomatic analysis, under* 
standing of the formal or structural aspects of science, taking Into account logic, observa 
tfort, a priori elements Of great historical importance to Poincar^, Carnap, Einstein. Milne 
A 20 page introduction by R S. Cohen, Wesleyan University, analyzes the Implications of 
Hertz’s thought and the logic of science 13 page introduction by Helmholtz xlil + 274pp 
X 8 S316 Clothbound ^3 50 

S317 Paperbound $1 75 

FROM MAGIC TO SCIENCE, Charles Singer. A great historian examines aspects of science 
from Roman Empire through Renaissance Includes perhaps best discussion of early hcrbals, 
penetrating physiological interpretation of * The Visions of Hlldegarde of Bingen " Also 
examines Arabian, Galenic influences, Pythagoras' sphere, Paracelsus, reav/akening of 
science under Leonardo da Vinci, Ves^Iius, Lorica of Gildas the Briton etc Frequent 
quotations with translations from cortltimporary manuscripts Unabridged, corrected edi- 
tion 158 unusual illustrations from Classical, Medieval sources xxvii + 365pp 5% x 8 

T390 Paperbound ^2 00 

A HISTORY OF THE CALCULUS, AND ITS CONCEPTUAL DEVELOPMENT, Carl B, Boyer. Provides 
laymen, mathematicians a detailed history of the development of the calculus, from begin- 
nmrs m antiquity to final elaboration as mathematical abstraction Gives a sense of 
mathematics not as technique, but as habit of mind, in progression of ideas of Zeno, Plato, 
Pythagoras. Eudoxus, Arabic and Scholastic mathematicians, Newton, Leibniz, Taylor, Des- 
cartes, Euler, Lagrange, Cantor, Weierstrass, and others This first comprehensive, critical 
history of the calculus v/as originally entitled “The Concepts of the Calculus “ Foreword 
by R Courant, 22 figures 25 page bibliography v -f 364pp SH x 8 

S509 Paperbound $2.00 

A DIDEROT PICTORIAL ENCYCLOPEDIA OF TRADES AND INDUSTRY, Manufacturing and the 
Technical Arts In Plates Selected from “L’EncyclopSdie ou Dlctlonnalre Raisonn^ des 
Sciences, des Arts, et dcs MStiers” of Dents Diderot. Edited \;lth text by C GilUspie First 
modern selection of plates from high point of 18th century French engraving Storehouse 
of technological information to historian of arts and science Over 2,000 Illustrations on 
485 full page plates, most of them original size, show trades industries of fascinating 
era in such great detail that modern reconstructions might be made of them Plates teem 
wilh men, women, children performing thousands of operations show sequence, general 
operations, closeups, details of machinery Illustrates such important, interesting trades, 
industries as sowing, harvesting, beekeeping, tobacco processing, hshing, arts of war, 
mining, smelting, casting Iron, extracting mercury, making gunpov/der, cannons, bells. 
Shoeing horses, tanning, papermaking, printing, dytng over 45 more categories Professor 
Gillispie of Princeton supplies full commentary on all plates, identifies operations, tools, 
processes, etc Material is presented in lively, lucid fashion Of great interest to all 
studying history of science, technology Heavy library cloth 920pp 9 x 12 

T421 2 volume set $18 50 

DE MAGNETE, William Gilbert. Classic vork on magnetism, founded nev/ science Gilbert 
was first to use word “electricity,” to recognize mass as distinct from v/eight, to discover 
effect of heat on magnetic bodies, invented an electroscope, differentiated betvreen static 
electricity and magnetism, conceived of earth as magnet This lively work, by first great 
nperimcnlai scientist. Is not only a valuable historical landmark, but a delightfully easy 
to follow record of a searching, ingenious mmd Translated by P F Mottelay 25 page 
biographical memoir. 90 figures lix + 366pp 53fe x 8 S470 Paperbound $2 00 

HIHORY OF fttATHEMATICS, 0. E. Smith. Most comprehensive, non technical history of math 
m English Discusses lives and works of over a thousand mafor, minor figures, with Toot 
rotes giving technical information outside book’s scheme, and Indicating disputed matters 
'01 I A chronological examination, from primitive concepts through Egypt Babylonia, 
crcfce, the Orient, Rome, the Middle Ages, The Renaissance, and to 1900 Vol II The 
c^ytiopment of ideas in specific fields and problems, up through elementary calculus 
r.4’ks an epoch . v/til modify the entire teaching of the history of science,” George 
wrtoa 2 volumes, total of 510 illustrations, 1355 pp 5^^ x 8 Set boxed In attractive 

T423, 430 Paperbound. the set $5 00 

THE PHILOSOPHY OF SPACE AND TIME, H Reichcnbach An important landmark in devclop- 
r*'**'! Of cmpjncist conception of geometry, covering foundations of geometry, t/mc theory, 
of Einstein’s relativity, including relations between theory and observations, 
® <ic»nitions. relations bet\/een topological and metrical prope-ties of space, 
SS ♦ problem of visual intuition of non Euclidean structures, many more topics 

to modern science ard philosophy MajO'ity cf ideas require only kncrtledge of 
0 ..^^th “Still the best book m the field,” PudoH Carnap Introduction by 

« 49 figures xviii 4* 25$pp S^s x 6 3443 Paperbound $2.00 
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rOONDATtONS OF SCIENCE THE PHtLOSOm OF THEORY AND EXPERIMENT, N Camphttl 
A crltcque af lha mo$t fundamental concepia of sc ence particularly physics Examines why 
certain prapesiticns are accepted without auestion demarcates science from philosophy 
etc Part I analytes presuppositions of scientific thought eiistence of material world 
nature of laws probability etc part 2 covers nature of experiment and applications of 
mathematics conditions for measurement relations between numerical laws and Iheones 
error etc An appendix covers problems arising from relativity force motion space 
time A classic In Its field A real grasp of what science is Higher Educational Journal 
Sill 4- 565PP bVh X Stir S372 Paperbound TTTS 

THE STUDT OF THE HISTORY OF MATHEMATICS and THE STUDY OF THE HISTORY OF SCIENCE, 
C Sirten Excellent introductions orientation for beginning or mature worker Describes 
duty of mathematical historian Incessant efforts and genius of prevous generations Ex 
plains How today s discipline d flers from previous methods 200 Item bibl ography with 
critical evaluations best available biographies of modern mathematicians best treatises 
on historical methods Is especially valuable ID illustrations 2 volumes bound as one 
njpp + 75pp 5% X 8 TZM Paperbound V-R5 


MATHEMATICAL PUZZLES 


MATHEMATICAL PUZZLES OF SAM LOYD selected and edited by Martin Gardner 117 choice 
ponies toy greatest American punie creator and innovator Irom h s famous Cyclopedia 
of Puules All unique style, historical flavor of originals Based on arithmetic algebra 
probability game theory route tracing topology si ding block operations research geo 
metrical dissection Includes famous 14 15 punie which was national craze Horse of 
a Different Color which sold mill ons of copies 120 I ne drawings diagrams Solutions 
XI -f lS7pp 5% X 8 T498 Paperbound |1 00 


SYMBOLIC LOStC and THE CAME OF LOCIC Lewis Carroll Symbol C Logic is not concefntd 
with modern symbol c logic but is nslead a collection of over 380 problems posed wth 
charm and Imagination using the syllogism and a fascinating diagrammatic method Of 
drawing conclusions In The Game of Logic Carroll s whimsical Imagination devises a 
logical game played with 2 diagrams and counters (included) to manipulate hundreds ol 
tricky syllogisms The final section H t or Miss is a lagniappe of 101 additional puzzles 
in the delightful Carroll manner lint I this reprint edition both of these books were rarities 
costing VP to glS each Symbolic Logici Index xxxi -I- 199pp The Game of Logic 96pp 
2 vois bound as one STB x S T492 Paperbound $1,30 

PILLOW PROBLEMS and A TANGLED TALE Lewis Carroll One of the rarest of all Carrolls 
works Pittow Problems conUms 72 original math puzzles alt typically Ingenious Partlcu 
larly fascinating are Carroll s answers which remain exactly as he thought them out 
reflecting his actual mental process The problems In A tangled Tale are in Story form 
orlgnafiy appearing as a monthly magazine serial Carroll hot only gives the solutons but 
uses answers sent in by readers to discuss wrong approaches and misleading paths and 
grades them for Insight Both of these books were rarities untIt this edition Piltow 
Problems costing up to $25 and A Tangled Tale $15 Pillow Problems preface and 
Introduction by Lewis Carroll xx + 109pp A Tangled Tale 6 Illustrations 132pp Two vots 
bound as one blit x 8 T493 Paperbound $f SO 

NEW WORD PUZZLES C L Kaufman 100 brand new challenging puules on words com 
binat ons never before published Most are new types invented by author (or beginners 
and experts both Squares of tetters follow chess moves to build words symmetrical 
designs made ol synonyms rhymed crest cs double word squares syllable puzzles where 
you flf in missing syllables instead of missing tetter many other types all new Solutions 
Excellent Recreation tOO puules 196 figures vi + i22pp x 8 

T344 Paperbound $1 00 

MATHEMATICAL EXCURSIONS H A Merrill Fun recreation Insights into etementary prod 
lem soVvint Math expert guides you on by paths not generally travelled in elementary math 
courses — divide by Inspection Russian peasant multiplication memory systems for pi odd 
even magic souaresj dyadic systems square roots by geometry Tehebiehevs machine 
dozens more Solutions to more diffcult ones Brain stirring stuff a classic Cenie 
50 Illustrations 145pp 5Ta x 8 T350 Paperbound $t 00 


THE BOOK OF MODERN PUZZtES G L Kaufman Over 150 puzzles absolutely al) new mate 
rial based on same appeal as crosswords deduction puzzles but with different principles 
teenniques 2 mmute teasers word labyrinths design pattern logic observation puzzles 
puzzles testing ability to apply geoeral knowledge to peculiar situations many others 
Solutions 315 illustrations I92pp 5)» x S T143 Faperboand $1 00 

MATHEMAGIC. MAGIC PUZZtES AND GAMES WITH NUMBERS R V Heath Over 60 puzzles 
stunts on properties of numbers Easy techniques for mult plying large numbers mentally 
identifying unknown numbers f nding date of any day in any year Includes The lost Digit 
3 Acrobats Psychic Bridge magic squares triangles tubes others not easily found else 
where Edited by i S Meyer 76 Illustrations I28pp STi x 8 TllO Paperbound $1 00 



DOVER SCIENCE BOOKS 

PUSLE QUIZ AND STUNT FUN, Meyer. 238 high-priority puz/Ies, stunts, tricks— math 

pwNcs like The Clever Carpenter, Atom Bomb, Please Help Alice; mysteries, deductions 
like The Bridge of Sighs, Secret Code; observation puzzlers like The American Flag, Playing 
Cards, Telephone Dial; over 200 others with magic squares, tongue twisters, puns, ana- 
Prams. Solutions. Revised, enlarged edition of “Fun-To-Do.” Over 100 illustrations. 238 
puzzles, stunts, tricks. 256pp. 53/^ x 8. T337 Paperbound $1.00 

tOI PUZZLES IN THOUGHT AND LOGIC, C. R. Wyllc, Jr. For readers who enjoy challenge, 
stimulation of logical puzzles without specialized math or scientific knowledge. Problems 
entirely new, range from relatively easy to brainteasers for hours of subtle entertainment. 
Detective puzzles, find the lying fisherman, how a blind man identifies color by logic, many 
more. Easy-to-understand introduction to logic of puzzle solving and general scientific 
method. 128pp. BVb x 8. T367 Paperbound $1.00 

CRYPTANALYSIS, H. F. Gaines. Standard elementary, intermediate text for serious students. 
Not just old material, but much not generally known, except to experts. Concealment, 
Transposition, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other 
techniques. Formerly "Elementary Cryptanalysis." Appendix with sequence charts, letter 
frequencies in English, 5 other languages, English word frequencies. Bibliography. 167 
codes. New to this edition: solutions to codes, vi + 230pp. 5^^ x 8^fe. 

T97 Paperbound $1.95 

CRYPTOGRAPy, L, 0. Smith, Excellent elementary introduction to enciphering, deciphering 
secret writing. Explains transposition, substitution ciphers; codes; solutions; geometrical 
patterns, route transcription, columnar transposition, other methods. Mixed cipher systems; 
single, polyalpbabcticai substitutions; mechanical devices; Vigenere; etc. Enciphering Jap- 
anese; explanation of Baconian biliteral cipher; frequency tables. Over 150 problems. Bib- 
liography. Index. 164pp. 5% x 8. T247 Paperbound $1.00 

MATHEMATICS, MAGIC AND MYSTERY, M. Gardner. Card tricks, metal mathematics, stage 
mind-rcading, other "magic" explained as applications of probability, sets, number theory, 
etc. Creative examination of laws, applications. Scores of new tricks, Insights. 115 sections 
on cards, dice, coins; vanishing tricks, many others. No sieight of hand — math guarantees 
success. "Could hardly get more entertainment . . . easy to follow," Mathematics Teacher. 
135 lUustralions. xii -f- 174pp. 5% x 8. T335 Paperbound $1.00 

AMUSEMENTS IN MATHEMATICS, H. E. Dudeney. Foremost British originator of math puzzles, 
always witty, intriguing, paradoxical in this classic. One of largest collections. More than 
430 puzzles, problems, paradoxes. Mazes, games, problems on number manipulations, 
unicursal, other route problems, puzzles on measuring, weighing, packing, age, kinship, 
Chessboards, joiners*, crossing river, plane figure dissection, many others. Solutions. More 
than 450 illustrations, viil -f 258pp. x 8. T473 Paperbound $1.25 

THE CANTERBURY PUZZLES H. E. Dudeney. Chaucer's pilgrims set one another problems in 
5tcry form. Also Adventures of the Puzzle Club, the Strange Escape of the King’s Jester, 
the Monks of Rlddlewel), the Squire's Christmas Puzzle Party, others. All puzzles are 
Cflginal, based on dissecting plane figures, arithmetic, algebra, elementary calculus, other 
branches of mathematics, and purely logical ingenuity. "The limit of ingenuity and in- 
tricacy," The Observer. Over 110 puzzles, full solutions. 150 illustrations, v|ii -f 225 pp. 
X 8. T474 Paperbound $1.25 

mathematical puzzles for beginners and ENTHUSIASTS, G. Motl-Smith. 188 puzzles to 
test mental agility. Inference, interpretation, algebra, dissection of plane figures, geometry, 
properties of numbers, decimation, permutations, probability, all are in these delightful 
problems. Includes the Odic Force, How to Draw an Ellipse, Spider's Cousin, more than 180 
others. Detailed solutions. Appendix with square roots, triangular numbers, primes, etc. 
335 Illustrations. 2nd revised edition. 248pp. x 8. T198 Paperbound $1.00 

mathematical RECREATIONS, M. Kraitchlk. Some 250 puzzles, problems, demonstrations of 
jccfcation mathematics on relatively advanced level. Unusual historical problems from 
Greek, Medieval, Arabic, Hindu sources; modern problems on "mathematics without num- 
oers." geometry, topology, arithmetic, etc. Pastimes derived from figurative, Mersenne, 
Fermat numbers: fairy chess- latruncles; reversi; etc. Full solutions. Excellent insights 
no special fields of math. "Strongly recommended to all who are interested in the 
hgmer side of mathematics," Mathematical Gar. 181 illustrations. 330pp. STa x 8. 

T163 Paperbound $1.75 


fiction 


A perennially popular science-Gclion classic about life in a 2- 
^ World, and the impingement of higher dimensions. Political, satiric, humorous, 

where women are straight lines and the lowest and most dan- 
are isosceles triangles with 3® vertices conveys brilliantly a feeling for 
ssL modern science. 7th edition. New introduction by Banesh Hoffmann. 128pp. 

^ ^ 11 Paperbound $1.00 
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SEVEH SCIEMCE flCTWM K0VEL5 Of H 6 VJEltS Cumolete text* unahftdted of se«en «f 
Wells greatest novels The War of the Worlds, The invisiDle Man The Island of Or Moreau 
The food of the Gods First Men In the Moon In the Days of the Comet The Time Machine 
Sttl considered by tnany experts to be the best science Tictton ever written they wtH otter 
amusements and instructor) to the scientific minded reader The great master Shy and 
Telescope lOStpp 5%e x 8 T264 Clothbound S3 9S 

38 SCIENCE FICTION STORIES OF H C WELLS Unabridged! This enormous omnibus contains 
3 full length novets—Men Like Gods Star Begotten— plus 26 short stories of space time 
invention biology etc The Crystal Egg The Country of the Blind Empire ot the Ants 
The Man Who Could Work Miracles Aepyornis island A Story of the Days to Come and 
20 others A master not surpassed by writers of today The Engflsh journal 
915PP 5Tb X 8 T265 Clothbound >3 95 

Fwe AQVENTURE HOVELS OF K RtOER HAGGARD All the mystery and adventure of tfarhest 
Africa captured accurately by a man who lived among Zulus for years who knew African 
ethnotogy folkways as did few of hiS contemporaries They have been regarded as examples 
of the very best high adventure by such critics as Orwelt Andrew Lang Kipling Cofltents 
She King Solomons Mines Allan Quatermain Allans Wife Maiwa s Revenge Could spin 
a yarn so full of suspense and color that you couldn t put the story down, Sal Review 
821pp 5Tb X B T108 Clothbound 93 95 


CHESS AND CHECKERS 


LEARN CHESS FROM THE MASTERS Fred Remit Id Easiest most instructive way to im 
prove your game — play 10 games against such masters as Marshall Znosko Borovsky Bron 
stem Najdorf etc with each move graded by easy system Includes ratings for alternate 
moves poss ble Games selected for Interest clarity easily isolated principles Covers 
Ruy Loper. Dutch Defense Vienna Game openings subtle intricate m ddle game variations 
all important end game Full annotations Formerly Chess by Yourself 91 diagrams vili 
+ 144pp STb X 8 T362 Paperbound 91 00 

REINFELO OH THE END GAME IN CHESS, Fred Relnfeld Analyzes 62 end games by Alekhine 
Ftohr Tarrasch Morphy Capablanca Rubinstein Lasker, Reshevsky other masters Only 
1st rate book with extensive coverage ot error — tell exactly what rs wrong with each move 
you might have made Centers around transitions from middle play to end play King and 
pawn minor pieces queen endings blockage weak passed pawns etc Excellent a 
boon Chess Life Formerly Pracllral End Play 62 figures vi + 177pp STa x 6 

T417 Paperbound 91-25 

KYPERMODERH CHESS as developed tn the games of Its greatest exponent ARON MIMZO 
VICH ed ted by Fred Relnfeld An intensely original player analyst N mrovtch s approaches 
startled often angered the chess world This volume des gned for the average player 
shows how h)s iconoclastic methods won him victories over Alekhine Lasker Marshall 
Rub nste n Splelmann others and Infused new life into the game Use his methods to 
startle opponents inv gorate play Annotations and introduct ons to each game are 
excellent Times (London) 180 d agrams vlii -t- 220pp 5Tb x 8 TA48 Paperbound 91 35 

THE AOVEHTURE OF CHESS Edward Usker Lively reader by one of Atnerws finest chess 
masters including h story of chess from ancient Ind an 4 handed game of Chaturanga 
to great players of today such del ghts and oddities as Maelzel S chess playing automaton 
that beat NapoSeon 9 t mes etc One of most valuable features is author s personal recollec 
tions of men he has played against — Nimzovich Emanuel Lasker Capablanca Alekhine 
etc Discuss on of chess playing machines (newly revised) 5 page chess primer 11 (Hus 

tratons S3 diagrams 396cp STb x 8 S51D Paperbound |T 45 

THE ART OF CHESS, James Mason Unabridged reprint ng of latest revised edition of most 
famous general study ever written Mason early 20tn century master teaches beg nning 
Intermediate player over 90 openings m ddle game end game to see more moves ahead 
to plan purposefully attack sacrifice defend exchange govern general strategy Classic 

one ot the clearest and best developed studies ' Publishers Weekly Also included a 
complete supplement by F Re nfeld How Do You Play Chess’ Invaluable to beghners 

for Its lively quest on and answer method 448 diagrams 1947 Re nfeld Bernstein text 

fibilography xvr + 34Dpp STt x 8 T463 paperbound $1 85 

MORPHY S GAMES OF CHESS edited by P W Sergeant Put boldness into your game by 
flowing brilliant forceful moves of the greatest chess player of all time 300 of Morphy s 
best games carefully annotated to reveal principles 54 classics aga nst masters tike 
Anderssen HarrwIU Bird Paulsen and others 52 games at odds 54 blindfold games plus 
over 100 others Follow h $ interpretation of Dutch Defense Evans Gambit 6 uoco Piano 
Ruy Lopez many more Unabridged reissue of latest revised edition. New introduction by 
F Reinfeld Annotations introduction by Sergeant 235 dagrams x + 352pp 6Tb x 8 

T386 Paperbound gl 75 
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WIK AT CHECKERS, M. Hopper. (Formerly “Checl^ers.’') Former World's Unrestricted Checker 
Chemplon discusses principles of game, expert’s shots, traps, problems (or beginner, stand* 
ard openings, locating best move, end game, opening ‘’blitzkrieg” moves to draw when 
behind, etc. Over 100 detailed questions, ansv/ers anticipate problems. Appendix. 75 prob* 
(ems with solutions, diagrams. 79 figures, xi + 107pp. 5% x 8. T363 Paperbound $1.00 

HOW TO FORCE CHECKMATE, Fred Reinfeld. If you have trouble finishing off your opponent, 
here is a collection of lightning strokes and combinations from actual tournament play. 
Starts with l^move checkmates, works up to 3-move mates. Develops ability to lock ahead, 
gain new insights into combinations, complex or deceptive positions; ways to estimate weak- 
nesses, strengths of you and your opponent. ”A good deal of amusement and instruction,” 
Times, (London). 300 diagrams. Solutions to ail positions. Formerly “Challenge to Chess 
Players.” lllpp. 5% x 8. T4I7 Paperbound $1.25 

A TREASURY OF CHESS LORE, edited by Fred Reinfeld. Delightful collection of anecdotes, 
short stories, aphorisms by, about masters; poems, accounts of games, tournaments, photo- 
graphs; hundreds of humorous, pithy, satirical, wise, historical episodes, comments, word 
portraits. Fascinating “must” for chess players; revealing and perhaps seductive to those 
who wonder what their friends see in game. 49 photographs (14 full page plates). 12 
diagrams, xi + 306pp. 5% x 8. T458 Paperbound $1.75 

WIN AT CHESS, Fred Reinfeld. 300 practical chess situations, to sharpen your eye, test skill 
against masters. Start v/ith simple examples, progress at own pace to complexities. This 
selected series of crucial moments In chess will stimulate imagination, develop stronger, 
more versatile game. Simple grading system enables you to judge progress. “Extensive use 
of diagrams is a great attraction,” Chess. 300 diagrams. Notes, solutions to every situation. 
Formerly “Chess Quiz.” vi + 120pp. 5% x 8. T433 Paperbound $1.00 


MATHEMATICS: 

ELEMENTARY TO INTERMEDIATE 


HOW TO CALCULATE QUICKLY^ H. Sticker, Tried and true method to help mathematics of 

everyday life. Awakens “number sense" — ability to see relationships betw^een numbers as 

whole quantities. A serious course of over 9000 problems and their solutions through 
techniques not taught in schools: left-lo-right multiplications, new fast division, etc. 10 
minutes a day will double or triple calculation speed. Excellent for scientist at home in 

higher math, but dissatisfied with speed and accuracy m lov/er math. 256pp. 5 x IVx. 

Paperbound $1.00 

FAMOUS PROBLEMS OF ELEMENTARY GEOMETRY, Felix Klein. Expanded version of 1894 
Easter lectures at Gottingen. 3 problems of classical geometry: squaring the circle, trisect- 
ing angle, doubling cube, considered with full modern implications: transcendental num- 
bers, p), etc. “A modern classic ... no knowledge of higher mathematics is required,” 
Sclentia. Notes by R. Archibald. 16 figures, xi + 92pp. 5^'a x 8. T298 Paperbound $1.00 


higher mathematics for students of CHEMISTRY AND PHYSICS, J, VV. Mellor. Pract/cal, 
not abstract, building problems out of familiar laboratory material. Covers differential cal- 
culus, coordinate, analytical geometry, functions, integral calculus, infinite series, numerical 
equations, differential equations, Fourier’s theorem probability, theory of errors, calculus 
Jf variations, determinants. “If the reader is not familiar v/ith this book, it will repay 
him to examine it,” Chem. and Engineering News. 800 problems. 189 figures, xxj + 64lpp. 
X 8. S193 Paperbound $2.25 

TRIGONOMETRY REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 913 detailed questions, answers 
most important aspects of plane, spherical trigonometry — particularly useful in clearing 
up duficuUtes in special areas. Part I: plane trig, angles, quadrants, functions, graphical repre- 
5|htation, interpolation, equations, logs, solution of triangle, use of slide rule, etc. Next 
ifiS pages discuss applications to navigation, surveying, elasticity, architecture, other 
i fields. Part 3; spherical trig, applications to terrestrial, astronomical problems. 
i’rPfj ^ of time-saving, simplification of principal angles, make book most useful. 913 
q^tsiions answered. 1738 problems, answers to odd numbers. 494 figures. 24 pages of for- 
functions, x -f 629pp. x 8. T371 Paperbound $2.00 

CAICUIUS REFRESHER FOR TECHNICAL MEN, A. A. Klaf. 756 questions examine most im- 
aspects of integral, differential calculus. Part 1: simple differential calculus, con- 
variables, functions, increments, logs, curves, etc. Part 2: fundamental ideas of 
il- D ^^^P^^ction, substitution, areas, volumes, mean value, double, tnple rntegration. 

stressed. 50 pages Illustrate applications to specific problems of civil, 
engineering, electricity, stress, strain, elasticity, similar fields. 756 questions 
56o problems, mostly answered. 36pp. of useful constants, formulas, v + 431pp. 

T370 Paperbound $2.00 
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CATALOGVE OF 


MONOCMPNS ON TOPICS OF MODERN MATHEMATICS, edileit by ]. W A Tount Advanced 
maOiematlcs far pertona who have forgotten, or not gone beyond high school algebra 
9 monographs on foundation of geometry, modem pure geometry non Euolideart geometry, 
fundamental propositions of algebra algebraic equations, tuncIloRS calculus theory o( 
numbers etc Each monograph gives proofs o> Important results, and descriptions of lead 
ing methods to provide wide coverage • Of high merit • Scientific American Hew Intro- 
duction by Prof M Kline, NT linlv 1 00 diagrams wl + Al6pp 6 Vi * sva 

S289 Paperbound |2S0 

MATHEMATICS IK ACTION, 0 C Sutton, Excellent middle level application of mathematics 
to study of universe, demonstrates how math is applied to ballistics theory ot computing 
machines, waves, wave like pnencmena theory ot fluid how, meteorological problems, 
statistics flight, similar phenomena No knowledge of advanced math required Differential 
equations, fcurler series group concepts Eigenfunctions Planck s constant airfoil theory 
and Similar topics explained so clearly in everyday language that almost anyone can derive 
benefit from reading this even if much ot high school math is forgotten 2nd edition S8 
figures elli + 23Spp 5H X 8 T4SQ Clothbound 83 SO 

EtEMENIART MATHEMATICS FROM AN ADVANCED STANDPOINT, Felli Klein Classic text, 
an outgrowth of Klein s famous integration and survey course at Gottingen Using one fielo 
to interpret adjust another It covers basic topics in each area with extensive analysis 
Especially valuable In areas of modern mathematics A great mathematician Inspiring 
teacher, deep insight, 8ul Amer Math Soc 

Vat I ARITHMETIC, ALGEBRA, ANALYSIS Introduces concept of function Immediately en 
hveos discussion with graphical, geometric methods Partial contents natural numbers, 
special properties, complex numbers Real equations with real unknowns complex quan 
titles Logarithmic exponential functions, mnnitestmal calculus Transcendence of e and pi 
theory of assemblages index IZS figures lx *■ 274pp STb x 8 5151 Paperbound gl TS 

Vat. II GEOMETRY Comprehensive view accompanies space perception inherent In geom 
etry w th analytic formulas which facilitate precise formulation Partial contents Simplest 
geometric manifold line segments Grassman determinant principles, classicatlon of con 
hguraiions ol space Geometric Iranstormalions atline projective higher point transforms 
tlons theory of the imaginary Systematic discussion of geometry and its foundations 141 
Illustrations lx + 214pp STO x 8 S151 Paperbound 8T 73 

A TREATITE ON PLANE AND ADVANCED TRIGONOMETRY. E W Hobson Extraordinarily wide 
coverage going beyond usual college level, one of few works covering advanced trig in 
full detail 8y a great expositor with unerring anticipation ot potentially difficult points 
Includes circular lunctiqns, expansion pt tunoLions ot multiple angle trig tables ttiaUons 
between sides, angles of triangles complex numbers etc Many problems fully solved 
The best work on the subject. Nature Formerly entitled A Treatise on Plane Trlgonom 
etry ’’ 689 examples 66 hgures xvi 383pp 5Tb x 8 5353 Paperbound 81 98 

NON EUCLIDEAN GEOMETRY, Roberto Soitola The standard coverage of non Euclidean geom 
etry Examines from both a historical and mathematical point ol view geometries which 
have arisen from a study of Euclid s Sth postulate on parallel tines aiso included are 
complete texts translated of Bolyais Theory of Absolute Space, Lobachevsky a Theory 
of Parallels lEO diagrams 43ipp STb x S S27 Paperbound 81 88 

GEOMETRY OF FOUR DIMENSIONS, H P Manning Unique In English as a clear, concise intro- 
duction Treatment Is synthetic, mostly Euclidean though In hyperplanes and hyperspheres 
at fnfnlty non Euclidean geometry Is used Historical introduction Foundations of 4-dimen 
slonal geometry perpendicularity simple angles Angles of planes, higher order Symmetry, 
order, motiun hypetpyramids hypetcones hyperspnetes figures with parallel elements, 
volume hypervolume In space, regular polyhedrolds Glossary 78 Ogures lx + 34Spp 
5H X 8 5182 Paperbound <1 ti 


MATHEMATICS: INTERMEDIATE TO ADVANCED 


GEOMETRY (EUCLIDEAN AND NON-EUCLIDEAN) 


THE GEOMETRY OF RCNf DETCARTES With this book, Descartes founded analytical geometry 
Origiiul french text, with Descartes t own diagrams, and excellent Smith Latham transla- 
tion Contains Problems the Construction of Which Requires only Straight Lines and Circlest 
On the Nature of Curved lines, On the Conilruction of Solid or SupersoNd Problems Ola 
pams 258pp 58* X 8 868 Paperbound >1 SO 
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DOVER SCIENCE BOOKS 

THE WORKS OF ARCHIMEDES, edited by T. 1. Heath. All the known works of the great Greek 
nalhematician, including the recently discovered Method of Archimedes. Contains: On 
Sphere and Cylinder, Measurement of a Circle, Spirals, Conoids, Spheroids, etc. Definitive 
edition of greatest mathematical intellect of ancient v/orld. 186 page study by Heath dis- 
cusses Archimedes and history of Greek mathematics. 563pp. 5% % 8. S9 Paperbound $2.00 

COLLECTED WORKS OF BERNARD RIEMANN. Important sourcebook, first to contain complete 
text of 1892 "Werke*’ and the 1902 supplement, unabridged. 31 monographs, 3 complete 
lecture courses, 15 miscellaneous papers which have been of enormous importance in 
relativity, topology, theory of complex variables, other areas of mathematics. Edited by 
R. Oedekind, H. V/efaer, M. Noether, W. Wirtmger, German text; English introduction by 
Hans Lewy. 690pp. x 8. S226 Paperbound $2.85 

THE THIRTEEN BOOKS OF EUCLID’S ELEMENTS, edited by Sir Thomas Heath. Definitive edition 
of one of very greatest cfassics of Western wor/d. Complete translation of Hetberg text, 
plus spurious Book XIV. 150 page introduction on Greek, Medieval mathematics, Euclid, 
texts, commentators, etc. Elaborate critical apparatus parallels text, ana!y2ing each defini- 
tion, postulate, proposition, covering textual matters, refutations, supports, extrapolations, 
etc. This is the full Euclid, Unabridged reproduction of Cambridge U. 2nd edition. 3 vol- 
umes. 995 figures. 1426pp. 5% x 8, S88, 89, 90, 3 volume set, paperbound $6.00 

AH INTRODUCTION TO GEOMETRY OF N DIMENSIONS, D. M. Y. Sommcrville. Presupposes no 
previous Knowledge of field. Only book In English devoted exclusively to higher dimensional 
geometry. Discusses funbsmentat ideas of incidence, parailehsw, perpendicularity, angles 
between linear space, enumerative geometry, analytical geometry from projective and metric 
Views, polytopes, elementary ideas in analysis situs, content of hyperspacial figures. 60 
diagrams. 196pp. 5Va x 8. S494 Paperbound $1.50 

ELEMENTS OF NON-EUCLIDEAH GEOMETRY, D. M. Y. Sommervillc. Unique in proceeding step- 
by-step. Requires only good knowledge of high-school geometry and algebra, to grasp ele- 
mentary hyperbolic, elliptic, analytic non-Euclidean Geometries; space curvature and Its 
implications; radical axes; homopethic centres and systems of circles; parataxy and parallel- 
ism; Gauss' proof of defect area theorem? much more, with exceptional clarity. 126 prob- 
lems at chapter ends. 133 figures, xvi -P 274pp. 5^^ x 8, S460 Paperbound $1.50 

THE FOUNDATIONS OF EUCLIDEAN GEOMETRY, H. G. Forder. First connected, rigorous ac- 
count In light of modern analysis, establishing propositions without recourse to empiricism, 

v/ilhout multiplying hypotheses. Based on tools of l9th and 20th century mathematicians, 
who made H possible to remedy gaps and complexities, recognize problems not earlier 

discerned. Begins with Important relationship of number systems in geometrical figures. 

Considers classes, relations, linear order, natural numbers, axioms for magnitudes, groups, 
quasi-fields, fields, non-Archimedtan systems, the axiom system (at length), particular axioms 
(two chapters on the Parallel Axioms), constructions, congruence, similarity, etc. Lists: 
axioms employed, constructions, symbols in frequent use. 295pp, 5Ve x 8. 

S481 Paperbound $2,00 


CALCULUS, FUNCTION THEORY (REAL AND COMPLEX), 
FOURIER THEORY 


FIVE VOLUME ‘‘THEORY OF FUNCTIONS” SET BY KONRAD KNOPP. Provides complete, readily 
followed account of theory of functions. Proofs given concisely, yet without sacrifice of 
completeness or rigor. These volumes used as texts by such universities as Chicago, 

N.Y. City College, many others, “Excellent introduction . , . remarkably readable, concise, 
clear, rigorous,” J. of the American Statistical Association. 

elements of the theory OF FUNCTIONS, Konrad Knopp. Provides background for further 
volumes In this set, or texts on similar level. Partial contents: Foundations, system of com- 
plex numbers and Gaussian plane of numbers, Ricmann sphere of numbers, mapping by 
linear functions, normal forms, the logarithm, cyclometric (unctions, binomial series. “Not 
only (or the young student, but also for the student who Knov/s all about what is In it,” 
Mathematical Journal. 140pp. x 8. S154 Paperbound $l.3S 

theory of functions* PART I, Konrad Knopp. V/ith volume II, provides coverage of basic 
concepts and theorems. Partial contents: numbers and points, functions of a complex 
variable. Integral of a continuous function, Cauchy’s intergral theorem, Cauchy's integral 
forrnulac, series with vanable terms, expansion and analytic function in a power senes, 
analytic continuation and complete definition of analytic '*'nctions, Laurent expansion, types 
Pf Singularities, vii 4- 146pp. x 8. S156 Paperbound $1.35 

THEORY OF FUNCTIONS, PART If, Konrad Knopp. Application and further deve!opm‘’nt of 
pneral theory, special topics. Single valued functions, entire, V/eierstrass. Mcfomorphic 
runcticns* Mittag-Leffler. Periodic functions. Multiple valued functions. Ricmsnn surfaces 
^-sebraic functions. Analytical configurations, Riemann surface, x -f- 150pp. 53-k x 8. 

S157 Paperbound $1.35 
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CATALOGUE OP 


PRSSLCM BOOK IN THE THEORY OF FUNCTIONS VOLUME t Konrad Xnopp Problems m ele- 
mentary theory for use w th Knopp s Theory of Functions or any other test Arranged 
accord ng to wcreasirg diHcuity FurtdamenUl concepts sequences of numbers and infmte 
series complex variaoie integral theorems development in senes conformal mapping 
Answers vi i -f- l2Epp 5H x 8 S 158 Paperbound $1JS 

PROBLEM BOOK IK THE THEORY OF FUNCTIONS VOLUME It Xonrad Knapp Advanced theory 
of functiorrs to fie used with Knopp i Theory of Functions or comparable text Singular 
Ities entre and meromorphic functons periodic analytic continuation mutt pie valued 
functions Riemann surfaces conformal mapping Includes section ol elementary problems 
The d fficuit tasK of selecting problems Just within the reach of the beginner is 

here mastertully accomplished AM Math SOC Answers 138pp 5^ x 8 

Si53 Paperbound SI 35 

ADVANCED CALCULUS E B WilsoR Still recognized as one Of most comprehens ve irseful 
tests Immense amount ol wtll-represented tuhdamehtai miter at mclud ng chapters on 
vector functons ord nary differential equations special functions calculus of variations 
etc which are excellent introductions to these areas Requires only one year of calculus 
Over 1300 exercises cover both pure math and appticat arts to engineering and physical 
problems Ideal reference refresher 54 page Introductory review tx + 565pp 5tb x 8 

S504 Paperbound 52 45 

LECTURES ON THE THEORY OF ELLIPTIC FUNCTIONS H Hancock Reissue of only book in 
English with so extensive a coverage especially of Abel Jacobi Legendre Weierstrass 
Hermite LiouvNIe and Riemann Unusual fullness of treatment plus applications as well as 
theory in discussing universe of eU ptic integrals original ng in works of Abel and 
Jacobi Use IS made of Riemann to prov de most general theory 40 page table Of formulas 
76 figures xiili -f- 49app 54b x S S433 Paperbound $2 55 

THEORY OF FUNCTIONALS AND OF INTEGRAL AND INTEGRO DIFFERENTIAL EQUATIONS Vito 
Volterra Unabridged republlcation of only Engl sh translation General theory of funct ons 
depending oh conunuous set pf values of ahother funct on Based oh author s concept of 
transiton from finite number pt variables to a continually infinite number Includes much 
material on calculus of variations Begins with fundamentals exam nes generalization of 
analytic funct ons functional derivative equations applications other direct ons Of theory 
etc New introduction by G C Evans Biography criticism of Volterra s work by E Wh t 
taker xxxx + 226pp 54k x 8 S502 Paperbound 51 75 

AN INTRDDUCTION TO FOURIER METHODS AND THE LAPLACE TRANSFORMATION, Philip 
Franklin Concentrates on essent als gives broad view suitable for most appj cations Re 
quires only knowledge of calculus Covers complex qualities with methods of computing ele 
mentary functions for complex values of argumenf and finding approximations by charts 
Fourier senes harmonic anaytsis much more Methods are related to physical problems 

ol heat flow vibrations electrical transmission electromagnetic radiation etc 828 prob 

Urns answers Foftnerty entitled FOuner Methods x + 283pp 5Vk » 8 

S452 Paperbound $1 75 

THE ANALYTICAL THEORY OF HEAT Joseph Fourier This book which revolutionized mathe 
mallcal physics has been used by generations of mathemat cians and physicists Interested 
In neat or appticat on of Fourier Integral Covers cause and reflection Of rays of heat 
radiant heating heating of closed spaces use of trigonometric series In theory of heat 
Fourier Integral etc Translated by Alexander Freeman 20 figures xxii -f- 46Epp 54k X 8 

S93 Paperbound 52 00 

ELLIPTIC IHTtGRAI.5 H Hancock Invaluable In work Involving differential equations with 

cubics quatrics under root sign where elementary calculus methods arc Inadequate Prac 
teal solutons to problems in mathematics engineering physics differential equal ons re 
quiting inttgratlon of Lamt s Bilot 5 or Bouquet a equations determination of arc ol 
ellipse hyperbola lemiscate solutions of problems In elastics motioii of a project le under 
resistance varying at the cube Of the velocity pendulums more Exposition In accordance 
with legeodie latobl theory Rigorous discussion of Legendre transformations 20 figures 
i place Ubie lOSpp x 8 $484 Paperbound $1 25 

THE TAYLOR SERIES. AN INTRODUCTION TO THE THEORY OF FUNCTIONS OF A COMPLEX 
VARIABLE, P Dienes Uses Taylor senes to approach theory of functions using ordinary 
calculus only except In last 2 chapters Starts with tntroduct on to real variable and com 
plex algebra derives properties of InF n te series complex d fferentiation Integration etc 
tovers 0 uniTorm mapping overconvergenee and gap theorems Taylor series on Its circle 
of convergence etc Unabridged corrected reissue of f rst edition 186 examples many 
fully worked out. 67 f gures an -f 5S5PP 54k x 8 $391 Paperbound 52 75 

LINEAR INTEGRAL EQUATIONS, W V Lovttt Systematic survey of general theory with some 
applical on to d fferentiai equal ons calculus of variat ons problems at math physics 
Includes Integraf ei^t on Of 2nd kind by successive substitutions Fredholm s equat on 
as rabo of 2 integral series in lambda applications of the Fredholm theory Hilbert Schmidt 
theory of symmetric kernels spplleaton etc Neumann Dinehlet vibratory problems 
le + 2539P 54k i « 8175 Ciothboond 5W« 

S176 Paperbound 51 88 
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DOVER SCIENCE BOOKS 


OICTIOMARY OF CONFORMAt REPRESEMTATIONS, H. Kober. Developed by British Admiralty to 
solve Laplace’s equation in 2 dimensions. Scores of geometrical forms and transformations 
for electrical engineers, JouKowskI aerofoil for aerodynamics, Schvsartz Chrlstoffel trans- 
formations ior hydro dynamics, transcendental functions Contents classified according to 
analytical functions descnbinr transformations v/ilh corresponding regions Glossary. Topo- 
logical Index. 447 diagrams. SVa x Wa S160 Paperbound $2.00 


ELEMENTS OF THE THEORY OF REAL FUNCTIONS, J. E. Litllcwood. Based on lectures at 
Trinity College, Cambridge, this book has proved extremely successful m introducing graduate 
students to modern theory of functions Offers full and concise coverage of classes and 
cardinal numbers, v/ell ordered series, other types of series, and elements of the theory 
of sets of points. 3rd revised edition vil + 7lpp 5% x 8 S171 Ciothbound $2.85 

S172 Paperbound $1.25 


mFINITE SEQUENCES AND SERIES, Konrad Knopp. Isl publication in any language Excellent 
Introduction to 2 topics of modern mathematics, designed to give student background to 
penetrate further alone Sequences and sets, real and complex numbers, etc Functions of 
a real and complex variable Sequences and series, Infinite series Convergent power series 
Expansion of elementary functions Numerical evaluation of senes, v -f 186pp. x 8. 

5152 Ciothbound S3.50 

5153 Paperbound $1.75 

THE THEORY AND FUNCTIONS OF A REAL VARIABLE AND THE THEORY OF FOURIER’S SERIES, 
E. W .Hobson. One of the best Introductions to set theory and various aspects of functions 
and Fourier’s series Requires only a good background m calculus Exhaustive coverage ofi 
metric and descriptive properties of sets of points, transfinite numbers and order types, 
functions of a real variable, the Riemann and Lebesgue integrals, seqiiences and series 
of numbers, power series, functions representable by series sequences of continuous func- 
tions, trigonometrical series, representation of functions by Fourier’s series, and much 
more "The best possible guide," Nature Vol. I 88 detailed examples, 10 figures. Index 

XV + 736pp Vol- 11 117 detailed examples, 13 figures x + 780pp x SVa. 

Vol. I S387 Paperbound $3.00 

Vol. II. S3B8 Paperbound $3.00 

ALMOST PERIODIC FUNCTIONS, A. S. Bcsicovltch. Unique and important summary by a v/ell 
known mathematician covers in detail the two stages of development in Bohr’s theory 

of almost periodic functions' (1) as a generalization of pure periodicity, with results and 

proofs, (2) the work done by Stepanof, Wiener, v;eyl, and Bohr in generalizing the theory. 
Xi + 180pp. SVb X 8 SIS Paperbound $1.75 


INTRODUCTION TO THE THEORY OF FOURIER’S SERIES AND INTEGRALS, H. S. Carslaw. 3rd 
revised edition, an outgrowth of author's courses at Cambridge Historical introduction, 
rational, irrational numbers, infinite sequences and scries, functions of a single variable, 
dctinilc integral, Fourier series, and similar topics Appendices discuss practical harmonic 
analysis, penodogram analysis, Lebesgue’s theory, 84 examples, xiii + 368pp. 5Tfe x 8 

$48 Paperbound $2.00 


SYMBOLIC LOGIC 


THE ELEMENTS OF MATHEMATICAL LOGIC, Paul Rosenbloom. First publication In any Ian- 
fuare For mathematically mature readers vnth no training in symbolic logic Development 
of lectures given at Lund Univ , Sweden, 1948, Partial contents Logic of Classes, funda- 
mental theorems, Boolean algebra, logic of propositions, of propositional functions, expres- 
sive lanruages. combinatory logics, devefepment of math wtthfn an object language, para- 
doxes. theorems of Post, Goedcl, Church, and similar topics, iv -f 214pp 5x^ x 8 

$227 Paperbound $1,45 


INTRODUCTION TO SYMBOLIC LOGIC AND ITS APPLICATION, R. Carnap. Clear, comprehensive 
rigorous, by perhaps greatest living master Symbolic languages analyzed, one constructed’ 
Applications to rrath faxiom systems for set theory, real, natural numbers), topology 
(Ocdchnd, Cantor continuity explanations), physics tgcneral analysis of determination cau- 
space time topology}, biology faxiom system for basic concepts) "A naslerpiece ’’ 
Zenlralblatt fur f4*athenat?k und Ihre Grenzgebietc. Over 300 exercises 5 figures xvi + 
241 fp X 8 $453 Paperbound $1.85 


AW INTRODUCTION TO SYMBOLIC LOGIC, Susanne K. Langcr. Probably clearest book for the 
philosopher, scientist, fayman— no special knowledge of math required Starts with simolEst 
synhols, goes on tc give remarkable grasp of Boofc Schroeder, RusscU-Whitehead systems 
clearly, RuicMy P^rba} Certents Forms, Generalization. Classes, Deductive System of 
Classes. Algebra of Logic. Assurrpliens of Principia fitathematica, logistics. Proofs of 
Thtcrers, etc Clcnrest , . simplest introductjon ... the InleHlgcnt non mathcmAhri;in 
no dip cul*y," MATHEMATICS GAZETTE. Revised, expanded 2rd edition Truth 
value tables .$S?p s $164 Paperbound $U 5 
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CATALOGUE OF 


TRieONOMETRICAt SERIES AntOfll Zygmund On modern edvenced level Contains carefully 
orpnaed analyses of trlgonomelrle orthogonal Fourier systems of functions with clear 
adequate descriptions of summabillty of Fourier senes proximatlon theory conjugate series 
convergence divergence of Fourier series Especially valuable for Russian Eastern Euro 
pean coverage 329pp 5^ x S SZ90 Paperbound $1 SO 


THE LAWS OF THOUGHT, George Boole This book founded symbolic logic some 100 years 
ago It is the 1st slgnifcant attempt to apply logic to alt aspects of human endeavour 
Partial contents derivation of laws signs and laws interpretations eliminations condi 
■t ons 0l a peiint method, analysis Aristotelian leg t probability and simitar topics 
xvii + 42dpp 5% X 8 S28 Paperbound DO 

SYMBOLIC LOGIC, C I Lewis, C H Langford 2nd revised edition of probably most cited 
book W symbolic logic Wide coverage of entire field one of fullest treatments of paradoxes 
plus much material not available elsewhere Basic to volume is distinction between logic 
of extens ons and intensions Considerable emphasis on converse substitution while matrix 
system presents supposit on of variety of non Aristotelian logics Especially valuable sec 
tions on strict limitations existence theorems Partial contents Boole Schroeder algebra 
truth value systems the matrix method implicaton and deducibility general theory of 
propositions etc Most valuable Times London SOEpp x 8 S170 Paperbound gZOO 


GROUP THEORY AND LINEAR ALGEBRA, SETS, ETC 


LECTURES OH THE ICOSAHEOROH AHD THE SOLUTION OF EQUATIONS OF THE FIFTH DEGREE, 
Felix Klein Solution of quintics m terms ot rotations of regular Icokahedron around its 
axes of symmetry A classic Indispensable source for those interested In higher algebra 
geometry crystallography Considerable explanatory mater at included 230 footnotes mostly 
bibliography Classical monograph detailed readable book Math Gazette 2nd edi 
tion xvi + 289PP X g 331A Paperbound >1 85 

INTROOUCTION TO THE THEORY OF GROUPS OF FINITE ORDER R Carmichael Examines 
fundamental theorems and their applications Beginning with sets systems permutations 
etc , progresses in easy stages through important types ot groups Abelian prime power 
permutation etc Except 1 chapter where matrices are desirable no higher math is needed 
783 exercises problems xvi + 447pp STb x 8 S299 Clothbound S3 8S 

S300 Paperbound g2 00 

THEORY OF GROUPS OF FINITE ORDER W Burnside First published some 40 years ego 
still one of clearest introductions Partial contents permutations groups independent of 
representation composition series of a group isomorphism of a group w th itself Abelian 
groups prime power groups permutatior groups invariants ul groups of 1 near substitu 
tion graphical representation etc Clear and deta led discussion numerous problems 

Which are instructive Design News xxlv + S12pp 5^ x 8 S3S Paperbound $2 45 

COMPUTATiOHAL METKOBG OF LINEAR ALGEBRA U N Faddeeva translated by C D Benster 
1st English translation Of unique valuable work only one in English presenting systematic 
expositon of most Important methods of linear algebra — classical contemporary Details 
of deriving numerical sotutons of problems In mathematical physics Theory and practice 
Includes survey of necessary background most important methods of solul on Jot exact 
Iterative groups One of most valuable features is 23 tables triple checked for accuracy 
unavailable elsewhere Translator s note x + 252pp 5^8 x 8 S424 Paperbound $1 95 

THE CONTINUUM AND OTHER TYPES OF SERIAL ORDER E V Huntington This famous book 
gives a systematic elementary account of the modern theory of the continuum as a type 
of serial order Based on the Cantor Dedekind ordinal theory which requires no technical 
knowledge of higher mathematics. It offers an easily followed analysis of ordered classes 
discrete and dense series conttnuaus series Cantor s trdhsf nite numbers Admirable 
introduction to the rigorous theory of the continuum reading easy Science Progress 
2fld edition vlil + 82pp SH x 8 S129 Clothbound $2 75 

5130 Paperbound $1 00 

THEORY OF SETS, E Kamk? Clearest amplest introduction in English well suited for fnde 
pendent study Subdivisions of mam theory such as theory of sets of po nts are discussed 
but emphasis is on general theory Part ai contents rudiments of set theory arbitrary sets 
their cardinal numbers ordered sets theiT order types well ordered sets their card nal 
numbers vii + 144pp 5H x s Sl41 Paperbound $1 35 

CONTRiailTIONS TO THE FOUNDING OF THE THEORY OF TRANSFINITE NUMBERS Gcorg CaAtOr 
These papers founded a new branch of mathematics The famous articles of 1695 7 are 
translated with an 82 page introduction by P £ B Jourdain deal ng with Cantor the 
background of fits discoveries their results future poss biilties lx + 21ipp S4k x 8 

S45 Paperbound $1 25 
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NUMERICAL AND GRAPHICAL METHODS, TABLES 


JACOBIAN ELLIPTIC FUNCTION TABLES, L, M. Mllne-Thomson. Easy-to4ollov/, practical, not 
only useful numerical tables, but complete elementary sketch of application of elliptic 
functions. Covers description of principle properties; complete elliptic integrals; Fourier 
series, expansions; periods, zeros, poles, residues, formulas for special values of argument; 
cubic, quartic polynomials; pendulum problem; etc. Tables, graphs form body of book: 
Graph, 5 figure tabic of elliptic function srt (u m); cn <u m); dn (u m). 8 figure table of 
complete elliptic integrals K, K', E, E% nome q. 7 figure table of Jacobian zeta-function 
Z(u). 3 figures, xl + 123pp. x 8. S194 Paperbound $1.35 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke.F. Emdc.Most comprehensive 
l*volume English text collection of tables, formulae, curves of transcendent functions. 4th 
corrected edition, nev/ 76*page section giving tables, formulae for elementary functions not 
in other English editions. Partial contents: sine, cosine, logarithmic integral; error Integral; 
elliptic integrals; theta functions; Legendre, Bessel, Rlemann, Mathfeu, hypergeometrlc 
functions; etc. ‘’Out-of*the-vray functions for which we know no other source,” Scientific 
Computing Service, Ltd. 212 figures. 400pp. x ZVs, S133 Paperbound $2.00 


MATHEMATICAL TABLES, H. B. Dwight. Covers in one volume almost every function of im« 
portance in applied mathematics, engineering, physical sciences. Three extremely fine 
tables of the three trig functions, inverses, to lOOOth of radian; natural, common logs; 
squares, cubes; hyperbolic functions, inverses; (a- + b-*) exp; ^^a; complete elliptical in- 
tegrals of 1st, 2nd kind; sine, cosine integrals; exponential Integrals-, El(x) and EK — x); 
binomial coefficients; factorials to 250; surface zonal harmonics, first derivatives; Bernoulli, 
Euler numbers, their logs to base of 10; Gamma function; normal probability integral; over 
60pp. Bessel functions; Riemann zeta function. Each table with formulae generally used, 
sources of more extensive tables, interpolation data, etc. Over half have columns of 
differences, to facilitate Interpolation, viii + 231pp. 5?b x 8. S445 Paperbound $1.75 


PRACTICAL ANALYSIS, GRAPHICAL AND NUMERICAL METHODS, F. A. Willers. Immensely prac- 
tical hand-book for engineers. Hov/ to interpolate, use various methods of numerical dlffer- 
entlalicn and integration, determine roots of a single algebraic equation, system of linear 
equations, use empirical formulas, Integrate differential equations, etc. Hundreds of short- 
cuts for arriving at numerical solutions. Special section on American calculating machines, 
by T. V/. Simpson. Translation by R. T. Beyer. 132 illustrations. 422pp. x 8. 

S273 Paperbound $2.00 

NUMERICAL SOLUTIONS OF DIFFERENTIAL EDUATIONS, H. Levy, E. A. Baggott. Comprehensive 
collection of methods for solving ordinary differential equations of first and higher order, 
2 requirements: practical, easy to grasp; more rapid than school methods. Partial contents: 
graphical Integration of differential equations, graphical methods for detailed solution. 
Numerical solution. Simultaneous equations and equations of 2nd and higher orders. 
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